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MASSACHUSETTSINSTITUTE OF TECHNOLOGY

PHYSICS DEPARTMENT
8.13/8.14
Junior Laboratory

STATISTICS AND ERROR ESTIMATION

The purpose of this note isto explain the application of statistics to the estimation of
error in the context of an imaginary experiment that is similar to situations encountered in
the Junior Lab. In physical measurements the word "error" should be interpreted as
meaning uncertainty. More complete discussions of the theory and practise of error
estimation can be found in the books by Bevington & Robinson (1992) and by Taylor
(1982).

Imagine an experiment designed to measure the gamma-ray activity of aradioactive
source with a detector connected to a counting system asillustrated in Figure 1. Assume
that the emission of gammarays by the source isisotropic. Call Q the activity of the source
Sinunits of disintegrations per second, A the effective area of the detector (the actua area
multiplied by the detector efficiency), x the distance from the source to the detector, and n
the number of gamma-ray photons detected in time T as measured with adigital timer. The
objective of the experiment is to derive an estimate of Q from measurements of these
guantities and to estimate the error in the derived value.
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Figure 1. Experimental setup for measuring the activity of aradioactive source.

The expression for the source strength in terms of the measured quantitiesis

ok VN (1)

Thedataarelisted in Table 1. The error associated with A is an estimate of the
"one-sigma’ uncertainty in the effective area due to a combination of random and
systematic errors of measurement. Theerror of T is purely systematic sinceitisthe
reading of adigita timer controlled by avibrating quartz crystal with alimited guarantee of
accuracy. The datainclude the results of a measurement of x which was carried out with a
meter stick in amanner designed to exploit the advantages of repetition. We assume that
the observer, cautious to avoid psychological bias, shifted the meter stick between



G. Clark 7oct96 2

measurements of the positions of the source and detector and did not subtract the two
readings X, and X, before writing them down.

The following questions arise:

1. What are systematic and random errors?

2. What does "one-sigma’ mean?

3. What is the best estimate and one-sigma error of the measurement of the distance x?

4. What isthe one-sigma error of the number of recorded counts n?

5. Given the measurements and one-sigma errorsof n, T, X, and A, how are they to be
combined to obtain the estimate of Q and its error?

Table 1. Hypothetical datafrom a measurement of the intrinsic activity of aradioactive source.

n = 10,000
T =100+£0.001 s
A =40.0+0.2 cm?

: X1 Xiz i~ N2 N1
(cm) (cm) (cm)
122 228 106
11.8 222 104
157 26.0 103
127 232 105
13.3 239 106
140 245 105
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Summary
In brief, the answersto the questions are:

1. Systematic errors are caused by calibration errors of instruments, by improper
procedures, and by psychological biasthat can result from prior conviction as to what the
answer "should" be. Systematic errorstend to be one-sided, i.e., to result in repeated
measurements that lie on one or the other side of the true value known only to Mother
Nature. Random error isthe uncertainty in a measurement due to everything other than
systematic error such as, for examples, counting statistics, electronic noise, and
uncertainties in visual interpolation between scale marks. Random error causes the results
of arepeated measurement to be scattered with a distribution which is often (but not
necessarily) symmetric about a mean value and describable by the Gaussian distribution.

2. A "one-sigmaerror" is ameasure of the width of a Gaussian distribution which would
be expected to fit the histogram of values of a measured quantity if the measurement were
repeated many times. In the example only six statistically independent measurements of x
were made. So the problem isto make the best estimate of x and its error from the
available data.
3. The best estimate of x and the associated random error are

X=mg+s,,

where
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18
my=ga xj =10.48 cm
i=1

is the mean of the six measurements

6
and sy, = \/ 6715é (x;—my)2 =0.05 cm

i=1
isthe standard error of the mean.

4. The error associated with the number of counts caused by the decay of aradioactive
substance is governed by Poisson statistics. If the number of counts recorded is n, then

the one-sigma estimate of error isVn. Sotheones gmaerror in the number of counts
recorded in the experiment is 100.

5. The one-sigma error of the estimate of Q is expressed by the equation

=B+ S BT & G

eng exg

The numerical portion of the estimate and its error are

Q=1 4px 8@.+SQQO 3452.6 + 49.8

The result Would be reported as
= (3.45+ 0.05) x 103 disintegrationss=.

1. The Gaussian Distribution of Error

In many situations, repeated, independent, unbiased measurements of a physical
quantity will yield values that are randomly distributed in a manner that can be described by
the Gaussian distribution

. 1 & (X2
G H H = y 2
(LS5 X) S@ pg— 252 H (2

where G(l,s; X)dx isthe probability that a given measurement will yield a value between x

and x+dx, pisthe"mean" of the distribution, s isthe "standard deviation™ of the
distribution. The semicolon separates the parameters of the distribution from the
distributed quantity. It can be shown that the distribution is normalized, i.e.,

¥

_¥C§3(u,s; x)dx = 1. 3

Denoting mean values of the distribution by enclosurein brackets| ], it can aso be shown
(with the help of gamma functions) that
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¥
[X] =_¥c‘£(u,s; X)Xdx = L, 4
¥
w«wqfiﬁws;maﬂn%x=s% (5)
mts
(1, s; x)xdx = 0.6826 (6)
=S

The last of these equations shows that the probability of a single measurement yielding a

value between s and p+s is0.6826. Two-sigma and three-sigma ranges indicate
0.9554 and 0.9974 probabilities, respectively.

2. Maximum Likelihood: Sample Mean and Sample Standard Deviation
If the distribution of measured values of aquantity x can be described by a
Gaussian, then we can express the probability P(x;) of having obtained N specific values of

X, each within some small fixed range Dx «s, asthe product of the probabilities of
obtaining each onewhichis

~

P(x;,Dx) = CN) G(u,s ;xi)Dx=$O
I i

€
e

u e a (X|—u)2u ™
u Q

U U

The "true values' of the parameterspand s are, of course, known only to Mother Nature.
The best we can do isto derive estimates of pand sfrom the availabledata. Wecall m
the "maximum likelihood" estimate of 1 and define it to be that value which maximizes P.
To maximize P, the sum in the exponential must be minimized. Setting

2 (x-m?2
_ |
c?= a s2 ®)
|
we require
2 -
Ei-afi “rm -0, (©)
which implies
1)
m=1 8% (10)
i=1

Thus, the maximum likelihood estimate of pis simply the mean of the measured values,
which is called the "sample mean.”
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SinceN isawaysfinite (6 in the present case), we cannot assume that the average
value of (x; —m)2isagood estimate of s2. Indeed, since mis calculated to minimize the
sum of the squared deviations, it follows that [(x; —m)?2] islikely to be an underestimate of

s2. To compensate for this effect and obtain a better estimate of s2, the "sample standard
deviation", s, is defined by the equation

2= 1 2 ()2
- (N—l)_a (Xl_m) (11)
i=1

in which the division isby (N-1) instead of N.

The quantity s measures the spread of the measured values of x. If the series of
measurements were repeated many times, the distribution of the means would obviously be
substantially narrower than the distributions of the individual measurements. Thus, to get a
measure of the error in the average of afinite number of measurements we need to estimate
the error of the sample mean.

We first address the genera problem of estimating the standard deviation of a

functionf(qgq,0p,-) of several measured quantities g; with known means |; and standard

deviationss;. Wecall ¢ and ss the mean and standard deviation of f , respectively, and
assume the mean value of f is pu=f(q,1uo+-). Then

Io N
_ _ e 1t (P
s:fZ—[(wf)Z]—[(Df)Z]—[gai L@ (12)

If the fluctuations of the measured quantities are uncorrelated, then the sum of the cross
terms in the expansion of the squared sum will averageto zero. In this case, the standard
deviation of the mean is defined by the equation

oSt 7
sf2 = a Gl s;2 (13)

Considering the sample mean as afunction of the variables x;, we find

fIm_1
—=y - 14
i N (14)
Theestimate of s; isthe sample standard deviations. Thus
o= 1 \e2
Sm2 = Ns?, (15)

N2

30 the estimate of the error of the meanis
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Sm = \/— v N(N— 1)a (Xj—m)? (16)

Table 2 lists the results of numerical experiments employing 10,000 trial data sets
of various sample sizes, each consisting of N random Gaussian variates with p=100 and

s$=10. For each set, the mean, m, and various measures of deviation were computed and
averaged. The results show that even with the (N—1) compensation, the average value of s

(sample standard deviation) islessthan s. Therms (root of the mean square) deviation
from the specified pis closer to s, as one would expect. Thetests, with N=3, 10 and
100, confirm the expectation that in the limit N® ¥ , m® pand s® s.

Table 2. Summary of Monte Carlo tests of Gaussian statistics. In this table brackets < >
signify the average over n trials. The asterisks mark the quantities derived from
data.

number of trials: n = 10000 10000 10000
sample size: N = 3 10 100
apecified mean: p.= 100.000 100.000 100.000
specified standard deviation: o= 10.000 10.000 10.000

atlev of the mean of M vadates (oY H = 5774 3162 1.000
*1 <IF=-<3ample mean= Q99569 99917 100.004

2 <1rms deviation of x from po- 9178 Q756 9.970

*3 <ar=<zample stlev= 8.863 9.732 9,970

) <1 deviaton of x from - T.236 Q235 9.9z0

g <rms deviation of mean from p= 5.718 3.156 1.003
*6  <ame=<3tlev of sample mean=  5.117 3.078 0.997

1 amr=<f 1AM Enils
5 11 /NIFE] (xi- pyFyue,
#73 wgr=ef [1AN-10]*E](xi- FI'I:'E}”E
4 ADANIEE] G- md” 12
5 AL1N2]* 2 (xi-py° }”2
* 6 ame=<{ [1T/NCN-131*¥Z{(xi- |TI:' }”2

Applying the formulas for the sample mean, standard deviation and, error of the
mean with the measured values of the distance between source and detector, one finds

m =10.4833
s = 0.1169 (17)
s, = 0.0477.
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These results would be reported as
x =10.48 £ 0.05cm (18)
where only the significant digits are quoted after rounding off.

3. Poisson Statistics

To estimate the error in the quantity n obtained for the number of counts recorded in
time T, one must predict the distribution of the numbers of counts that might have been
obtained in many trials of the same measurement. One can never know the true rate r since
any measurement is subject to uncontrollable fluctuations. So we have to proceed with the
only estimate we have, which isn countsintimeT.

The Poisson distribution, P(l; x), expresses the probability that in agiven trial
exactly x counts are recorded in time T when the true rateisr=W/ T . Imagine thetime

interval T divided into M sub-intervals of equal duration DT=T/M, where M»yL. In the

limit M® ¥ , the probability that exactly one count occursin x specific sub-intervalsis

ﬁg( , and the probability that none occursintherestis g&—%gw ~ Thus,

P(;x) = lim ﬁg( g@.—%g\ﬂ WM, x), (19)
M® ¥

where W(M, x) is the number of distinct ways in which x counts can occur in M sub-
intervals.

To find W, imagine the record of countslaid out as a series of M boxes with x balls
labeled 1 to x representing the counts placed in numerical sequence in the boxes
corresponding to the sub-intervals in which the count occurred. That serieswould
represent just one of many ways in which arecord of x counts could occur. Another way
would be represented by x balls numbered 1 to x scattered at random without regard to
numerical order. Ball #1 could be dropped in any of M boxes. Ball #2 could be dropped
in any of the remaining M—1 unoccupied boxes, etc., so that the number of distinct series

without regard to numerical order isreadily computed as M(M-1)(M—-2)------(M—x+1). But
this would be a gross over-estimate of the number of distinct ways in which x counts could
occur because, if the labels were erased after the dropping, there would be no distinction
between al the possible series that had the same boxes occupied, but by balls with
permuted labels. The number of possible permutations of x different label numbersisx!.
So the number of distinct series with unlabeled ballsis less than the number of
distinguishable series with labeled balls by the factor 1/x!. Thus

W(M,x) =

M(M—l)(M—)Z(? ------ (M—x+1) (20)

In thelimit M® ¥ , M(M=1)(M—=2)----(M—x+1)® MX, and (1-/ M)M—X® exp(—/M).
Combining equations (19) and (20) and taking the limit, we obtain for the Poisson
distribution the expression

P(“’ ) nrexpi—+y exp(—u) (21)
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The distribution is properly normalized, i.e.,

¥ 4 \
4 1 2
AP(X) = exp(gy + 41 *+ by - g= 1 (22)

One easily finds for the mean and standard deviations

¥ L
. 0 2u2  3us
[x]=i20xP(u;x) =exp(—u)%! + % +7“! + T“, + 3
_ el p . p2 o o
Hexp( gy ot oo gt M (23)

and,
s = [(x=W2=[x?] —p2 = [x(x = 1)] +[x] —p?

=2+ U-pZ= . (24)
It isinteresting to compare the error estimate based on the total count n with an
error estimate derived from the counts recorded in each of N sub-intervals of the total time

T. Cal n; the number of countsin theith interval of duration DT=T/N. The sample mean,
sample standard deviation, and error of the mean would be, respectively,

1 n
mp = N é N; :N (25)
i=1
_ 1 no
Sh= (N-1) a (Ni—Mnp) (26)
i=1
S
Sm= . (27)
n \/N
N
Sincen; is a Poisson variate with an estimated mean m,,, the estimate of é_ (ni—my)2is
i=1

Nm,=n = s2. Thusthe error of the mean of n; is related to the sample standard deviation of
n by

S

Sng ﬁm . (28)

The estimated rate and error estimate is
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Myt S,
DT

’ N

Thus the error incurred by analyzing the datain N time segmentsinstead of all together is

larger by the factor ~ /(NN—l) :

It can be shown that inthelimitn ® ¥
P(;n) ® G(, Vi) (30)

Returning to the data analysis, the only estimate of the mean number of countsin
100 seconds available from the data is the actual number of counts. So we take

m=n=10,000.
Then

=+/m=100.
It can be shown (with the help of Stirling's approximation) that in the limit p—>¥
P(X) = G(,s; X),

wheres :\/ﬁ. Calculation of Poisson probabilities becomes unwieldy for large values of x
because of the need to evaluate x!. For values of ©>20 the Gaussian approximation is
often good enough. As an example, suppose you want to know the probability of
obtaining a count in the range from 121 to 130 when p=100. A good estimate would be

10G(u, S; X) with p=100, s=10, and x=125.

4. Error Estimate of the Source Strength

The source strength is expressed in terms of four uncorrelated measured quantities
by equation (1). Assuming that the errors of those quantities are all Gaussian, we can
apply equation (13) to estimate the error in Q. To find the partial derivativesitis
convenient first to take the natural log of both sides of equation (1). Then, taking the
partial derivatives, one obtains

HOP_ 02 SR 208 AP aaQoz

&g 2%8 &xg 2%8 &As § and ¢ a‘% (31)
Thus

%N§8+e?8+£°+ﬁ°- (32)

Evauating Q and the fractional errors, we find
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(33)

Q= 3452.6(11/0.00010 + 0.000083 + 0.000025 + 1.0e-10 )
= 3452.6 £ 49.8

The last term under the radical sign can be ignored. The result would be reported as

Q= (3.45% 0.05) x 103 disintegrationss—L. (34)

5. Curve Fitting by the Maximum Likelihood Method
The maximum likelihood method used in Section 2 can be extended to solve the
problem of fitting a"mode" function to a set of data that consists of N measurements of

one quantity, y;, with measurement errors, s;, asafunction of another quantity, x;, which
is assumed to be exact. The data set would consist of N triplets of numbers (X;, y;, Si),
i=1, 2,--N.

We assume that the probability distributions of they; are Gaussians with standard

deviations s;. Suppose thereisreason to believethat y isrelated to x by the equation

y=f(a,b,--;x), where the values of the parameters a, b, are not known. The function f is
called the model, and the aim of the analysisis to determine the values of the model

parameters that would have yielded N values of y in the ranges y;=Dywith maximum
probability. Adapting equation (7), we express the probability as

~ 4 Dy Q_ [yi~f(ab,x)12Q
(i)G(a’b’ Si;yi)Dy = eO I\/_uuex e | 25;2 l,,\l (35)
e ' a e u

The condition of maximum likelihood requires, as before, that the summation be
minimized. Setting

a [y.—f(a b ()12 | (36)
we reqU| re
2 2
1:10 =0, Tb =Q, < _ (37)
a

(c2iscalled "chi-square").

To illustrate the method we consider the case of a data set that can be modeled by a
linear relation
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y =a+ bx. (38)
According to equations (37) we require
o

fc2 [yi—a—bx]

— =2 =0, 393
0 a 52 (39)
fc2 2 xlyi—abx]

Ll :_za AL _ g (39b)

b
Thisyields two simultaneous equationsin aand b,

avsi2)a+ (Ax/si2)b=ayils2 (40a)
(8us2)a+ (&xis2)
(55ol Xi/siz)a + (é xi2/si2)b = & yixilsi2 (40b)

which are easily solved by determinants.

As an example, suppose the exact quantities are the durations in seconds of
measurements of the activity of along-lived radioactive source. The quantities subject to
random error (i.e., statistical fluctuations) are the corresponding numbers of counts
recorded by the detector. Since the number of countsis a Poisson variate, the one-sigma
errors are equal to the square roots of the numbers of counts. To test the method, the
Gaussian approximation of equation (30) was used to generate a set of 100 variatesy; with

mean values
Mj =100x;, xj = 1, 2, 3, --,100,

and corresponding one-sigma errors (based on the "measured" values rather than the ;)

si=/yi -

The maximum likelihood values of aand b in the model function of equation (38) were
computed by the program LINFIT listed in Bevington & Robinson (1992). Figure2isa
plot of the data and the fitted model. The results demonstrate an essential fact about the
relation between a data set with correctly estimated error bars and a smooth curvefitted to
the data, namely, approximately one-third of the error bars should not be intersected by the
curve.

The maximum likelihood method of curve fitting is readily extended to fitting a
multi-parameter non-linear function. Assume that one hasfairly good initial guesses &g, Cp,
bo for the approximate values of the parameters. Expand the function in a Taylor series

about those values, keeping only thelinear termsin Da, Db, Dc, -, and substitute the

expanded form of f in equation (35). Numerical derivatives can be computed if analytical
ones are too complicated or impractical. The numerator will then be
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& f(ao,corboixi )T pa- Moo - (41)
8 fa [o] a

Setting the partia derivatives of c2 with respect to Da, Db, Dc, ... to zero, one obtainsa
set of simultaneous equations that can be solved for the increments to the parameters that
improve thefit. The processis then repeated with the incrementally improved parameter
valuestill c2 nolonger decreases. Thisisthe method employed in several of the Junior

Lab curvefitting programs. Details of this procedure with implementing codes can be
found in Bevington and in Press, et al.

10000 — — :

i
y=ath*x fitted to data #**“*
a= -4.320 .m*
sigraa= S5.578 #“
b= 1.002 u"’“
gsigrab= 0.002 &
o o
rchisq=  1.151 .,.i'
- T -
aeithinfit= 66
& no.wi -
B ‘.‘.:,,.n _
Hﬂ-ﬂ
_ﬂ"
o
]
-
-
I .-.J.-"
l:l |!’ L I L L 1
] 10000

A
Fig. 2. lllustration of amaximum-likelihood fit of alinear relation to data produced
by the Gaussian variate generator GASDEV of Press et al. (1989). The mean was x;=100i,
i=1to 100, and the standard deviation was\/;i . Note that the number of data error bars
(yix\[y; )intersected by the fitted line is 66, which is, as expected, about 2/3 of 100.
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