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Announcements
- Reading Assignments:  Chapter 4.1 - 4.3. 
- Problem Set 6 is due Wednesday, March 4th, 2015. 
- Next lab is Monday, March 16th.  Be sure to report to FOSC 032 

that day. 
- Midterm Exam 1 is in class on Wednesday, March 18th.  It will 

be open book, open note and cover chapters 1 - 3. 
- Dark Sky viewing has been postponed due to weather.  Check 

your email for details on rescheduling possibilities. 
- Office hours this week will be held by Matt Stein, FOSC 139 on 

Wednesday from 4 - 5 pm and Friday 11 am - noon.   
- Dr. Cooley will be out of town Thursday, March 5 - Friday, 

March 20th.  If you need to reach her during that time, please 
send email.
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Goals for Today’s Class

- Are there other nuclear reactions besides p-p for which 
we should account? 

- Are there other means of energy transport besides 
radiative transport? 

- What is the fate of a main sequence star? 
- Why do we have to bring statistical quantum 

mechanics into the mix?
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The CNO Cycle

- The main nuclear reaction sequence in the sun is the p-p 
cycle which we discussed last week. 

- Other nuclear reactions do occur and produce neutrinos that 
are detectable on Earth. 

- In stars more massive than the sun, H is converted to He via 
the CNO (carbon, nitrogen, and oxygen) cycle.
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The Coulomb barrier is higher than p-p, but the first step is not a 
weak interaction.  Thus, CNO dominates over p-p in stars with 
higher core temperature (M > 1.2 Msun).
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Convection

  

Convection

● Convection is mechanical transport of energy

– Fluid moves, carrying thermal energy

● Generally convection does not produce any 
net motion of fluid.

● Convection can change temperature and 
density profile.

What is convection?
- The mechanical transport of 

energy.
- Fluid moves, carrying 

thermal energy
- Convection does not 

(normally) produce net 
motion of fluid.

- Convection can change 
temperature and density 
profile.
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When does convection occur?
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Figure 3.10 A mass element (lower circle) inside a star undergoes a small displacement dr
to a higher position (upper circle), and expands adiabatically to match the new
surrounding pressure P + dP . If, after the expansion, the density inside the
element, ρ + δρ, is larger than the surrounding density ρ + dρ, the element will
sink back to its former equilibrium position. If, on the other hand, the density
inside the volume is lower than that of the surroundings, the mass element will
be buoyed up, and convection ensues.

“d”. Since we approximate the expansion of the element to be adiabatic, it obeys
an equation of state

P ∝ ργ , (3.150)

where the adiabatic index, γ, is the usual ratio of heat capacities at constant pres-
sure and constant volume. Taking again the logarithmic derivative, we obtain

δρ

ρ
=

1
γ

δP

P
. (3.151)

The element will continue to float up, rather than falling back to equilibrium, if
after the expansion its density is lower than that of the the surroundings, i.e.,

ρ + δρ < ρ + dρ, (3.152)

or simply

δρ < dρ, (3.153)

(recall that both δρ and dρ are negative), or dividing both sides by ρ,
δρ

ρ
<

dρ

ρ
. (3.154)

Substituting from Eqns. 3.149 and 3.151, the condition for convection becomes
1
γ

δP

P
<

dP

P
− dT

T
. (3.155)

Recalling that δP = dP , this becomes
dT

T
<

γ − 1
γ

dP

P
, (3.156)

- Consider a small fluid element that is 
displaced upward.  The element will 
adiabatically expand to match the 
pressure at the new location.  Causes 
density and pressure within the element 
to change.

- If new density is higher than 
surrounding density, ρ + δρ > ρ + dρ, 
the element will sink back down.  If the 
density is lower, ρ + δρ < ρ + dρ, the 
element will continue to rise leading to 
convection.

- If convection occurs, it drives down the temperature gradient.  
Stellar structure codes need to check for convection and modify if 
the temperature gradient occurs.
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Where does convection occur?

- In cool regions of stars where atoms and 
molecules exist. 

- Outer layers of intermediate-mass main 
sequence stars and red giants. 

- Cores of massive stars. 
- Our Sun is convective in the outer 28% of its 
radius.

- Convection mixes materials at different radii.  
Once it sets in, it works towards equilibrating 
temperatures.
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Stellar Evolution

- Up to this point we have considered only the simple case 
of static equilibrium.  We now know this can not exist. 

- Nuclear reactions at central regions and convection change 
conditions over time and at some point the hydrogen fuel 
in the core of the star is used up. 

- Unavoidably, stars evolve with time. 
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Life History of Star
Mass Core Details Comments

> 0.08Msun
Low mass ball of gas, not hot 
enough for hydrogen fusion

Stars in this mass range are not stars, 
but brown dwarfs of spectral type L 

and T.

0.08Msun < M < 
0.5Msun

Fusion of H -> 4He.  Star is never 
hot enough to fuse 4He to 12C or 

16O.

Stars in this mass range are M on the 
main sequence.  End up white dwarfs 

made of helium.

0.5Msun < M < 
5Msun

Fusion of H -> 4He -> 12C and 
16O.  Center is not hot enough to 

fuse 12C and 16O.

Stars in this mass range are A, F, G and 
K on the main sequence.  End up 

white dwarfs made of 12C and 16O.

5Msun < M < 7Msun
Fusion of H -> 4He -> 12C and 

16O -> 20Ne and 24Mg.

Stars in this mass range are B on main 
sequence.  End up as white dwarfs 

made of 20Ne and 24Mg.

M > 7Msun

Fusion of H -> 4He -> 12C and 
16O ->  20Ne and 24Mg -> heavier 

elements .

Stars in this mass range are O on the 
main sequence.  End up as neutron 

stars or black holes.
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Stellar Evolution
Properties of stars on the main sequence of the HR diagram change 
little during the hydrogen-burning stage.  Thus, they make only small 
movements on the HR diagram.

The main sequence lifetime, tms,  
is dependent on stellar mass.
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Chapter Four

Stellar Evolution and Stellar Remnants

So far, we have considered only stars in static equilibrium, and found that a star of a
given mass and composition has a unique, fully determined, structure. However, it
is now also clear that true equilibrium cannot exist. Nuclear reactions in the central
regions synthesize hydrogen into helium, and over time change the initial elemental
composition. Furthermore, convection may set in at some radii and mix processed
and unprocessed gas. The equations of pressure, opacity, and nuclear power density
all depend sensitively on the abundances. Indeed, at some point, the hydrogen
fuel in the core will be largely used up, and the star will lose the energy source
that produces pressure, the gradient of which supports the star against gravitational
collapse. It is therefore unavoidable that stars evolve with time. In this chapter,
we will discuss the various processes that stars of different masses undergo after
the main sequence, and the properties of their compact remnants – white dwarfs,
neutron stars, and black holes. We will then study the phenomena that can occur
when such compact objects accrete material from a companion star in a binary pair.

4.1 STELLAR EVOLUTION

Stellar evolution, as opposed to equilibrium, can be taken into account by solv-
ing a series of equilibrium stellar models (called a “stellar evolution track”), in
which one updates, as a function of a star’s age since formation, the gradual en-
richment by elements heavier than hydrogen at different radii in the star. It turns
out that the observed properties of stars on the main sequence change little during
the hydrogen-burning stage, and therefore they make only small movements on the
H-R diagram.
From scaling arguments, we can find the dependence of the main-sequence life-

time, tms, on stellar mass. We previously derived the observed dependence of
luminosity on mass,

L ∼Mα. (4.1)
We now also know that the energy source is nuclear reactions, whereby a fraction
of a star’s rest mass is converted to energy and radiated away. The total radiated
energy is therefore proportional to mass,

Ltms ∼ E ∼M, (4.2)
and

tms ∼
M

L
∼ M1−α. (4.3)

Recall: 

Values of α:

α = 3.5 for 2-20 Msun 
α ~ 1 for >20 Msun
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Examples:  Stars with initial solar abundances and various masses
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For intermediate-mass stars, which obey a mass-luminosity relation with α ∼ 3,
tms ∼M−2. Thus, the more massive a star, the shorter its hydrogen-burning phase
on the main sequence. Detailed stellar models confirm this result. For example, the
main-sequence lifetimes of stars with initial Solar abundance and various masses
are:

0.5M⊙ →∼ 5× 1010yr; (4.4)

1.0M⊙ →∼ 1010yr;

10M⊙ →∼ 2× 107yr.

The Sun is therefore about halfway through its main-sequence lifetime. We saw
that, for the most massive stars, α ∼ 1, the result of electron-scattering opacity and
radiation pressure. The lifetime tms therefore becomes independent of mass and
reaches a limiting value,

> 30M⊙ →∼ 3× 106yr. (4.5)

The lifetimes of massive stars,∼ 106−107 yr, are short compared to the age of the
Sun or the age of the Universe (which, as we will see in Chapters 7-9, is about 14
gigayears [Gyr], where 1 Gyr is 109 yr). The fact that we observe such stars means
that star formation is an ongoing process, as we will see in Chapter 5.
Once most of the hydrogen in the core of a star has been converted into helium,

the core contracts and the inner temperatures rise. As a result, hydrogen in the less-
processed regions outside the core starts to burn in a shell surrounding the core.
Stellar models consistently predict that, at this stage, there is a huge expansion of
the outer layers of the star. The increase in luminosity, due to the gravitational
contraction and the hydrogen shell burning, moves the star up in the H-R diagram,
while the increase in radius lowers the effective temperature, moving the star to
the right on the diagram (see Fig. 4.1). This is the red giant phase. The huge
expansion of the star’s envelope is difficult to explain by means of some simple and
intuitive argument, but it is well understood and predicted robustly by the equations
of stellar structure. The red-giant phase is brief compared to the main sequence,
lasting roughly one-tenth the time, from a billion years for Solar-mass stars, to
only of order a million years for ∼ 10M⊙ stars, and a few 105 years for the most
massive stars.
As the red-giant phase progresses, the helium core contracts and heats up, while

additional helium “ash” is deposited on it by the hydrogen-burning shell. At some
point, the core will reach a temperature of about T ∼ 108K and a density ρ ∼ 104 g
cm−3, where helium burning can become effective through the “triple-alpha”
reaction,

4He +4He +4He→12 C + γ(7.275MeV). (4.6)

Triple-alpha is the only reaction that can produce elements heavier than helium
in the presence of only hydrogen and helium, because no stable elements exist
with atomic mass numbers of 5 or 8. The beryllium isotope 8Be, formed from
the fusion of two 4He nuclei, has a lifetime of only ∼ 10−16 s. Nevertheless,

What is the age of the sun?

The energy radiated away in nuclear reactions is proportional to mass.
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Chapter Four

Stellar Evolution and Stellar Remnants

So far, we have considered only stars in static equilibrium, and found that a star of a
given mass and composition has a unique, fully determined, structure. However, it
is now also clear that true equilibrium cannot exist. Nuclear reactions in the central
regions synthesize hydrogen into helium, and over time change the initial elemental
composition. Furthermore, convection may set in at some radii and mix processed
and unprocessed gas. The equations of pressure, opacity, and nuclear power density
all depend sensitively on the abundances. Indeed, at some point, the hydrogen
fuel in the core will be largely used up, and the star will lose the energy source
that produces pressure, the gradient of which supports the star against gravitational
collapse. It is therefore unavoidable that stars evolve with time. In this chapter,
we will discuss the various processes that stars of different masses undergo after
the main sequence, and the properties of their compact remnants – white dwarfs,
neutron stars, and black holes. We will then study the phenomena that can occur
when such compact objects accrete material from a companion star in a binary pair.

4.1 STELLAR EVOLUTION

Stellar evolution, as opposed to equilibrium, can be taken into account by solv-
ing a series of equilibrium stellar models (called a “stellar evolution track”), in
which one updates, as a function of a star’s age since formation, the gradual en-
richment by elements heavier than hydrogen at different radii in the star. It turns
out that the observed properties of stars on the main sequence change little during
the hydrogen-burning stage, and therefore they make only small movements on the
H-R diagram.
From scaling arguments, we can find the dependence of the main-sequence life-

time, tms, on stellar mass. We previously derived the observed dependence of
luminosity on mass,

L ∼Mα. (4.1)
We now also know that the energy source is nuclear reactions, whereby a fraction
of a star’s rest mass is converted to energy and radiated away. The total radiated
energy is therefore proportional to mass,

Ltms ∼ E ∼M, (4.2)
and

tms ∼
M

L
∼ M1−α. (4.3)
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Implications:  The more massive the star, 
the shorter tms.

Ans. ~ 5 billion yrs old

This comes to us by radioactive dating the oldest astroids.  It is thought that the solar 
system (sun, planets, astroids, etc) all formed as one unit. Additional evidence from 
Earth. The oldest rocks are about 4.6 billion years old.

The sun is thus about half way through its lifetime on the main sequence.
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Most Massive Stars:
For the most massive stars, α ~ 1.  

tms / M0 Lifetime on the main sequence 
becomes independent of mass.
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For intermediate-mass stars, which obey a mass-luminosity relation with α ∼ 3,
tms ∼M−2. Thus, the more massive a star, the shorter its hydrogen-burning phase
on the main sequence. Detailed stellar models confirm this result. For example, the
main-sequence lifetimes of stars with initial Solar abundance and various masses
are:

0.5M⊙ →∼ 5× 1010yr; (4.4)

1.0M⊙ →∼ 1010yr;

10M⊙ →∼ 2× 107yr.

The Sun is therefore about halfway through its main-sequence lifetime. We saw
that, for the most massive stars, α ∼ 1, the result of electron-scattering opacity and
radiation pressure. The lifetime tms therefore becomes independent of mass and
reaches a limiting value,

> 30M⊙ →∼ 3× 106yr. (4.5)

The lifetimes of massive stars,∼ 106−107 yr, are short compared to the age of the
Sun or the age of the Universe (which, as we will see in Chapters 7-9, is about 14
gigayears [Gyr], where 1 Gyr is 109 yr). The fact that we observe such stars means
that star formation is an ongoing process, as we will see in Chapter 5.
Once most of the hydrogen in the core of a star has been converted into helium,

the core contracts and the inner temperatures rise. As a result, hydrogen in the less-
processed regions outside the core starts to burn in a shell surrounding the core.
Stellar models consistently predict that, at this stage, there is a huge expansion of
the outer layers of the star. The increase in luminosity, due to the gravitational
contraction and the hydrogen shell burning, moves the star up in the H-R diagram,
while the increase in radius lowers the effective temperature, moving the star to
the right on the diagram (see Fig. 4.1). This is the red giant phase. The huge
expansion of the star’s envelope is difficult to explain by means of some simple and
intuitive argument, but it is well understood and predicted robustly by the equations
of stellar structure. The red-giant phase is brief compared to the main sequence,
lasting roughly one-tenth the time, from a billion years for Solar-mass stars, to
only of order a million years for ∼ 10M⊙ stars, and a few 105 years for the most
massive stars.
As the red-giant phase progresses, the helium core contracts and heats up, while

additional helium “ash” is deposited on it by the hydrogen-burning shell. At some
point, the core will reach a temperature of about T ∼ 108K and a density ρ ∼ 104 g
cm−3, where helium burning can become effective through the “triple-alpha”
reaction,

4He +4He +4He→12 C + γ(7.275MeV). (4.6)

Triple-alpha is the only reaction that can produce elements heavier than helium
in the presence of only hydrogen and helium, because no stable elements exist
with atomic mass numbers of 5 or 8. The beryllium isotope 8Be, formed from
the fusion of two 4He nuclei, has a lifetime of only ∼ 10−16 s. Nevertheless,

Lifetime of most massive stars is short compared to the age of the 
universe (14 billion years).  This implies star formation is 
ongoing.

Even when on the main sequence, a star can move in the HR 
diagram because its luminosity and surface temperature can 
change.  This causes the main sequence to have a finite width on 
the HR diagram.
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Stars move off the main sequence when most of the hydrogen in the 
core has been converted to He.

This is known as the Red Giant phase. It is not intuitive, but is 
well understood and predicted by the stellar equations.
Red giant stage last ~ 1 billion years for Msun

 and ~1 million years for 10Msun.

Stellar models predict a huge expansion of outer layers.

Hydrogen then burns in a shell surrounding the core. 

Gravitational contraction and hydrogen shell burning 
result in increased L.  Moves star up the HR diagram.

Increase in radius lowers TE.  Moves star to right 
on HR diagram.
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To model how stars age, one needs to track changes in abundances 
as a function of position within the star. 

This changes the energy generation profile and thus all the other 
profiles. 
Regions with convection have uniform abundances - convection 
occurs on timescales much faster than composition changes due 
to nuclear burning.

All large motion on the HR diagram corresponds to changes in 
location or type of nuclear burning. 

Main sequence turns off — core burning shutting down 
Red giant branch — inert He core, H shell burning 
Horizontal branch — He core burning, H shell burning 
Asymptotic giant branch — inert C+O core, He shell burning, H shell 
burning.
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HR Diagram Schematic
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H-R Diagram for M3
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Figure 4.1 Illustration of post-main-sequence evolution on the H-R diagram. Top: Observed
H-R diagram for stars in the “globular cluster”M3 (more on star clusters in Chap-
ter 5.1.5). The main sequence turnoff marks the point at which stars are now
leaving the main sequence and evolving on to the red-giant branch. All the stars
in the cluster formed together about 13 Gyr ago, and the cluster has not experi-
enced subsequent star formation. As a result, all stars above a certain mass, corre-
sponding to the turnoff point, have left the main sequence, while those below that
mass are still on the main sequence. The density of points in each region of the
diagram reflects the amount of time spent by stars in each post-main-sequence
evolution stage. Bottom: Theoretical stellar evolution tracks for stars of vari-
ous initial main-sequence masses (with an assumed initial metal abundance of
Z = 0.0004). Each track begins at the lower left end on the “zero-age main
sequence”. After leaving the main sequence, stars evolve along, and up to the
tip of, the red-giant branch. They then move quickly on the diagram to the left
edge of the “horizontal branch”, where helium core burning and hydrogen shell
burning take place, and evolve to the right along the horizontal branch. Once all
the helium in the core has been converted to carbon and oxygen, the star rises
up the “asymptotic giant branch” where double shell burning – a helium-burning
shell within a hydrogen burning shell – takes place. Note the good correspon-
dence between the theoretical track for the 0.8M⊙ initial-mass star (solid line)
and the observed H-R diagram on top. For clarity, the theoretical horizontal and
asymptotic giant branches are not shown for the other initial masses. Data cred-
its: S.-C. Rey et al. 2001, Astrophys. J., 122, 3219; and L. Girardi, et al. 2000,
Astron. & Astrophys. Suppl., 141, 371.
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The Red Giant Phase
As the red giant phase progresses, the He core contracts and heats up.  
When it reaches T~108 K and ρ ~ 104 g cm-3, He burning begins.

triple-alpha reaction:
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For intermediate-mass stars, which obey a mass-luminosity relation with α ∼ 3,
tms ∼M−2. Thus, the more massive a star, the shorter its hydrogen-burning phase
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that, for the most massive stars, α ∼ 1, the result of electron-scattering opacity and
radiation pressure. The lifetime tms therefore becomes independent of mass and
reaches a limiting value,

> 30M⊙ →∼ 3× 106yr. (4.5)

The lifetimes of massive stars,∼ 106−107 yr, are short compared to the age of the
Sun or the age of the Universe (which, as we will see in Chapters 7-9, is about 14
gigayears [Gyr], where 1 Gyr is 109 yr). The fact that we observe such stars means
that star formation is an ongoing process, as we will see in Chapter 5.
Once most of the hydrogen in the core of a star has been converted into helium,

the core contracts and the inner temperatures rise. As a result, hydrogen in the less-
processed regions outside the core starts to burn in a shell surrounding the core.
Stellar models consistently predict that, at this stage, there is a huge expansion of
the outer layers of the star. The increase in luminosity, due to the gravitational
contraction and the hydrogen shell burning, moves the star up in the H-R diagram,
while the increase in radius lowers the effective temperature, moving the star to
the right on the diagram (see Fig. 4.1). This is the red giant phase. The huge
expansion of the star’s envelope is difficult to explain by means of some simple and
intuitive argument, but it is well understood and predicted robustly by the equations
of stellar structure. The red-giant phase is brief compared to the main sequence,
lasting roughly one-tenth the time, from a billion years for Solar-mass stars, to
only of order a million years for ∼ 10M⊙ stars, and a few 105 years for the most
massive stars.
As the red-giant phase progresses, the helium core contracts and heats up, while

additional helium “ash” is deposited on it by the hydrogen-burning shell. At some
point, the core will reach a temperature of about T ∼ 108K and a density ρ ∼ 104 g
cm−3, where helium burning can become effective through the “triple-alpha”
reaction,

4He +4He +4He→12 C + γ(7.275MeV). (4.6)

Triple-alpha is the only reaction that can produce elements heavier than helium
in the presence of only hydrogen and helium, because no stable elements exist
with atomic mass numbers of 5 or 8. The beryllium isotope 8Be, formed from
the fusion of two 4He nuclei, has a lifetime of only ∼ 10−16 s. Nevertheless,
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In addition to carbon, oxygen and neon can also be synthesized.
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a small equilibrium abundance of 8Be can be established, and capture of another
4He nucleus then completes the triple-alpha process. The last stage would have
an extremely low probability, were it not for the existence of an excited nuclear
energy level in 12C which, when added to the rest mass energy of 12C, happens to
have almost exactly the rest mass energies of 4He +8Be. This “resonance” greatly
increases the cross section for the second stage of the reaction. In fact, from the
existence of abundant carbon in the Universe (without which, of course, carbon-
based life would be impossible) Hoyle predicted the existence of this excited level
of 12C before it was discovered experimentally.
Along with carbon production, some oxygen and neon can also be synthesized

via the reactions
4He +12C→16 O + γ, (4.7)

and
4He +16O→20 Ne + γ. (4.8)

At the same time, hydrogen continues to burn in a shell surrounding the core. When
helium ignition begins, the star moves quickly on the H-R diagram to the left side of
the horizontal branch, and then evolves more slowly to the right along this branch,
as seen in Fig. 4.1. Horizontal branch evolution last only about 1% of the main-
sequence lifetime. Once the helium in the core has been exhausted, the core (now
composed mainly of oxygen and carbon) contracts again, until a surrounding shell
of helium ignites, with a hydrogen-burning shell around it. During this brief (∼
107 yr) double-shell-burning stage, the star ascends the asymptotic giant branch
of the H-R diagram – essentially a repeat of the red giant branch evolution, but
with helium+hydrogen shell burning around an inert carbon/oxygen core, rather
than hydrogen shell burning around an inert helium core.
Evolved stars undergo large mass loss, especially on the red giant branch and on

the asymptotic giant branch, as a result of the low gravity in their extended outer
regions and the radiation pressure produced by their large luminosities. Mass loss is
particularly severe on the asymptotic giant branch during so-called thermal pulses
– roughly periodic flashes of enhanced helium shell burning. These mass outflows,
or stellar “winds” lead to mass-loss rates of up to 10−4M⊙ yr−1, which rid a star
of a large fraction of its initial mass. Giants are highly convective throughout their
volumes, leading to a dredge-up of newly synthesized elements from the core to
the outer layers, where they are expelled with the winds. In these processes, and
additional ones we will see below, the nuclear reactions inside post-main-sequence
stars create essentially all elements in the Universe that are heavier than helium.
In stars with an initial mass of less than about 8M⊙, as the giant phase pro-

gresses, the dense matter in the core reaches equilibrium in a new state of matter
called a degenerate electron gas. As we will see in the next section, regions of
the core that are in this state are supported against further gravitational contraction,
even in the absence of nuclear reactions. As a result, the cores of such stars do
not heat up to the temperatures required for the synthesis of heavier elements, and
at the end of the asymptotic giant phase they remain with a helium/carbon/oxygen
core.
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Remember, hydrogen is still burning around the core.

Horizontal Branch

He ignition begins, the star quickly moves to the horizontal branch.

- Horizontal branch evolution lasts ~ 1% of main sequence lifetime.

Asymptotic Giant Branch

- When He is exhausted, core contracts (again) until the surrounding 
shell of He ignites.  H continues to burn around the He shell.  Star 
moves to asymptotic giant branch during this double burning period.
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Evolved Stars
Surface gravity of giant stars is low. 

- strong winds and high rates of mass loss 
- AGB stars can experience thermal pulses, periods of high 
helium shell burning.  These drive mass loss.

Giant stars are highly convective. 
-Results in a dredge-up of newly synthesized elements 
from core to outer layers.  Expelled by wind.

For stars < 8 Msun, at the end of AGB, leaves a hot helium/carbon/
oxygen core and other layers are blown off. 

-Excitation of gas loss from star by hot remnant (white dwarf) 
produces a planetary nebula.
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Evolved Stars
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Figure 4.2 Several examples of planetary nebulae, newly formed white dwarfs that irradiate
the shells of gas that were previously shed in the final stages of stellar evolution.
The shells have diameters of ≈ 0.2 − 1 pc. Photo credits: M. Meixner, T.A.
Rector, B. Balick et al., H. Bond, R. Ciardullo, NASA, NOAO, ESA, and the
Hubble Heritage Team

At this point, the remaining outer envelopes of the star expand to the point
that they are completely blown off and dispersed. During this very brief stage
(∼ 104 yr), the star is a “planetary nebula1” (see Fig. 4.2), in which ultraviolet
photons from the hot, newly exposed, core excite the expanding shells of gas that
previously constituted the outer layers of the star. Finally, the exposed remnant of
the original core, called a “white dwarf” reaches the endpoint of stellar evolution
for stars of this mass. In the white-dwarf region of the H-R diagram, these stars
move with time to lower temperature and luminosity as they slowly radiate away
their heat. White dwarfs will be the subject of the next section.
Stars with an initial mass greater than about 8M⊙ continue the sequence of core

contraction and synthesis of progressively heavier elements, which eventually (and
quickly) ends in a “supernova” explosion. We shall return to this class of stars in
Section4.3.

4.2 WHITE DWARFS

In the 19th and early-20th centuries, it was discovered that the nearby (2.7 pc)
A-type star Sirius, the brightest star in the sky, is a visual binary, with a white

1Planetary nebulae have nothing to do with planets, and the name has a purely historical origin.
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White Dwarfs
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Figure 4.3 Observed motion on the sky, over the past century, of the visual binary consisting
of Sirius A and its faint white dwarf companion, Sirius B. On the left are the
observed positions due the orbital motions around the center of mass, combined
with the proper motion of the system as a whole. On the right side, only the
positions of Sirius B relative to Sirius A are shown. The maximum projected
separation of the pair is 10 arcseconds. Using Kepler’s Law, a mass close to
1M⊙ is derived for the white dwarf.

dwarf companion that was named Sirius B. (In fact, Sirius B is the nearest known
white dwarf, and was the first one ever found.) An orbital period of about 50 years
was observed (see Fig. 4.3), allowing the first measurement of the mass of a white
dwarf, which turned out to be close to 1M⊙. Like all white dwarfs, Sirius B’s
low luminosity and high temperature imply a small radius of about 6000 km, i.e.,
less than that of the Earth. The mean density inside Sirius B is therefore of order
1 ton cm−3. In this section, we will work out the basic physics of white dwarfs and
of matter at these extremely high densities.

4.2.1 Matter at Quantum Densities

We saw in the previous section that when the core of a star exhausts its nuclear
energy supply, it contracts and heats up until reaching the ignition temperature of
the next available nuclear reaction, and so on. After each contraction, the density
of the core increases. At some point, the distances between atoms will be smaller
than their de-Broglie wavelengths. At that point, our previous assumption of a
classical (rather than quantum) ideal gas, which we used to derive the equation of
state, becomes invalid. To get an idea of the conditions under which this happens,

Sirius B is a white dwarf 
companion to Sirius A.

In 1844 German astronomer Friedrich 
Bessel deduced the existence of a 
companion star from changes in the 
proper motion of Sirius.

In 1862, astronomer Alvan Clark first  
observed the faint companion using an 18.5 inch 
refractor telescope at the Dearborn Observatory.

In 1915 Walter Adams observed the spectrum of the star, determining it 
was a faint whitish star.  This lead astronomers to conclude it was a 
white dwarf.
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Matter at Quantum Densities
As stars evolve, they contact and the density of the core increases. At 
some point the distance between the atoms is smaller than their de 
Broglie wavelengths.  At that point, we can no longer use classical 
assumptions.

Recall:  de Broglie Wavelength
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recall that the de-Broglie wavelength of a particle of momentum p is

λ =
h

p
=

h

(2mE)1/2
≈ h

(3mkT )1/2
, (4.9)

where we have represented the energy with the mean energy of a particle, E ∼
3kT/2. Since electrons and protons share the same energy, but the mass of the
electron is much smaller than the mass of the proton or of other nuclei, the wave-
lengths of the electrons are longer, and it is the electron density which will first
reach the quantum domain. At interparticle separations of order less than half a
de-Broglie wavelength, quantum effects should become important, corresponding
to a density of

ρq ≈
mp

(λ/2)3
=

8mp(3mekT )3/2

h3
. (4.10)

For example, for the conditions at the center of the Sun, T = 15× 106K,

ρq ≈
8× 1.7× 10−24 g (3× 9× 10−28 g × 1.4× 10−16 erg K−1 × 15× 106K)3/2

(6.6× 10−27 erg s)3
(4.11)

= 640 g cm−3.

The central density in the Sun is ρ ≈ 150 g cm−3, and thus the gas in the Sun is
still in the classical regime. Even very dense gas can remain classical, if it is hot
enough. For example, for T = 108K, i.e., E ∼ kT ∼ 10 keV,

ρq ≈ 11, 000 g cm−3. (4.12)

Instead of the Maxwell-Boltzmann distribution, the energy distribution at quantum
densities will follow Bose-Einstein statistics for bosons (particles with spin that is
an integer multiple of h̄) or Fermi-Dirac statistics for fermions (particles with spin
that is an uneven integer multiple of h̄/2). Let us develop the equation of state for
such conditions.

4.2.2 Equation of State of a Degenerate Electron Gas

Heisenberg’s Uncertainty Principle states that, due to the wave nature of matter,
the position and momentum of a particle are simultaneously defined only to within
an uncertainty

∆x∆px > h. (4.13)

Similar relations can be written for each of the coordinates, x, y, and z. Multiplying
the relations, we obtain

∆x∆y∆z∆px∆py∆pz > h3, (4.14)

or

d3pdV > h3. (4.15)
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Since,
p = mv EK =

1

2
mv2

v =

r
2E

m

p =
p
2mE
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Question:  Which will reach the quantum domain first, electrons or 
protons?

Although both electrons and protons share the same energy, 
electrons have smaller mass and longer wavelengths.  The 
electron density will reach the quantum domain first.
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Calculate the quantum density at the center of the sun (T = 15 x 106 K).
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When the inter particle spacing is of order 1/2 a de Broglie 
wavelength, quantum effects will become important.
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pq = 640 g cm�3 The core density of the sun is 150 g cm-3.
Much below the quantum regime.
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Stay Tuned!

Next up - Stellar Evolution!

xkcd


