
Principles of Astrophysics & Cosmology -  Professor Jodi Cooley

Principles of Astrophysics 
and Cosmology

Arno Allan Penzias 
April 26, 1933 - 

Welcome Back to 
PHYS 3368

Robert Woodrow Wilson 
January 10, 1936 - 



Principles of Astrophysics & Cosmology -  Professor Jodi Cooley

Announcements

- Reading Assignments:  Chapter 9. 
- Final paper re-writes are due in class on Monday, May 4th.  A 

pdf must be emailed to Prof. Cooley before 6 pm and you must 
also submit a hard copy in class before 6 pm that day. 

- Problem Set 12 is due by 4 pm on Tuesday, May 5th.  You may 
turn your problem set into Lacey Porter in the main office during 
regular business hours.  She will provide you a copy of the 
solutions. 

- The final exam in this course will be on Wednesday, May 6th 
from 6:30 - 8:00 pm.  It will cover the second half of the course.
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Rough Lecture Outline

- April 29:  Redshift and the CMB as tests (9.1 - 9.2) and CMB 
Anisotropy (9.3) 

- May 4:  CMB Anisotropy, Nucleosynthesis & Quasars (9.3 - 
9.5)
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Today’s Lecture

- What is the cosmological redshift and 
how does it differ from what we know? 

- What is the CMB and where did it come 
from? 

- How and why is the CMB so isotropic?
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Review Question
True or False.  Justify your answer. 
The inclusion of the cosmological constant in the Friedmann 
equations guarantees that the Universe will eventually collapse upon 
itself.  

FALSE:  Examine the first two Friedmann Equations.  

basicastro4 October 26, 2006

BIG-BANG COSMOLOGY 205

the existence of a static Universe (which, as we saw, is not possible in the for-
mulation we have developed so far). After the Hubble expansion was discovered,
Einstein discarded the cosmological constant, but it has resurfaced several times
over the years, by way of attempts to explain a number of different observations.
In recent years, evidence is mounting that a Λ-like term may, in fact, be required to
describe the dynamics of our Universe. The cosmological constant is one possibil-
ity among a class of such terms that can be added to the Einstein equations, which
are generally referred to as dark energy or vacuum energy.
With the addition of Λ, the Friedmann equations that result by writing the Ein-

stein equations for the FRW metric are modified, and become
√

Ṙ

R

!2

=
8π

3
Gρ− kc2

R2
+

Λ
3

, (8.95)

and

R̈

R
= −4πG

3c2
(ρc2 + 3P ) +

Λ
3

. (8.96)

The third Friedmann equation,

ρ̇c2 = −3
Ṙ

R
(ρc2 + P ), (8.97)

remains unchanged (see Problem 4).
From Eq. 8.96, it is clear that a large enough positive value of Λ can cause R̈

to become positive, i.e., to make the Universe accelerate, as opposed to the de-
celeration that always exists without such a term. Note that Λ has dimensions of
[time]−2. From Eq. 8.95, we can see that the cosmological constant acts effectively
as an additional energy density,

�Λ =
c2

8πG
Λ. (8.98)

However, if Λ is constant, �Λ is an energy density that remains constant, rather than
falling, whenR grows with time.4 Thus, afterR has grown enough, it is guaranteed
that the Λ term will dominate the right-hand side of Eq. 8.95. We can then write
Eq. 8.95 as

H2 =

√
Ṙ

R

!2

≈ Λ
3

, (8.99)

or

Ṙ ≈
µ

Λ
3

∂1/2

R, (8.100)

4This counter-intuitive behavior results from the strange equation of state associated with the cosmo-
logical constant, which relates a negative pressure to �

Λ

: P = −�
Λ

(see Problem 5). When a volume
element in the Universe grows due to the expansion, the work done by the negative pressure maintains
the energy density constant.
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If Λ is large enough, deceleration 
of the expansion will occur.

Expansion or contraction 
depends upon density, 
curvature and Λ.
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Figure 6.3: The curvature and type of expansion for universes containing
both matter and a cosmological constant. The dashed line indicates κ = 0;
models lying above this line have κ = +1, and those lying below have κ = −1.
Also shown are the regions where the universe has a “Big Chill” expansion
(a → ∞ as t → ∞), a “Big Crunch” recollapse (a → 0 as t → tcrunch),
a loitering phase (a ∼ const for an extended period), or a “Big Bounce”
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History of the Universe
Last Time:
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Experimental Predictions

- We will study three experimental predictions 
of the cosmological model and their 
observational verification. 
- Cosmological Redshift 
- The Cosmic Microwave Background 

(CMB) 
- Nucleosynthesis
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Review:  Hubble Diagram
Galaxies are recessing away with speed v, proportional to distance D.
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Figure 7.6 A Hubble diagram, showing the recession velocities of galaxies vs. their dis-
tances. The distances are deduced from the observed fluxes at maximum light of
type-Ia supernovae that exploded in the galaxies. The straight line is Hubble’s
Law, v = H

0

D, with H
0

= 70 km s−1 Mpc−1. Data credit: S. Nobili et al.
2005, Astron. & Astrophys., 437, 789.

which is just Hubble’s Law from their point of view. (For the vector subtraction of
velocities, we have assumed a Euclidean space and non-relativistic velocities, but
the result obtained is general.)
There are several immediate consequences to the observation of Hubble’s Law.

First, all galaxies are moving away from each other, i.e., the Universe is expand-
ing. Second, there is no center to this expansion since, as we have seen, observers
in all galaxies see the same expansion. Third, in the past, the Universe must have
been denser. Finally, if the expansion has been going on for long enough, there was
a particular time when the distances between all galaxies was zero – this follows
from the linear dependence of velocity on distance. Thus, the Universe (at least as
we know it) has a finite age. If galaxies do not accelerate or decelerate, then that
age, the time since all galaxies were “here” , is just

t0 =
1

H0
=

1
70 km s−1Mpc−1

=
3.1× 1024 cm

70× 105 cm s−1
= 4.4× 1017 s = 14 Gyr.

(7.22)
As we will see in Chapter 9, it turns out that this “Hubble time” is close to the
current best estimates of the age of the Universe.

H0 = Hubble’s Constant  
     = 70 km s-1 Mpc-1

Hubble’s Law:
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Cosmological Redshift

- Not the traditional 
Doppler shift. 

- As light travels from 
distant galaxy, space 
expands. 

- Result:  Wavelength of 
light increases 
(frequency decreases). 

- The light is 
redshifted.

10



Principles of Astrophysics & Cosmology -  Professor Jodi Cooley

Cosmological Redshift
Consider light from a distant galaxy at coming radial coordinate re. 

Wavefront 1: Wavefront 2:

Emission time:

Arrival time:
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Chapter Nine

Tests and Probes of Big Bang Cosmology

In this final chapter, we will review three experimental predictions of the cosmo-
logical model that we developed in Chapter 8, and their observational verification.
These tests – cosmological redshift, the cosmic microwave background, and nu-
cleosynthesis of the light elements – also provide information on the particular
parameters that describe our Universe. We will conclude with a brief discussion on
the use quasars and other distant objects as cosmological probes.

9.1 COSMOLOGICAL REDSHIFT AND HUBBLE’S LAW

Consider light from a galaxy at a comoving radial coordinate re. Two wavefronts,
emitted at times te and te + ∆te, arrive at Earth at times t0 and t0 + ∆t0, respec-
tively. As already noted in Chapter 4.5 in the context of black holes, the metric of
spacetime dictates the trajectories of particles and radiation. Light, in particular,
follows a null geodesic with ds = 0. Thus, for a photon propagating in the FRW
metric (see also Chapter 8, Problems 1-3), we can write

0 = c2dt2 −R(t)2
dr2

1− kr2
. (9.1)

The first wavefront therefore obeys
Z t

0

te

dt

R(t)
=

1
c

Z re

0

dr√
1− kr2

, (9.2)

and the second wavefront
Z t

0

+∆t
0

te+∆te

dt

R(t)
=

1
c

Z re

0

dr√
1− kr2

. (9.3)

Since re is comoving, the right-hand sides of both equalities are independent of
time, and therefore equal. Equating the two left-hand sides,

Z t
0

+∆t
0

te+∆te

dt

R(t)
−

Z t
0

te

dt

R(t)
= 0. (9.4)

Expressing the first integral as the sum and difference of three integrals, we can
write

Z t
0

te

−
Z te+∆te

te

+
Z t

0

+∆t
0

t
0

−
Z t

0

te

= 0, (9.5)

and the first and fourth terms cancel out. Since the time interval between emission
of consecutive wavefronts, as well as the interval between their reception, is very
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FWR Metric:
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The cosmological redshift is the ratio
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short compared to the dynamical timescale of the Universe (∼ 10−15 s for visual
light, vs.∼ 1017 s for a Hubble time), we can assume thatR(t) is constant between
the two emission events and between the two reception events. We can then safely
approximate the integrals with products,

∆te
R(te)

=
∆t0

R(t0)
. (9.6)

Recalling that

∆te =
1
νe

=
λe

c
(9.7)

and

∆t0 =
1
ν0

=
λ0

c
, (9.8)

we find that
∆t0
∆te

=
λ0

λe
=

νe

ν0
=

R(t0)
R(te)

≡ 1 + z, (9.9)

where we have defined the cosmological redshift, z. Thus, the further in the past
that the light we receive was emitted (i.e., the more distant a source), the more the
light is redshifted, in proportion to the ratio of the scale factors today and then.
This, therefore, is the origin of Hubble’s Law.
Just like Doppler shift, the cosmological redshift of a distant object can be

found easily by obtaining its spectrum and measuring the wavelengths of individ-
ual spectral features, either in absorption or in emission, relative to their laboratory
wavelengths. Note, however, that cosmological redshift is distinct from Doppler,
transverse-Doppler, and gravitational redshifts. The cosmological redshift of ob-
jects that are comoving with the Hubble flow is the result of the expansion of the
scale of the Universe that takes place between emission and reception of a signal.
In an expanding Universe (such as ours), R(t0) > R(te) always, and therefore z is
always a redshift (rather than a blueshift). Indeed, it is found observationally that,
beyond a distance of about 20 Mpc, all sources of light, without exception, are red-
shifted.1 In addition to the cosmological redshift, the spectra of distant objects can
be affected by (generally smaller) redshifts or blueshifts due to the other effects.
Figure 9.1 shows the spectra of several distant quasars (objects that were discussed
in Chapter 6.3). Note the various redshifts by which the emission lines of each
quasar (hydrogen Balmer Hα and Hβ, and the doublet [O III]λλ 4959, 5007 are the
most prominent) have been shifted from their rest wavelengths by the cosmological
expansion.

1Nearby objects, such as Local Group galaxies and the stars in the Milky Way, are not receding with
the Hubble flow (nor will they in the future) because they are bound to each other and to us. Similarly,
the stars themselves, the Solar System, the Earth, and our bodies do not expand as the Universe grows.
It is a common misconception that the “driving force” of the cosmological recession is the “expansion
of space itself”. In fact, galaxies are receding from us simply because they were doing so in the past,
i.e., they have initial recession velocities and inertia (although now they are aided by dark energy – see
below). A massless test particle placed at rest at any distance from us would not join the Hubble flow.
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Comments on Redshift
- Cosmological redshift is due to expansion of the 

universe. 
- Redshift can also be due to relative motions (Doppler 

effect) or gravitation (gravitational redshift). 
- Redshift can be measured using spectral lines 

(absorption or emission). 
- In an expanding universe, R(t0) > R(te).  Thus, z is 

always redshifted (rather than blueshifted).
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Optical Spectra 
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- The scale factor R(t) depends upon H0, k, Ωm, and ΩΛ.
- So, if we can measure R(t) at different times in the 

universe’s history, we can deduce information about our 
universe.

- Impossible to measure R(t) directly.

- However, we can measure the cosmological redshift z and that gives 
the ratio between the scale factor of today and when the light was 
emitted.

- So, we can deduce cosmological parameters by measuring 
properties that depend on R(t) of distant objects through z.

- Models with different cosmological parameters make 
different predictions of how flux and angular size change 
with distance.

- Difficulty, the cosmological redshift is distinct from 
Doppler velocity.



Principles of Astrophysics & Cosmology -  Professor Jodi Cooley

Distance is calculated from the measured flux assuming a known 
luminosity.  Is the relation between flux, luminosity and distance still 
valid?
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Figure 2.2 Illustration of the net flux emerging through surface of a blackbody, due to a
beam with intensity Iν emerging at an angle θ to the perpendicular.

The cgs units of this flux per frequency interval will thus be erg s−1 cm−2 Hz−1.
The total power (i.e., the energy per unit time) radiated by a spherical, isotropi-

cally emitting, star of radius r∗ is usually called its luminosity, and is just
Lν = fν(r∗)4πr2

∗, (2.6)
with cgs units of erg s−1 Hz−1. Similarly, the flux that an observer at a distance d
from the star will measure will be

fν(d) =
Lν

4πd2
= fν(r∗)

r2
∗

d2
. (2.7)

It is often of interest to consider the above quantities integrated over all photon
frequencies, and designated by

u =
Z ∞

0

uνdν, I =
Z ∞

0

Iνdν, f =
Z ∞

0

fνdν, L =
Z ∞

0

Lνdν. (2.8)

A case in point is the useful Stefan-Boltzmann Law that relates the total energy
density or flux of a blackbody to its temperature:

u = aT 4, (2.9)

and

f =
c

4
aT 4 = σT 4, (2.10)

a =
8π5k4

15c3h3
= 7.6× 10−15 erg cm−3K−4,

- Flux is the energy per unit surface area 
per unit time. 

- Decreases as light spreads into space. 
- Inversely proportional to the surface 

area of a sphere with radius equal to 
the distance between the observer 
and source.

  

Flux and Luminosity

● Flux is energy per unit surface area per unit 
time.

● Flux decreases as light spreads out into space.

● Flux is inversely proportional to the surface 
area of a sphere with radius equal to the 
distance between observer and source.

● The appropriate distance is the product R
0
×r 

which is called the “proper motion distance” or 
“co-moving distance”.  It is the ratio of the 
transverse velocity (in distance per unit time) of 
an object to its proper motion (in radians per 
unit time).

● What else affects the observed flux?

- Appropriate distance is called the ‘comoving distance’  or ‘proper 
motion distance’ which is the product of (R0 x r).  It is the ratio of 
the transverse velocity (distance per unit time) of the object to its 
proper motion (in radian per unit time).  It factors out the expansion 
of the universe. 

- Contrast:  Proper Distance ~corresponds to to the location of an 
object at a t specific moment in time.  It changes over time.
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What else affects the observed flux?

- The light will be redshifted. 
- decreased frequency → decreased energy → decreased flux 
- flux decreased by factor 1/(1+z)

- Cosmological time dilation  
- observed duration of an event is longer by a factor

�t0
�te

=
R(t0)

R(te)

- energy is spread over greater time interval 
- decreases energy per unit time → decreases flux 
- flux decreased by factor 1/(1+z)

Overall, the flux decreases by a factor (1+z)-2.

f =
L

4⇡D2
L

Luminosity distance:

DL = rR0(1 + z)
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Hubble Diagram

Note:  z replaces velocity

Ωm = 0.3, ΩΛ = 0.7

Ωm = 1, ΩΛ = 0
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The Earliest Times

- Go back to an early time when the density of high enough that the 
mean free path of photons was small and baryonic matter and 
radiation were in thermal equilibrium. 

- We have already shown that during this radiation dominated time
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ΩΛ ≈ 0.7. If this is true, the dynamics of the Universe are currently dominated
by a “dark energy” of unknown source and nature that is causing the expansion to
accelerate. The cosmological constant case, treated in §8.5, is one possible form of
the dark energy.
In the derivation of cosmological redshift, above, we considered the propagation

of individual wavefronts of light. Instead, we could have discussed the propagation
of, say, individual photons, or of brief light flashes, but would have gotten the
same result: the time interval between emission of consecutive photons or light
signals appears lengthened to the observer by a factor 1 + z. Thus, in addition to
cosmological redshift, light signals will undergo cosmological time dilation. For
example, if a source at redshift z is emitting photons at a certain wavelength and at
some rate, not only will an observer see the wavelength of every photon increased
by 1 + z, but the photon arrival rate will also be lower by (1 + z). Both of these
effects will reduce the observed energy flux, in addition to the reduction due to
geometrical (4π × distance2) dilution (see Problem 3).

9.2 THE COSMIC MICROWAVE BACKGROUND

Since the mean density of the Universe increases monotonically as one goes back
in time,2 there must have been an early time when the density was high enough
such that the mean free path of photons was small, and baryonic matter and radi-
ation were in thermodynamic equilibrium. The radiation field then had a Planck
spectrum. Since the energy density of radiation changes with the scale factor as
(Eq. 8.40)

ρ ∝ R−4, (9.11)
but this energy density also relates to a temperature as

ρ = aT 4, (9.12)
we can consider a temperature of the Universe at this stage, which varied as

T ∝ 1
R

. (9.13)

Therefore, early enough, the Universe was not only dense but also hot. At some
stage, the temperature must have been high enough such that all atoms were con-
stantly being ionized. The main source of opacity was then electron scattering.
Going forward in time now, the temperature declined, and at T ∼ 3000 K, few
of the photons in the radiation field, even in its high-energy tail, had the energy
required to ionize a hydrogen atom. Most of the electrons and protons then recom-
bined. Once this happened, at a time trec = 400, 000 yr after the Big Bang, the

2In principle, models with a large-enough positive cosmological constant permit a currently expand-
ing Universe that had, in its past, a minimum R that is greater than zero, and thus no initial singularity.
At times before the minimum, the Universe would have been contracting. In such a universe, as one
looks to larger and larger distances, objects at first have increasing redshifts, as usual. However, beyond
some distance, objects begin having progressively smaller redshifts, and eventually blueshifts. Such a
behavior is contrary to observations.

- Recall, the energy density relates to temperature:
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ΩΛ ≈ 0.7. If this is true, the dynamics of the Universe are currently dominated
by a “dark energy” of unknown source and nature that is causing the expansion to
accelerate. The cosmological constant case, treated in §8.5, is one possible form of
the dark energy.
In the derivation of cosmological redshift, above, we considered the propagation

of individual wavefronts of light. Instead, we could have discussed the propagation
of, say, individual photons, or of brief light flashes, but would have gotten the
same result: the time interval between emission of consecutive photons or light
signals appears lengthened to the observer by a factor 1 + z. Thus, in addition to
cosmological redshift, light signals will undergo cosmological time dilation. For
example, if a source at redshift z is emitting photons at a certain wavelength and at
some rate, not only will an observer see the wavelength of every photon increased
by 1 + z, but the photon arrival rate will also be lower by (1 + z). Both of these
effects will reduce the observed energy flux, in addition to the reduction due to
geometrical (4π × distance2) dilution (see Problem 3).

9.2 THE COSMIC MICROWAVE BACKGROUND

Since the mean density of the Universe increases monotonically as one goes back
in time,2 there must have been an early time when the density was high enough
such that the mean free path of photons was small, and baryonic matter and radi-
ation were in thermodynamic equilibrium. The radiation field then had a Planck
spectrum. Since the energy density of radiation changes with the scale factor as
(Eq. 8.40)

ρ ∝ R−4, (9.11)
but this energy density also relates to a temperature as

ρ = aT 4, (9.12)
we can consider a temperature of the Universe at this stage, which varied as

T ∝ 1
R

. (9.13)

Therefore, early enough, the Universe was not only dense but also hot. At some
stage, the temperature must have been high enough such that all atoms were con-
stantly being ionized. The main source of opacity was then electron scattering.
Going forward in time now, the temperature declined, and at T ∼ 3000 K, few
of the photons in the radiation field, even in its high-energy tail, had the energy
required to ionize a hydrogen atom. Most of the electrons and protons then recom-
bined. Once this happened, at a time trec = 400, 000 yr after the Big Bang, the

2In principle, models with a large-enough positive cosmological constant permit a currently expand-
ing Universe that had, in its past, a minimum R that is greater than zero, and thus no initial singularity.
At times before the minimum, the Universe would have been contracting. In such a universe, as one
looks to larger and larger distances, objects at first have increasing redshifts, as usual. However, beyond
some distance, objects begin having progressively smaller redshifts, and eventually blueshifts. Such a
behavior is contrary to observations.

which implies
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ΩΛ ≈ 0.7. If this is true, the dynamics of the Universe are currently dominated
by a “dark energy” of unknown source and nature that is causing the expansion to
accelerate. The cosmological constant case, treated in §8.5, is one possible form of
the dark energy.
In the derivation of cosmological redshift, above, we considered the propagation

of individual wavefronts of light. Instead, we could have discussed the propagation
of, say, individual photons, or of brief light flashes, but would have gotten the
same result: the time interval between emission of consecutive photons or light
signals appears lengthened to the observer by a factor 1 + z. Thus, in addition to
cosmological redshift, light signals will undergo cosmological time dilation. For
example, if a source at redshift z is emitting photons at a certain wavelength and at
some rate, not only will an observer see the wavelength of every photon increased
by 1 + z, but the photon arrival rate will also be lower by (1 + z). Both of these
effects will reduce the observed energy flux, in addition to the reduction due to
geometrical (4π × distance2) dilution (see Problem 3).

9.2 THE COSMIC MICROWAVE BACKGROUND

Since the mean density of the Universe increases monotonically as one goes back
in time,2 there must have been an early time when the density was high enough
such that the mean free path of photons was small, and baryonic matter and radi-
ation were in thermodynamic equilibrium. The radiation field then had a Planck
spectrum. Since the energy density of radiation changes with the scale factor as
(Eq. 8.40)

ρ ∝ R−4, (9.11)
but this energy density also relates to a temperature as

ρ = aT 4, (9.12)
we can consider a temperature of the Universe at this stage, which varied as

T ∝ 1
R

. (9.13)

Therefore, early enough, the Universe was not only dense but also hot. At some
stage, the temperature must have been high enough such that all atoms were con-
stantly being ionized. The main source of opacity was then electron scattering.
Going forward in time now, the temperature declined, and at T ∼ 3000 K, few
of the photons in the radiation field, even in its high-energy tail, had the energy
required to ionize a hydrogen atom. Most of the electrons and protons then recom-
bined. Once this happened, at a time trec = 400, 000 yr after the Big Bang, the

2In principle, models with a large-enough positive cosmological constant permit a currently expand-
ing Universe that had, in its past, a minimum R that is greater than zero, and thus no initial singularity.
At times before the minimum, the Universe would have been contracting. In such a universe, as one
looks to larger and larger distances, objects at first have increasing redshifts, as usual. However, beyond
some distance, objects begin having progressively smaller redshifts, and eventually blueshifts. Such a
behavior is contrary to observations.

At an early time the universe was in a “dense, hot state”.



Principles of Astrophysics & Cosmology -  Professor Jodi Cooley



Principles of Astrophysics & Cosmology -  Professor Jodi Cooley

Recombination
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The Cosmic Microwave Background
Surface of Last Scattering:  The set of points in space beyond which 
the Universe becomes opaque. Photons emerging from this surface 
undergo negligible scattering and absorption until they reach us.

- Before recombination, atoms and radiation were in equilibrium.  
- Atoms and radiation at same temperature. 
- Radiation had a black body spectrum.

- After recombination, radiation decoupled from matter.  
- Radiation still had a black body spectrum. 
- Radiation continued to evolve:   

• Number density n ~ R-3 
• Photon energy E ~ R-1 

• Energy density ρ ~ R-4 

- Radiation keeps its blackbody spectrum
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How does radiation maintain a blackbody spectrum?
Consider that every photon gets redshifted from emitted frequency ν 
to an observed frequency ν′ according to the transformation
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3

c2

dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
2ν2

c2

dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be

n�ν� =
nν

(1 + z)3
=

2ν2

c2

dν

ehν/kT − 1
1

(1 + z)3
=

2ν�2

c2

dν�

ehν�/kT � − 1
, (9.17)

where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3

c2

dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
2ν2

c2

dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be

n�ν� =
nν

(1 + z)3
=

2ν2

c2

dν

ehν/kT − 1
1

(1 + z)3
=

2ν�2

c2

dν�

ehν�/kT � − 1
, (9.17)

where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.

Recall from chapter 2, the Planck spectrum:
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3

c2

dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
2ν2

c2

dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be

n�ν� =
nν

(1 + z)3
=

2ν2

c2

dν

ehν/kT − 1
1

(1 + z)3
=

2ν�2

c2

dν�

ehν�/kT � − 1
, (9.17)

where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.

recall Bν is energy density

To obtain number density, divide by photon energy, hν
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3

c2

dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
2ν2

c2

dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be

n�ν� =
nν

(1 + z)3
=

2ν2
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1
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=
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c2

dν�
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, (9.17)

where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.

Since number density is conserved, 
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3
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dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
2ν2
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dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be
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1
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=
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where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =
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1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3
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Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
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Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be
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, (9.17)

where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =
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1 + z
. (9.14)

Next, recall the form of the Planck spectrum,
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Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,
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Since the number of photons is conserved, their density decreases by a factor (1 +
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where

T � ≡ T
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In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.
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major source of opacity disappeared, and the Universe became transparent to radi-
ation of most frequencies3. As we look to large distances in any direction in the
sky, we look back in time, and therefore at some point our sightline must reach the
surface of last scattering, beyond which the Universe is opaque.
The photons emerging from the last-scattering surface undergo negligible addi-

tional scattering and absorption until they reach us. Their number density therefore
decreases, as the Universe expands, inversely with the volume, as R−3. In addi-
tion, the energy of every photon is reduced byR−1 due to the cosmological redshift.
The photon energy density therefore continues to decline as R−4. Furthermore, the
spectrum keeps its Planck shape, even though the photons are no longer in equilib-
rium with matter. To see this, consider that every photon gets redshifted from its
emitted frequency ν to an observed frequency ν� according to the transformation

ν� =
ν

1 + z
, dν� =

dν

1 + z
. (9.14)

Next, recall the form of the Planck spectrum,

Bν =
2hν3

c2

dν

ehν/kT − 1
. (9.15)

Dividing by the energy of a photon, hν, we obtain the number density of photons
per unit frequency interval,

nν =
2ν2

c2

dν

ehν/kT − 1
. (9.16)

Since the number of photons is conserved, their density decreases by a factor (1 +
z)3, and the new distribution will be

n�ν� =
nν

(1 + z)3
=

2ν2

c2

dν

ehν/kT − 1
1

(1 + z)3
=

2ν�2

c2

dν�

ehν�/kT � − 1
, (9.17)

where

T � ≡ T

1 + z
. (9.18)

In other words, the spectrum keeps the Planck form, but with a temperature that is
reduced, between the time of recombination and the present, according to

Tcmb =
Trec

1 + zrec
, (9.19)

where zrec is the redshift at which recombination occurs. A prediction of Big Bang
cosmology is therefore that space today should be filled with a thermal photon
distribution arriving from all directions in the sky.
In the 1940’s Gamow predicted, based on considerations of nucleosynthesis

(which will be discussed in the next section) that recombination must have oc-
curred at zrec ∼ 1000, and hence the thermal spectrum should correspond to a
temperature of a few to a few tens degrees Kelvin (i.e., with a peak at a wave-
length of order 1 mm, in the “microwave” region of the spectrum). This cosmic

3The ubiquitous presence of hydrogen atoms in their ground state made the Universe, at this point,
very opaque to ultraviolet radiation with wavelengths shortward of Lyman-α.
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CMB History
- 1940s:  Gamow predicts (based on nucleosynthesis) that recombination 

occurs at zero ~ 1000.  Thus, the thermal spectrum ~ few 10s degree 
K, with peak λ ~ 1 mm (microwave region of EM spectrum).

- 1965:  This Cosmic Microwave Background (CMB) radiation was 
accidentally discovered by Penzias and Wilson. 

- They assumed the radiation had a Planck spectrum and 
translated the intensity to a temperature, Tcmb ~ 3 K. 

- 1990s and beyond:  More precise measurements confirm a black body 
spectrum and temperature of 2.72548 ± 0.00057 K.
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The CMB photon number density is 
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The photon number density due to the CMB is

nγ,CMB ∼
aT 4

2.8kT
=

7.6× 10−15 cgs× (2.7 K)3

2.8× 1.4× 10−16 erg K−1
= 400 cm−3. (9.21)

Let us see that this is much larger than the cosmic mean number density of photons
originating from stars. If ngal is the mean number density of L∗ galaxies, then at
a typical point in the Universe the flux of starlight from galaxies within a spherical
shell of thickness dr at a distance r from this point is

df =
L∗ngal4πr2dr

4πr2
= L∗ngaldr. (9.22)

For a rough, order-of-magnitude, estimate of the total flux from galaxies at all
distances, let us ignore the Universal expansion, possible curvature of space, and
evolution with time of L∗ and ngal, and integrate from r = 0 to r = ct0, where
t0 is the age of the Universe. Then the total flux is f = L∗ngalct0. Stars produce
radiation mostly in the optical/IR range, with photon energies or order hνopt ∼
1 eV. The stellar photon density is about 1/c the photon flux. Thus,

nγ,∗ ∼
L∗ngalt0

hνopt
≈ 1010L⊙ × 10−2 Mpc−3 × 14 Gyr

1 eV
(9.23)

=
1010 × 3.8× 1033 erg s−1 × 10−2 × (3.1× 1024 cm)−3 × 4.4× 1017 s

1.6× 10−12 erg

≈ 4× 10−3 cm−3.

Thus, there are of order 105 CMB photons for every stellar photon.5
The present-day baryon mass density is about 4% of the critical closure density,

ρc. The mean baryon number density is therefore

nB ≈
0.04ρc

mp
≈ 0.04× 9.2× 10−30 g cm−3

1.7× 10−24 g
= 2× 10−7 cm−3. (9.24)

(Less than one-tenth of these baryons are in stars, and the rest are in a very tenuous
intergalactic gas.) The baryon-to-photon ratio is therefore

η ≡ nB

nγ
≈ 5× 10−10. (9.25)

Thus, although the energy density due to matter is much larger than that due to
radiation (Eqns. 8.65 and 8.66), the number density of photons is much larger
than the mean number density of baryons.

5The mean stellar photon density above is, of course, not representative of the stellar photon density
on Earth, which is located inside an L∗ galaxy, very close to an L⊙ star. The daylight Solar photon
density on Earth (see Eq. 3.8) is 1010 times greater than the mean stellar value for the Universe, found
above, and is thus also much greater than the CMB photon density.
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Thus, there are of order 105 CMB photons for every stellar photon.5
The present-day baryon mass density is about 4% of the critical closure density,

ρc. The mean baryon number density is therefore

nB ≈
0.04ρc

mp
≈ 0.04× 9.2× 10−30 g cm−3

1.7× 10−24 g
= 2× 10−7 cm−3. (9.24)

(Less than one-tenth of these baryons are in stars, and the rest are in a very tenuous
intergalactic gas.) The baryon-to-photon ratio is therefore

η ≡ nB

nγ
≈ 5× 10−10. (9.25)

Thus, although the energy density due to matter is much larger than that due to
radiation (Eqns. 8.65 and 8.66), the number density of photons is much larger
than the mean number density of baryons.

5The mean stellar photon density above is, of course, not representative of the stellar photon density
on Earth, which is located inside an L∗ galaxy, very close to an L⊙ star. The daylight Solar photon
density on Earth (see Eq. 3.8) is 1010 times greater than the mean stellar value for the Universe, found
above, and is thus also much greater than the CMB photon density.

How does this compare the the number density of photon originating 
from stars? 
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≈ 5× 10−10. (9.25)

Thus, although the energy density due to matter is much larger than that due to
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Thus, there are 105 CMB photons for every stellar photon!

How does this compare the the baryon number density?
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on Earth, which is located inside an L∗ galaxy, very close to an L⊙ star. The daylight Solar photon
density on Earth (see Eq. 3.8) is 1010 times greater than the mean stellar value for the Universe, found
above, and is thus also much greater than the CMB photon density.

Thus, the baryon-to-photon ratio is
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(Less than one-tenth of these baryons are in stars, and the rest are in a very tenuous
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Thus, although the energy density due to matter is much larger than that due to
radiation (Eqns. 8.65 and 8.66), the number density of photons is much larger
than the mean number density of baryons.

5The mean stellar photon density above is, of course, not representative of the stellar photon density
on Earth, which is located inside an L∗ galaxy, very close to an L⊙ star. The daylight Solar photon
density on Earth (see Eq. 3.8) is 1010 times greater than the mean stellar value for the Universe, found
above, and is thus also much greater than the CMB photon density.

Energy density due to matter is much 
larger than radiation, but the number 
density of photons is much larger 
than the mean number of baryons!



Principles of Astrophysics & Cosmology -  Professor Jodi Cooley

Anisotropy of the CMB

After removing a small dipole in the CMB sky from the motion of 
the Local Group (which we belong), the CMB is very uniform across 
the sky.  There are small temperature fluctuations of δT = 29 µK or 
δT/T ~ 10-5.
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How and why can the Universe appear so isotropic?

- At recombination, the horizon size was 2º.  So different regions 
separated by more than ~ 2º could not be causally related.

- If they were not in casual contact, how is it that they have the 
same temperature to within 10-5?

Explanation for the ‘horizon problem’ is inflation.
- During the first fraction of a second of the evolution of the 

Universe, a rapid expansion of the Universe occurred. 
- Resulted in casually connected regions to expand beyond the 

size of the horizon at that time. 
- Different parts of the microwave sky that we see today were, in 

fact, causally connected before inflation. 
- Details of how this happened is still an area of debate in 

research today. 
- Prediction of this theory is that the Universe is almost exactly 

flat.
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Inhomogeneities in the nearly uniform cosmic mass distribution are 
set up at the end of the inflationary era.

- Most of the mass at this time is non-baryonic, pressure-less 
dark matter.

- Also there is a relativistic gas of baryons and radiation.

- Equation of state describing the photon-baryon gas is
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9.3 ANISOTROPY OF THE MICROWAVE BACKGROUND

The temperature of the CMB, T = 2.725 K, is extremely uniform across the sky.
There is a small dipole in the CMB sky, arising from the Doppler effect due mostly
to the motion of the Local Group (at a velocity of ≈ 600 km s−1) relative to the
comoving cosmological frame. Apart from the dipole, the only deviations from
uniformity in the CMB sky are temperature anisotropies, i.e., regions of various
angular sizes with temperatures different from the mean, with fluctuations having
root-mean-squared δT = 29 µK, or

δT

T
∼ 10−5. (9.26)

Figure 9.4 shows a map of these temperature fluctuations. The extreme isotropy of
the appearance of the Universe at z ∼ 1000 is an overwhelming justification of the
assumption of homogeneity and isotropy inherent to the Cosmological Principle.
However, this extreme isotropy raises the questions of why and how the Universe
can appear so isotropic. At the time of recombination, the horizon size – the size of
a region in space across which light can propagate since the Big Bang (see Chap-
ter 8, Problems 1-3) – corresponded to a physical region that subtends only about
2◦ on the sky today. Thus, different regions separated by more than ∼ 2◦ could not
have been in causal contact by trec, and therefore it is surprising that they would
have the same temperature to within 10−5. CMB photons from opposite directions
on the sky have presumably never been in causal contact until now, yet they have
almost exactly the same temperature.
The currently favored explanation for this “horizon problem” is that, very early

during the evolution of the Universe, in the first small fraction of a second, there
was an epoch of “inflation”. During that epoch, a vacuum energy density with
negative pressure caused an exponential expansion of the scale factor, much like
the second acceleration epoch that, apparently, we are in today. The inflationary
expansion led causally connected regions to expand beyond the size of the horizon
at that time. All the different parts of the microwave sky we see today were, in fact,
part of a small, causally connected region before inflation. The cause and details
of inflation are still a matter of debate, but most versions of the theory predict that,
today, space is almost exactly flat (i.e., Ωm + ΩΛ is very close to 1). We will see
now that this prediction is strongly confirmed by the observed characteristics of the
anisotropies.
The temperature anisotropies in the CMB arise through a number of processes,

but at their root are small-amplitude inhomogeneities in the nearly uniform cosmic
mass distribution. These inhomogeneities are set up at the end of the inflationary
era, and their characteristics are yet another prediction of inflation theories. Most
of the mass density at that time, as now, is in a non-baryonic, pressure-less, dark
matter. Mixed with the dark matter, and sharing the same inhomegeneity pattern,
is a relativistic gas of baryons and radiation. The photon-baryon gas therefore has
an equation of state that is well described by

P =
1
3
ρc2. (9.27)

The speed of sound is then
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The speed of sound is then

cs =

s
dP

dρ
=

c√
3
. (9.28)

The mass density inhomogeneities have a spatial spectrum with power spread con-
tinuously among all Fourier components, i.e., they have no single physical scale.
(The particular shape of the Fourier spectrum is, as noted above, a prediction of in-
flationary theories.) The gravitational potential of the inhomogeneities attracts the
baryon-photon fluid, which is compressed in the denser regions and more tenuous
in the underdense regions. However, the pressure of the fluid opposes the compres-
sion, and causes an expansion which stops only after the density has “overshot”
the equilibrium density and the gas in the originally overdense region has become
underdense. Thus, periodic expansion and contraction of the various fluid regions
ensues. This means that “standing” sound waves of all wavelengths represented
in the spatial Fourier spectrum of the density inhomogeneities are formed in the
photon-baryon gas6. Their periods τ and wavelengths λ are related by

τ =
λ

cs
. (9.29)

When the Universe emerges from the inflationary era, at an age of a small fraction
of a second, these acoustic oscillations are stationary and therefore they begin
everywhere in phase. Consider now an overdense or underdense region. One of the
Fourier modes that composes the region, and the fluid oscillations that it produces,
has a wavelength that corresponds to a half-period of trec,

λ = 2cstrec =
2ctrec√

3
, (9.30)

where trec is the cosmic time when recombination occurs. At trec, the baryon-
photon fluid in this particular mode will have executed one-half of a full density os-
cillation, and will have just reached its maximal rarefaction or compression, where
it will be colder or hotter, respectively, than the mean. At that time, however, the
baryons and photons decouple, and the imprint of the cool (rarified) and hot (com-
pressed) regions of the mode is frozen onto the CMB radiation field, and appears
in the form of spots on the CMB sky with temperatures that are lower or higher
than the mean. Similarly, higher modes that have had just enough time, between
t = 0 and t = trec, to undergo one full compression and one full rarefaction, or
two compressions and a rarefaction, etc., will also be at their hottest or coldest at
time trec. The CMB sky is therefore expected to display spots having particular
sizes. Stated differently, the fluctutation power spectrum of the CMB sky should
have discrete peaks at these favored spatial scales.
In reality, the picture is complicated by the fact that several processes, other

than adiabatic compression, affect the gas temperature observed from each point.

6The waves that are formed are not, strictly speaking, standing waves, since they do not obey bound-
ary conditions. They do resemble standing waves in the sense that a given Fourier component varies in
phase at all locations. However, the superposition of all these waves is not a standing wave pattern, and
does not have fixed nodes.
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it will be colder or hotter, respectively, than the mean. At that time, however, the
baryons and photons decouple, and the imprint of the cool (rarified) and hot (com-
pressed) regions of the mode is frozen onto the CMB radiation field, and appears
in the form of spots on the CMB sky with temperatures that are lower or higher
than the mean. Similarly, higher modes that have had just enough time, between
t = 0 and t = trec, to undergo one full compression and one full rarefaction, or
two compressions and a rarefaction, etc., will also be at their hottest or coldest at
time trec. The CMB sky is therefore expected to display spots having particular
sizes. Stated differently, the fluctutation power spectrum of the CMB sky should
have discrete peaks at these favored spatial scales.
In reality, the picture is complicated by the fact that several processes, other

than adiabatic compression, affect the gas temperature observed from each point.

6The waves that are formed are not, strictly speaking, standing waves, since they do not obey bound-
ary conditions. They do resemble standing waves in the sense that a given Fourier component varies in
phase at all locations. However, the superposition of all these waves is not a standing wave pattern, and
does not have fixed nodes.

Note:  Ordinary sound waves are driven solely by gas pressure.  This 
is not the case in the early universe.
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Aside:  Fourier Transform

- Fourier’s theorem:  Any 
periodic function can be 
described as a sum of 
sines and cosines.

- The ‘power spectrum’ 
shows strength of  signal 
fluctuations at a 
particular frequency. 
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- Consider a region of over-density 
in the early universe.   The 
gravitational potential will attract 
the baryon-photon fluid.  This fluid 
is compressed in denser regions.

- Pressure in the baryon-photon fluid  
opposes the compression and causes an expansion that stops after 
the  density exceeds the equilibrium density.  The gas becomes 
under-dense.

- These counteracting forces create oscillations, analogous to sound 
waves created in air by pressure differences.

- As the Universe emerges from the inflationary era, these acoustic 
oscillations are stationary everywhere and hence in phase.
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where trec is the cosmic time when recombination occurs. At trec, the baryon-
photon fluid in this particular mode will have executed one-half of a full density os-
cillation, and will have just reached its maximal rarefaction or compression, where
it will be colder or hotter, respectively, than the mean. At that time, however, the
baryons and photons decouple, and the imprint of the cool (rarified) and hot (com-
pressed) regions of the mode is frozen onto the CMB radiation field, and appears
in the form of spots on the CMB sky with temperatures that are lower or higher
than the mean. Similarly, higher modes that have had just enough time, between
t = 0 and t = trec, to undergo one full compression and one full rarefaction, or
two compressions and a rarefaction, etc., will also be at their hottest or coldest at
time trec. The CMB sky is therefore expected to display spots having particular
sizes. Stated differently, the fluctutation power spectrum of the CMB sky should
have discrete peaks at these favored spatial scales.
In reality, the picture is complicated by the fact that several processes, other

than adiabatic compression, affect the gas temperature observed from each point.

6The waves that are formed are not, strictly speaking, standing waves, since they do not obey bound-
ary conditions. They do resemble standing waves in the sense that a given Fourier component varies in
phase at all locations. However, the superposition of all these waves is not a standing wave pattern, and
does not have fixed nodes.

- Standing sound waves of all wavelengths of all wavelengths 
(represented in the spatial Fourier spectrum) are formed. 
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- After inflation, regions of denser dark matter pull in the baryon-
photon fluid via gravitational attraction. 

- The Fourier mode that composes either an over dense or under 
dense  region has a wavelength
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cillation, and will have just reached its maximal rarefaction or compression, where
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time trec. The CMB sky is therefore expected to display spots having particular
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than adiabatic compression, affect the gas temperature observed from each point.
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where trec is the cosmic time when recombination occurs. At trec, the baryon-
photon fluid in this particular mode will have executed one-half of a full density os-
cillation, and will have just reached its maximal rarefaction or compression, where
it will be colder or hotter, respectively, than the mean. At that time, however, the
baryons and photons decouple, and the imprint of the cool (rarified) and hot (com-
pressed) regions of the mode is frozen onto the CMB radiation field, and appears
in the form of spots on the CMB sky with temperatures that are lower or higher
than the mean. Similarly, higher modes that have had just enough time, between
t = 0 and t = trec, to undergo one full compression and one full rarefaction, or
two compressions and a rarefaction, etc., will also be at their hottest or coldest at
time trec. The CMB sky is therefore expected to display spots having particular
sizes. Stated differently, the fluctutation power spectrum of the CMB sky should
have discrete peaks at these favored spatial scales.
In reality, the picture is complicated by the fact that several processes, other

than adiabatic compression, affect the gas temperature observed from each point.

6The waves that are formed are not, strictly speaking, standing waves, since they do not obey bound-
ary conditions. They do resemble standing waves in the sense that a given Fourier component varies in
phase at all locations. However, the superposition of all these waves is not a standing wave pattern, and
does not have fixed nodes.

- At the time of recombination, baryons and photons decouple, 
allows photons to stream away.

- Leaves a frozen fingerprint of cool (rarified) and hot (compressed) 
regions of space on the sky.
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- Higher modes may have undergone one compression and one 
rarefraction or two compression and one rarefraction, etc. 

- Hence, they too will be at their hottest or coldest at trec.

- This will correspond to display spots of particular sizes → 
the fluctuation power spectrum should have discrete peaks at 
the favored spatial scales.

In reality, the picture is complicated by 
several processes other than those we 

considered.  However, they can be 
calculated to make predictions for particular 

cosmological models.
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Next time:   
- Examine the angular scale of the first acoustic peak as 

a measure of the global curvature of space. 
- Nucleosynthesis of Light Elements 
- Quasars ans Cosmological Probes (time permitting)
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Stay            ed!


