SMU Physics 3344 : Fall 2010
Final

Problem 1 : The figure below shows a circular track of radius R around which a particle of
charge ¢ and mass m is constrained to move. There is a constant electric field E = —Ej
pointing downward in the figure. There is also a constant magnetic field B = B2 with
% coming out of the page. The corresponding potential and vector potential are ¢ = Ey
and A = B(zj — yz)/2. Write down the Lagrangian L in terms of the polar coordinates r
and 0 and their time derivatives, converting from = and y if necessary, and implementing
the constraint via a Lagrange multiplier N (normal force). Compute the Euler-Lagrange
(EL) equations for the system and then implement the constraint, producing a set of two
equations which describe the constrained system. Now compute the free Lagrangian Lg
by implementing the constraint. From this compute Hr, and verify that its conservation
is equivalent to one of the EL equations found above(that is take its time derivative and
compare). The free Hamiltonian Hy, which in this case is equivalent to the Hamiltonian H
after the constraint is applied, permits an expression for 6 in terms of 8 and initial conditions.
Find the normal force N purely in terms of 6 and 6 by eliminating 6 from the EL equations.

y
X= rc@ m/ﬂ 27)?
y=rse | e 2

O
B

L=-mc{Erire” w o Ey + 2B (xy—yx) +N(r-R)
=7 = (Xy-¥

x)}-yk = ree(rse+rced) -rso(rce-rses) = r's

o |
L= -¥mc*—¢gErse + 2B &5r™ + Nr-R)
2C

R- T e VoY BL-—»V : >
;F,.( Y)=% = W,X,ﬁ Ymr

oL
20 ;é 2C 'YM/‘,@*’ZZ"F
2 =4 .ez- E 2~ iy /\/
cIf -2l 2L = Ymre - gEnse tZ_C’Bef‘ +
2l yr
2L o ~2 Erte (oves)

v
V.



BL la&éd ~C

¢F'pl7//“7} ce “'ﬁﬁf""ﬂrﬂ fg

(Ymr) Nm e - 9EWs6 *Ler N

f‘;(YMr‘é oot aZ s mpk 50

2C

Sed r=R

@ O = YMRLé -9 Esé +%§'ﬁé + NV

© MR (Yﬁ) = —g ERco O is already

"\ F{7\7+ {o/‘u—\

below X = 1 RL@/@L

LF:-\(Ma -9 ERs6 + RO
H = ebj;_-f - L— B__Lf:\ kN ES 6’3 2
i _ \‘ B P )L . B‘z
HP’YMR6+%R‘9 ;5‘-’ YmR O + &= R
]
£ Y mc" g ERsO-E84
N e Thor = _gER a4
‘ HF—.:. YMC t 7 - Z’MC‘-k
5
o (Ye) Yo +¥6 \dm/ ) S es
=Y RG%x.,.Ye 79 Y = & /6‘2'
= —‘ZECS whicG (s 0"/‘/

MR eg«::v tc,@



Problem 2 : The figure at left below shows a particle of mass m dropping straight down in
the negative y direction in a constant grav1tat10nal field. The Lagrangian for this system is
the same as that for a constant electric field E = —Ej (also B = 0) with the replacement
gF — mg. From the Euler-Lagrange equation, find B(t) for the particle with B(0) = 0.
From the (conserved) Hamiltonian, find B(y) and from this y(t), with y(0) = 0. As shown in
the figure at right, at some time in the free-fall the particle emits a photon straight down in
such a way that the particle left behind comes to a stop in the inertial frame of the ground.
Find the mass 7 of the new particle, and find the energy E, of the photon in the ground
frame. These should both be expressed in terms of m and the parameter 8 of the mass m
just before the emmission. Also find the the energy Ep of the photon in the instantaneous
rest frame of the mass m just before the emmission. Now express this in terms of 7. This
emmission process is shown in the two space-time diagrams below.
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