
Define	
  design	
  trajectory	
  (orbit)	
  

•  	
  Length	
  of	
  dipole	
  magnet	
  and	
  field	
  define	
  total	
  bending	
  angle	
  of	
  
magnet:	
  

•  Circular	
  accelerator:	
  total	
  bending	
  angle:=	
  2π

•  How	
  many	
  dipole	
  magnets	
  do	
  we	
  need	
  in	
  the	
  LHC?	
  

•  Dipole	
  length	
  =	
  15	
  m	
  
•  Field	
  8.3	
  T	
  

 Length of dipole magnet and field define total bending angle of 
magnet:!
!
!
!
Circular accelerator: total bending angle:= 2π"
"

"
"

How many dipole magnets do we need in the LHC?!
•  Dipole length = 15 m!
•  Field 8.3 T!

"

α"ρ"
ds(



Focusing	
  with	
  Quadrupole	
  Magnets	
  

•  Requirement:	
  Lorentz	
  force	
  increases	
  as	
  a	
  funcMon	
  of	
  distance	
  
from	
  design	
  trajectory	
  

•  E.g.	
  in	
  the	
  horizontal	
  plane	
  

	
  
•  We	
  want	
  a	
  magneMc	
  field	
  that	
  	
  

	
  

è Quadrupole	
  magnet	
  
•  Gradient	
  of	
  quadrupole 	
   	
  Normalized	
  gradient,	
  focusing	
  strength	
  



The	
  LHC	
  main	
  quadrupole	
  magnet	
  

•  Length	
  =	
  3.2	
  m	
  
•  Gradient	
  =	
  223	
  T/m	
  
•  Peak	
  field	
  6.83	
  T	
  
•  Total	
  number	
  in	
  LHC:	
  392	
  



	
  Equa:on	
  of	
  Mo:on	
  
	
  
•  Taylor	
  series	
  expansion	
  of	
  B	
  field:	
  

Normalize	
  and	
  keep	
  only	
  terms	
  
linear	
  in	
  x	
  

✗	
   ✗	
  



Towards	
  EquaMon	
  of	
  MoMon	
  

•  Use	
  different	
  coordinate	
  system:	
  Frenet-­‐Serret	
  rotaMng	
  frame	
  

•  The	
  ideal	
  parMcle	
  stays	
  on	
  “design”	
  trajectory.	
  (x=0,	
  y=0)	
  
•  And:	
  x,y	
  <<	
  r

•  The	
  design	
  parMcle	
  has	
  momentum	
  p0	
  =	
  m0gv.	
  
•                      
•                ….	
  relaMve	
  momentum	
  offset	
  of	
  a	
  parMcle	
  

The equation of motion in radial coordinates
Let’s consider a local segment of one particle’s trajectory:

the radial acceleration is a

r

=
d2⇢

dt

2

� ⇢

✓
d✓
dt

◆
2

=
d2⇢

dt

2

� ⇢!2. In our case, for the

ideal orbit: ⇢ = const ) d⇢
dt

= 0

)the force is
F = m⇢

✓
d✓
dt

◆
2

= m⇢!2

F = mv

2/⇢
For a general trajectory:
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Representation of the transverse coordinates

With
x

0 =
dx

ds

=
P

x

P

z

⇡ P

x

P

0

(1 + �)
; y

0 =
dy

ds

=
P

y

P

z

⇡ P

y

P

0

(1 + �)

The state of a particle (the phase space) is represented with a 6-dimensional
vector:

(x , x

0, y , y

0, z = s � �ct, �)
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EquaMon	
  of	
  MoMon	
  

•  A	
  parMcle	
  is	
  described	
  with	
  6	
  coordinates	
  



EquaMon	
  of	
  MoMon	
  

•  All	
  we	
  have	
  to	
  do	
  now	
  is	
  to	
  write	
  

	
  

•  in	
  the	
  Frenet-­‐Serret	
  frame,	
  	
  
•  develop	
  with	
  x,y	
  <<	
  r ,	
  and	
  keeping	
  only	
  terms	
  linear	
  in	
  x	
  or	
  y	
  for	
  magneMc	
  field	
  
afer	
  a	
  bit	
  of	
  maths:	
  the	
  equaMons	
  of	
  moMon	
  

Assuming	
  there	
  are	
  no	
  verMcal	
  bends,	
  
Quadrupole	
  field	
  changes	
  sign	
  between	
  x	
  and	
  y	
  



SoluMon	
  of	
  EquaMon	
  of	
  MoMon	
  
•  Let’s	
  write	
  it	
  slightly	
  differently:	
  
•  	
   horizontal	
  plane:	
  
•  	
   verMcal	
  plane:	
  	
  

•  SoluMon	
  can	
  be	
  found	
  with	
  ansatz	
  

•  Insert	
  ansatz	
  in	
  equaMon	
  	
  è 

•  For	
  K	
  >	
  0:	
  focusing	
  
•  	
  	
  	
  	
  

EquaMon	
  of	
  the	
  harmonic	
  oscillator	
  
with	
  spring	
  constant	
  K	
  



SoluMon	
  of	
  EquaMon	
  of	
  MoMon	
  
•  a1	
  and	
  a2	
  through	
  boundary	
  condiMons:	
  	
  

•  Horizontal	
  focusing	
  quadrupole,	
  K	
  >	
  0:	
  

•  Use	
  matrix	
  formalism:	
  TRANSFER	
  MATRIX	
  



SoluMon	
  of	
  EquaMon	
  for	
  Defocusing	
  Quadrupole	
  

•  SoluMon	
  of	
  equaMon	
  of	
  moMon	
  with	
  K	
  <	
  0:	
  
	
  
•  New	
  ansatz	
  is:	
  

•  And	
  the	
  transfer	
  matrix	
  



Summary	
  of	
  Transfer	
  Matrices	
  

•  Uncoupled	
  moMon	
  in	
  x	
  and	
  y	
  

•  Focusing	
  quadrupole,	
  K	
  >0:	
  

•  Defocusing	
  quadrupole,	
  K<	
  0:	
  

•  Drif	
  space:	
  length	
  of	
  drif	
  space	
  L	
  

….horizontal	
  plane	
  
….verMcal	
  plane	
  



Step	
  1	
  –	
  when	
  designing	
  a	
  synchrotron	
  

•  Design	
  orbit	
  with	
  dipole	
  magnets	
  and	
  
alternaMng	
  gradient	
  lamce.	
  



The	
  Hill’s	
  EquaMon	
  

•  We	
  had…	
  

•  Around	
  the	
  accelerator	
  K	
  will	
  not	
  be	
  constant,	
  but	
  will	
  depend	
  on	
  s	
  

•  Where	
  
Ø  restoring	
  force	
  ≠	
  const,	
  K(s)	
  depends	
  on	
  the	
  posiMon	
  s	
  
Ø  K(s+L)	
  =	
  K(s)	
  periodic	
  funcMon,	
  where	
  L	
  is	
  the	
  “lamce	
  period”	
  

•  General	
  soluMon	
  of	
  Hill’s	
  equaMon:	
  

Hill’s	
  equaMon	
  



The	
  Beta	
  FuncMon	
  &	
  Co	
  

•  SoluMon	
  of	
  Hill’s	
  EquaMon	
  is	
  a	
  quasi	
  harmonic	
  oscillaMon	
  (betatron	
  
oscilla:on):	
  amplitude	
  and	
  phase	
  depend	
  on	
  the	
  posiMon	
  s	
  in	
  the	
  
ring.	
  	
  

•  The	
  beta	
  funcMon	
  is	
  a	
  periodic	
  funcMon	
  determined	
  by	
  the	
  focusing	
  
properMes	
  of	
  the	
  lamce:	
  i.e.	
  quadrupoles	
  

•  The	
  “phase	
  advance”	
  of	
  the	
  oscillaMon	
  between	
  the	
  point	
  0	
  and	
  
point	
  s	
  in	
  the	
  lamce.	
  	
  

integraMon	
  constants:	
  determined	
  
by	
  iniMal	
  condiMons	
  



The	
  transport	
  matrix	
  revisMted	
  
•  DefiniMon:	
  

	
  
Let’s	
  assume	
  for	
  s(0)	
  =	
  s0,	
  y(0)	
  =	
  0.	
  	
  
•  Defines	
  f	
  from	
  x0	
  and	
  x’0,	
  b0	
  and	
  a0.	
  

Can	
  compute	
  the	
  single	
  parMcle	
  trajectories	
  
between	
  two	
  locaMons	
  if	
  we	
  know	
  a, b	
  at	
  
these	
  posiMons!	
  	
  



The	
  Tune	
  	
  
•  The	
  number	
  of	
  oscillaMons	
  per	
  turn	
  is	
  called	
  “tune”	
  

	
  

•  The	
  tune	
  is	
  an	
  important	
  parameter	
  for	
  the	
  stability	
  of	
  moMon	
  over	
  many	
  
turns.	
  	
  

•  It	
  has	
  to	
  be	
  chosen	
  appropriately,	
  measured	
  and	
  corrected.	
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Beam Pickup Monitor

vertical orbit

vertical tune
Bunch peak currents are many Amperes !

Strong signals, used to monitor beam 

position and oscillations

Also source of undesirable effects :

wake fields, heating, instabilities

vacuum

chamber

(beam-pipe)

electrodes
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Typical numbers, for a single bunch       〈Ib〉 = n e frev

LEP  n   = 4×1011          〈Ib〉 = 0.72 mA     σz = 2 cm      Î = 960 A

LHC  n = 1.15×1011    〈Ib〉 = 0.21 mA  σz = 7.55 cm    Î = 73.2 A

             frev = 11245 kHz,     L = 26658.9 m

Ib L

2! "z

〈Ib〉  average ring 

and

Î  local peak 

current

Measure	
  beam	
  posiMon	
  
at	
  one	
  locaMon	
  turn	
  by	
  
turn	
  
	
  
Beam	
  posiMon	
  will	
  
change	
  with	
  	
  

With	
  FFT	
  get	
  
frequency	
  of	
  
oscillaMon:	
  tune	
  



The	
  Tune	
  

•  The	
  choice	
  of	
  phase	
  advance	
  per	
  cell	
  or	
  tune	
  
and	
  hence	
  the	
  focusing	
  properMes	
  of	
  the	
  lamce	
  
have	
  important	
  implicaMons.	
  

•  Misalignment	
  of	
  quadrupoles	
  or	
  dipole	
  field	
  
errors	
  create	
  orbit	
  perturbaMons	
  

27

Misalignments and dipole field errors

  orbit perturbations

would add up on successive turns

for integer tune Q = N

Higher order field errors,

Quad., Sext. perturbations.

Avoid simple fractional tunes

nQx + m Qy + m Qs = int.

Minimise field and alignment 

errors

Kick

Qx

Qy

Qy

Qx

stable 

working 

area
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0.6

0.8
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0.3

0.2 0.22 0.24 0.26 0.28 0.3

The	
  perturbaMon	
  at	
  one	
  locaMon	
  has	
  
an	
  effect	
  around	
  the	
  whole	
  machine	
  

è	
  diverges	
  for	
  Q	
  =	
  N,	
  where	
  N	
  is	
  integer.	
  



Phase-­‐space	
  ellipse	
  
•  The	
  area	
  of	
  the	
  ellipse	
  
is	
  constant	
  (Liouville):	
  

•  The	
  area	
  of	
  the	
  ellipse	
  
is	
  an	
  intrinsic	
  property	
  
of	
  the	
  beam	
  and	
  
cannot	
  be	
  changed	
  by	
  
the	
  focusing	
  
properMes.	
  	
  

Beam emittance and phase-space ellipse

✏ = � (s) x (s)2 + 2↵ (s) x (s) x

0 (s) + � (s) x

0 (s)2

Liouville: in an ideal storage
ring, if there is no beam energy
change, the area of the ellipse in
the phase space x�x

0 is constant

A = ⇡ · ✏ = const

✏ beam emittance = area of ellipse. It is an intrinsic beam parameter and cannot
be changed by the focal properties.

9 / 27



Emirance	
  of	
  an	
  ensemble	
  of	
  parMcles	
  

•  Typically	
  parMcles	
  in	
  accelerator	
  have	
  Gaussian	
  parMcle	
  distribuMon	
  in	
  
posiMon	
  and	
  angle.	
   Transverse	
  profile	
  measurement	
  and	
  Gauss	
  fit	
  

x'	
  

x	
  
Define	
  beam	
  emirance	
  e	
  as	
  ellipse	
  with	
  
area	
  in	
  phase-­‐space	
  that	
  contains	
  68.3	
  %	
  
of	
  all	
  parMcles.	
  Such	
  that	
  	
  

x	
  



ParMcles	
  (protons)	
  follow	
  an	
  trajectory	
  that	
  oscillates	
  around	
  the	
  ideal	
  circular	
  	
  
path.	
  
The	
  oscillaMon	
  is	
  independent	
  for	
  verMcal	
  and	
  radial	
  components.	
  
The	
  oscillaMon	
  has	
  same	
  properMes	
  but	
  each	
  parMcle	
  has	
  an	
  independent	
  
trajectory	
  govern	
  by	
  its	
  iniMal	
  vector	
  and	
  the	
  derivaMves.	
  
The	
  bunch	
  is	
  defined	
  by	
  an	
  envelope	
  of	
  all	
  trajectories.	
  	
  
At	
  any	
  point	
  along	
  the	
  ring,	
  the	
  distribuMon	
  of	
  the	
  density	
  of	
  the	
  trajectories	
  	
  
is	
  gaussian	
  and	
  we	
  assume	
  that	
  the	
  beam	
  pipe	
  must	
  be	
  large	
  enough	
  to	
  allow	
  	
  
for	
  10σ	
  of	
  this	
  density	
  distribuMon	
  to	
  pass.	
  	
  	
  
	
  
In	
  order	
  to	
  increase	
  the	
  probability	
  of	
  parMcle	
  collision	
  we	
  want	
  to	
  maximize	
  the	
  
parMcle	
  density	
  at	
  the	
  beam	
  intersecMon	
  point.	
  This	
  is	
  done	
  by	
  “low	
  beta	
  inserts”	
  –	
  	
  
a	
  special	
  set	
  of	
  magnets	
  with	
  strong	
  focusing	
  that	
  narrows	
  the	
  beam	
  envelope.	
  
Close	
  to	
  the	
  interacMon	
  point	
  the	
  beam	
  must	
  get	
  close	
  to	
  each	
  other	
  into	
  one	
  beam	
  
pipe.	
  We	
  do	
  not	
  want	
  the	
  interacMons	
  to	
  take	
  place	
  away	
  from	
  the	
  center	
  of	
  the	
  	
  
detector	
  so	
  beams	
  are	
  blown	
  up	
  when	
  travelling	
  along	
  the	
  same	
  path	
  and	
  brought	
  
to	
  high	
  density	
  (small	
  transverse	
  cross	
  secMon)	
  at	
  the	
  interacMon	
  point.	
  	
  



Minibeta insertion is a symmetric drift space with a beta waist in 
the center of the insertion!

!
!
!
!

l  l 

β0 

Minibeta	
  inser:on	
  

The	
  insert	
  must	
  have	
  a	
  high	
  level	
  of	
  magneMc	
  symmetry	
  so	
  that	
  the	
  trajectories	
  
of	
  parMcles	
  at	
  the	
  exit	
  will	
  match	
  the	
  regular	
  lamce.	
  Typically	
  done	
  with	
  a	
  set	
  of	
  
three	
  magnets	
  at	
  each	
  side	
  of	
  the	
  intersecMon.	
  
Beta	
  describes	
  the	
  radius	
  of	
  curvature	
  of	
  the	
  beam	
  envelope	
  at	
  the	
  interacMon	
  
point.	
  
LHC	
  design	
  –	
  not	
  reached	
  so	
  far	
  
β	
  =	
  55	
  cm	
  	
  to	
  give	
  the	
  transverse	
  dimension	
  of	
  the	
  beam	
  σ	
  =	
  16	
  μm.	
  	
  



Like in the transverse plane the particles are performing an 
oscillation in longitudinal space.

Particles keep oscillating around the stable synchronous particle 
varying phase and dp/p. 

Assume: no acceleration, B = const, below transition η > 0 
Stable phase = 0. B will oscillate around φ0.

φ2
"

0

"
"

φ1
"

φ0
"

VRF 

φ = ωRF  t 

B 



φ1'

φ0'

VRF 

φ t φ2'

p 
Δp 

stable region 
 

φ

Phase space picture 

separatrix unstable region 



ΔE 

ΔE 
 

Δt (or φ) 

Bunch(	
  

Bucket(	
  

The	
  bunches	
  of	
  the	
  beam	
  fill	
  usually	
  a	
  part	
  of	
  the	
  bucket	
  area.	
  

LHC	
  –	
  bucket	
  spacing	
  25	
  ns	
  	
  	
  -­‐>	
  40	
  MHz	
  of	
  bucket-­‐bucket	
  crossing	
  
Not	
  all	
  buckets	
  are	
  filled	
  up	
  with	
  parMcles	
  
Not	
  all	
  bunches	
  have	
  the	
  same	
  number	
  of	
  parMcles	
  



Three categories: can cause beam instabilities, emittance blow-up, 
beam loss,…!

Tune'spread''	
  
'	
  
THE'limita-­‐on'in'low'	
  
energy'machines'	
  

Colliding'beams.'Tune'	
  
spread/shi[ 'due'to'headJ	
  
on'collisions'and'long'	
  
range'collisions.''	
  

Beam'induces'field'in'	
  
accelerator'environment.'	
  
Wake'fields.'	
  
Wake'fields'can'act'back'on'	
  
trailing'beam.'	
  
'	
  
Fourier'transform'of'Wake'	
  
field'is'impedance.'	
  
'	
  
Can'lead'to'component'	
  
hea -­‐ng'and/or'instability.'	
  



1  Seed	
  electrons	
  accelerated	
  by	
  beam	
  
2   Produce	
  secondary	
  electrons	
  

when	
  	
  hiMng	
  wall	
  
3  Secondary	
  electrons	
  accelerated	
  

produce	
  more	
  electrons	
  on	
  impact	
  
4  May	
  lead	
  to	
  exponenMal	
  growth	
  

of	
  electron	
  density	
  (mulMpacMng)	
  

•  Trailing	
  bunches	
  of	
  train	
  
interact	
  with	
  dense	
  e-­‐cloud'	
  
•   Transverse	
  instabiliMes	
  
•   Transverse	
  emtance	
  blow-­‐up	
  
•   ParMcle	
  losses	
  

•  Other	
  unwanted	
  effects:	
  
•   Heat	
  load	
  on	
  the	
  beam	
  
chamber	
  
•   Vacuum	
  degradaMon	
  

2	
  

In'high intensity accelerators with positively charged beams and closely 
spaced bunches electrons'liberated'from'vacuum'chamber'surface'can'	
  
mul-­‐ ply'and'build'up'a'cloud'of'electrons.	
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