From Last Time:

We can more generally write the number densities
of H, He and metals.

_ Xp Yp ZAp

ng = y MHe — ——, NA =

How many particles results from the complete ionization of

hydrogen?
2 =1 proton + 1 electron

Helium?
3 =2 electrons + 1 nucleus

Thus, for an ionized gas:

A
n:2nH+3nHe+Z§nA
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How can a photon scatter (lose energy or be absorbed)?

- Thomson Scattering - photon scatters off free electron
- Interaction with an atom
- Bound-Bound Absorption - electron stays bound
- Bound-Free Absorption - electron is ejected =
photoionization
- Free-Free Absorption - photon absorbed by free electron or
ion, and as a result radiates (Bremsstrahlung)

\/\/\ﬁ@ﬂ
2 3,

Free electron accelerating in a Coulomb potential
of an ion emits Bremsstrahlung radiation .

A photon is absorbed by a free electron. This
is the inverse process of Bremsstrahlung.
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Thomson scattering has a constant cross-section, but we need to know
the number density of free electrons.

This calculation is similar to that we did for hydrogen:

A
Ne = nH+2nHe—|—Z 57@4

Recall,
H mH’ He 4mH7 A A’ITLH
Substitute
_ P 2 1N _ P
Ne = (X+ 1Y+ 22) 2mH(HX)

1

Recalling the relationship between mean free path and opacity: /= p% = —

Kes = ReOT . 7T (1+X)=(1+X)02cm?* g *
P QmH
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Bound-free and free-free absorption are approximately described
by Kramer’s Law

R g~ ——
b, ff ™ 35

This law is only an approximation that holds over a limited range
in temperature and density, but it is often used in modeling stellar
structure.
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Calculate how far you could see through the Earth’s atmosphere
if it had the opacity of the solar photosphere. The opacity of the
sun’s photosphere is 0.3 cm? g-! and the density of the Earth’s
atmosphere is 1.2 x 103 g cm?3.

PR 1
"ok (1.2 x 10-3)(0.3)

¢ =27 % 10%cm
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Scaling Relations on the Main Sequence

Equations of Stellar Structure HR Diagram

dP(r) GM(r)p(r)

_ , N
dr r? 106 °\\\\\ . .
(7) © o | e LT
dM (r ) = R T e
R Amrp(r), %‘ 0% o~ WA siants
g 1 L in
= - sequence
AT(r) __3L(r)s(r)p(r Sl
dr 4rr?dacT (r)3’ 104 white dwarfs ™~ <
| | | | ~9
40000 20000 10000 5000 2500
dL
d(r) _ 47T7“2,0(7“)6(7“). Temperature [K]
-

Can we understand the observed forms of the
mass-luminosity and temperature-luminosity relations?
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Equations of Stellar Structure Scaling Relations:
P(r), M(r), o(r) and T(r) are roughly
power laws

— 47'('7“%0(7“), T~

d
r \ MNT?)'O

dT(r) _ BL(r)A(r)p(r

dr  Adrr24acT(r)3| T - 7 M > [~ M3
T
dL(r) 2 _ T4y /
o= Adrrp(r)e(r). L L~ K_p

For moderately massive stars, kinetic gas pressure dominates and
opacity is dominated by electron scattering.

P~ oT and K = const
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T4r
T r ~p

Consider the relation below for the case of a star contracting under

its own gravity and heating up.

- Once the temperature of the core is high enough for nuclear
reactions to occur, the star will stop contacting and equilibrium
will be set up.

- The nuclear power density depends mainly on T.
- For any initial mass, the radius will stop shrinking when

a particular core T is reached.

Thus, the internal T is comparable in all main-sequence stars. So,
r~ M

Given this, how does the density of the star scale with mass?
p~M
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T4
r Rp

IL.ow Mass Stars:

These stars have high density which means there is a dominant
role for bound-free and free-free opacity.
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T4
) e w5
r ~p

High Mass Stars:

In these stars, the low gas density makes radiation pressure

dominant. The opacity will primarily be due to electron
scattering.

P~T? Kk =const

What can we say about the scaling relation between L and M?

kP KO r p
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T4
L Mp 0 ~ M- (rva } [LN_T]
r ~p

Functional Dependence of Main Sequence:

For low mass: L ~ M?®

For moderate mass: L ~ M?

So, it seems reasonable to take an intermediate Slope,[L ~ M% as
representative.

T4 _ ~ 2 1/2
oLE Arr2  M? M L

L~Tg
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Nuclear Energy Production

The last equation of stellar structure is energy production. In
the homework, you considered how long the sun could shine at
its current luminosity via the release of gravitational energy
alone.

Kelvin-Helmholtz timescale:

., = 9.6 x 10° Yyears

Geological records indicate that the Earth has existed for over
4 billion years and that the sun has been shining with similar
luminosity over that time.

Where is the energy coming from?
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p-p Cham
Th1s reaction produces 99% of the energy

in the sun.

Q? ﬂ? Step 1

- This is a weak interaction with a
timescale of ~10' years in sun’s core.

p+p—d+e +r.

- Energy released = 0.425 MeV.

©Buzzlecom

- The positron quickly annihilates with
an ambient electron.

et +e — v+ 7y
@ rPoton @ Neutron @ Positron
e Each y has ~0.511 MeV energy.
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Step 2:
v v A

- This is an electromagnetic interaction
with a timescale of ~1 s in sun’s core.

- Energy released = 5.49 MeV.

Step 3:

He +°He —*He + p + p

- This is a strong interaction with a
timescale of ~300,000 years in sun’s
core.

@ rroton ‘ Neutron @ Positron - Energy released = 12.86 MeV.

Y Gamma Ray v Neutrino
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- Note that each time the process

Proton-Proton 1 Chain Reaction occurs, 4 protons are converted to one

“He nucleus, two neutrinos, photons

’ ’ Q ’ and kinetic energy.

Net energy released =

c*”“

(4 x 0.511 + 2 x 0.425 4+ 2 x 5.49 4+ 12.86) MeV = 26.73 MeV

2D H 1 2 ’ step 1 step2  step3
/‘ - This equals the difference in rest mass

energy between 4 protons and one
*He nucleus.

- What is the rest mass of a proton?
How does the net released energy
compare to the rest mass energy of 4
protons? ., _gssMev

©Buzzlecom

This is 0.7% of the rest mass of 4 protons.

‘ Proton ‘ Neutron @ Positron

. The efficiency of mass to energy
Y Gamma Ray v Neutrino

conversion is 0.7%.
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Calculate the time it takes for the sun tor radiate away 10% of the
energy available from the p-p chain.

T =

E 0.1 x0.007 x Mgc?
L = Lo

~ 0.1 x0.007 x 2x10% g x (3 x 10" cms™1)?
B 3.8 x 1033 erg s—1

7 =33x10"75=10"yr|

Hydrogen fusion can easily produce the solar luminosity
over the age of the Solar System.
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Question: Are the conditions in the Sun suitable for these type of
reactions to take place?

Consider the forces acting on the nuclei.
- The strong force is attractive, but only operates over

short distances.
ro ~ 1.4 x 1071 cm

- The Coulomb force is repulsive, acts over large distances.

ZarZpe?
Eeoul = A=BC
.
- The closest approach is given by ! Mev
ZAZB€2 <V(r)>
T1T =
! l; 1 keV

This distance is ~ 10-10cm  for
Ekinetic Nl keV (TN 107 K).

Energy
o

—2.2 MeV

- Need 1000 x average energy to get close | |

I'O=0.00].I'1 I'l

enough fOr the Strong force. Nuclear Separation
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Question: Could particles the high energy tail of the Maxwell-
Boltzmann distribution overcome this potential?
- The Maxwell-Boltzman distribution has a tail extending to high

energies.

n(E)
- The probability of state of
energy E being occupied at
temperature T 1s
_ B
P~ e *T P ~ @EkT

~ 6_1000 ~ 10—434

- The number of protons in the E
sun is 10>7. Maxwell-Boltzmann distribution

- Hence, there is not a single nucleus in the sun with
sutficient energy to undergo fusion.
So, what gives? How do we get fusion?
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Quantum Tunneling!

Quantum tunneling through the barrier allows nuclear reactions
to take place in the sun.

Recall the 3D Schrodinger equation for the hydrogen atom from
PHYS 3305: 2

—— VU 4+ UV =EV
2m

Here we will have a notation change (U -> V), we consider the case
of two nuclei, and we rearrange terms.
;2
— VU = [V(r) — E|U
2

where U is the reduced mass and the potential is given by V(r).

mamp o ZAZB€2

H = ma +mpg Vir) r
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Crude Estimate of the Effect of Tunneling: V(r)

Recall that the wavelength of a massive particle:

A= —
p

Rewrite the kinetic energy of the particle in terms of momentum

2 21

Set the distance of closest approach equal to one wavelength
(where potential barrier height is equal to original kinetic energy)

ZAZB€2

ﬁ _ (h/A)° (Solve for A).
A 211 21

Recall the relation between T and kinetic energy. Substitute A and solve.

ZaZpe? 3

Ekinetic — - — échlassical e Tquantum i 107 K
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Final Points:

[f we had solved the Schrodinger equation, we would have found
the energy required to penetrate the Coulomb barrier to be ~500 keV.

The probability to penetrate the barrier is given by the function

g(E) = eVE/E

where Ec is the Gamow Energy and g(E) is the Gamow Factor.

The Gamow factor for the sun is

g(E) ~ 6_22 ~ 10—10

While this probability is still small, it is much greater than we found
for the classical probability.
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Next Up

- Nuclear reaction rates
- Convection

- and more awesome stuff ....
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Stay Tuned!
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Astrophysics made simple
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