Physics 4321/7305 Professor Scalise
Homework Assignment #6 Due: 17 November 2009

4321 and 7305

1. Consider the Fibonacci sequence: 1,1,2,3,5,813,21,34, ... where F(1) =1, F(2) = 1,
F(3) =2, ... with recursion relation F(n +2) = F(n+ 1) + F(n). Define the vectors

SN F(n) : . (01
v(n) = ( Fln+1) > Then the real symmetric matrix S = ( 11 ) generates

(n+ 1) from ¥(n) as follows S ¥(n) = v(n + 1)

(a) Find the eigenvalues and eigenvectors of S.

(b) Let @ be the matrix whose columns are the normalized eigenvectors of S. Show
that Q7SQ is the diagonal matrix D.

(c) Show that Q is an orthogonal matrix, that is QTQ = I.
(d) Show that S™ = QT D"Q.

(e) Find a formula for the nth Fibonacci number F(n).

Bonus:

1. Spectrally decompose the 2 x 2 hermitian matrix M = < _4;; Zr ) as

2
M = Z Pi Uit
i=1

where p; is the ith eigenvalue and u; is the ith orthonormalized column eigenvector.
That is,

2

(a) Show that M? =" (p;)? ;i without using the numbers specific to this problem.
i=1

(b) Find P1, ﬁl, P2, and ’JQ.
2
(¢) Show completeness: » @il = I, (the 2 x 2 identity matrix).
i=1
(d) Find sin(M) two ways:
i. By taking advantage of the spectral decomposition:
2
sin(M) =Y sin(p;) @]
i=1
ii. By using the first few (?!) terms of a Taylor expansion:
sin(M) =M — M3/3! + M°/5! + . ..

iii. Comment on the convergence of the series.
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