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have

v = vcos?2 5 + (40 — vd)sin § cos § — uvU sin n’g
= vcos —+2(uxv)sm cos———(v(u i) — 21i(i - ¥)) sin?

a
2
(cos“‘—-sm )+(uxv)(25m cos ) + (d - ¥)(2sin’ §
vcosa-}—(uxi)')sma—}—u(u 17)(1—-cosa)

(0 — @(d - v)) cos @ + (& x ) sin o + (i - 7)

¥, cosa + (i X U, ) sina + v

)

I

where ¢, and ‘E"” are the components of § perpendicular and parallel to ¢/
respectively. This is the formula of a rotation by o around the ¢ axis.

Example

The conjugation operation

. Consider the rotation faround the axis S NS oo A 21N "‘

v =1+ j + k, with a rotation angle of 120°, or

2I'/3 radians.

2w
a=—
3
The length of 7 is V3, the half angle is "/,
(60°) with cosine %2, (cos 60° = 0.5) and sine
%, (sin 60° =~ 0.866). We are therefore

dealing with a conjugation by the unit | A rotation of 120° around the |
quaternion !

ﬁrst diagonal permutes i, j, and !
k cycllcally

. = S +sin§- i d
7 TS5
= CO0Ss 5; sm 3 'fsv
1 3 1 ¢
= 5 + _2_ e .\7_5'0
_ 1, v3. e
2 2 3
1+i4j+k
2

If fis the rotation function,

f(ai+ bj + ck) = u(ai + bj + ck)u™

It can be proved that the inverse of a unit quaternion is obtained simply by



changing the sign of its imaginary components. As a consequence,
i i=i=j=k
B 2

U

and
1+i+j+k 1-i—-j—-k
2 2

This can be simplified, using the ordinary rules for quaternion arithmetic, to

f(ai+ bj +ck) = (ai + bj + ck)
f(ai+ bj + ck) = ci + aj + bk
As expected, the rotation corresponds to keeping a cube held fixed at one point,

and rotating it 120° about the long diagonal through the fixed point (observe
how the three axes are permuted cyclically).

Quaternion arithmetic in practice

Let's show how we reached the previous result. Let's develop the expression of f
(in two stages), and apply the rules

ij=k, ji=-k,
jk=1i, kj=-i
ki = j ik = ~j,
2=2=k?= -1

It gives us:
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