
Physics 6351 Professor Scalise
Homework Assignment #10 Spring 2025

1. Read Kardar chapter 7. Did you read all the pages?

2. Write the formula for the partition function Z of an electron in a hydrogen atom. If
the sum is finite, to what value does it converge? If the sum is infinite, prove it.

3. (a) Estimate the moment of inertia I for a CO molecule rotating about an axis
through its center of mass and perpendicular to the line joining the atoms. Are
the electrons or the nuclei more important?

(b) At what temperature T would you expect this rotational degree of freedom to
freeze out?

(c) Estimate the moment of inertia I for a CO molecule rotating about an axis
through its center of mass and parallel to the line joining the atoms. Are the
electrons or the nuclei more important?

(d) At what temperature T would you expect this rotational degree of freedom to
freeze out?

(e) Explain why we ignore the latter degree of freedom.

4. Consider a diatomic molecule with non-identical atoms like CO. Define the energy
ǫ ≡ h̄2

2I
. Use a computer to sum the rotational quantum mechanical partition function

numerically, keeping terms through ℓ = 10. Calculate the average energy, and then
get the heat capacity per diatomic molecule in units of kB. Plot (not sketch) the heat
capacity versus x, where x ≡ kBT/ǫ, for x = 0 to 7. Do you see the bump that I drew
in lecture?

5. The pressure of an ideal gas can be expanded as a power series in n/nQ, where n = N/V
is the number density or concentration and nQ = (mkBT/2πh̄

2)3/2 is the quantum
concentration (inverse thermal de Broglie wavelength cubed). The first two terms in
this expansion have the form

P = nkBT

(

1 + α
n

nQ

+ · · ·

)

.

In this problem, you will compute the number α for both fermions and bosons.

(a) The Fermi-Dirac or Bose-Einstein distribution function < n > can be expanded
as a power series in x ≡ exp[−β(ǫ−µ)]. Find the first two terms in this expansion
for both fermions and bosons. (Hint: do the two cases at the same time using the
± sign.)
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(b) Using the approximation above, evaluate the particle number

N =
∫ ∞

0

dǫg(ǫ) < n >,

where g(ǫ) = V
√
ǫ

4π2

(

2m
h̄2

)3/2
is the density of states. The Gaussian integrals that

arise can be looked up to save time. What is n/nQ to this order for both fermions
and bosons?

(c) Calculate the chemical potential µ for both fermions and bosons. Expand in the
small quantity n/nQ.

(d) Recalling that µ = (∂F/∂N)T,V , integrate to find the Helmholtz free energy
F (T, V,N) for both fermions and bosons.

(e) Now calculate the pressure by taking the appropriate partial derivative of F and
find α for both fermions and bosons. In one case the first quantum correction
makes the pressure smaller than for a classical ideal gas with the same concentra-
tion and temperature, and in the other case the first quantum correction makes
the pressure larger. Which is which?

Bonus

1. Solve the attached problem on white dwarfs.
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