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1 Resources

The sources for this lecture series are:

Halzen, F. and Martin, A. “Quarks and Leptons: An Introductory Course in Modern Particle Physics”

McMahon, D. “Quantum Mechanics Demystified (a self-teaching guide)” (Hey! I am an experimental-
ist...)

Merzbacher, E. “Quantum Mechanics (3rd Edition)”

Sakurai, J. J. “Modern Quantum Mechanics”

Shankar, R. “Basic Training in Mathematics: A Fitness Program for Science Students”
Shankar, R. “Principles of Quantum Mechanics”

Strang, G. “Linear Algebra and its Applications”

Tomonaga, S. “The Story of Spin”

Wu Ki Tung, “Group Theory in Physics”

You should also mine the bibliography at the end of these lecture notes for references to historical physics
publications that were part of the long development of quantum mechanics and an understanding of spin
angular momentum.



Figure 1: The Zeeman Effect, visible in a solar spectral line (left) that splits in the presence of a strong
magnetic field gradient (right). Look at the bowed portion of the spectral line at the elevations where the
sunspot regon is located. Sunspots are regions of high solar magnetic field gradient. This photo was taken
in 1919, and is from Ref. [4].

2 A very brief and over-simplified history of spin angular momen-
tum

The development of quantum mechanics happened in parallel with a vast array of experimental observations
regarding atoms. These observations were made in detail through the 19th century and into the early 20th
century. It’s useful to see how the model of the atom changed in response to experimental observations
(data).

e In 1897, Zeeman reports that atomic spectral emissions will multiply (into doubles or triples) in the
presence of a strong magnetic field (“The Zeeman Effect”) [1, 2, 3]. The Zeeman Effect is illustrated in
an astrophysics context in Fig. 1.

e The existence of atoms was finally and firmly established by Albert Einstein’s 1905 paper regarding
Brownian Motion[5]. This paper explained, using the atomic hypothesis (that matter is composed of
fundamental building blocks), the observed phenomenon of Brownian Motion (the jittering of particles
in a hot liquid), which other competing hypotheses for the nature of elements and compounds could
not explain.

e Experiments on the electron, perhaps the most famous being those of J. J. Thompson[6, 7], established
that the electron was not a wave nor an atom, but rather an independent particle (1897). In order
to include the electron into the atomic model, Thompson proposed that the atom was composed of
a continuous distribution of electrons and some positive charge elements so that their total electric
charge was zero (neutral). This he proposed in 1904 (Fig. 2a). This exact picture of the distribution
(sometimes described as the “plum pudding model”) continued to shift absent experimental evidence
for it or against it.

e In 1911, Ernest Rutherford performed his famous scattering experiments [11]and demonstrated that
the atom was composed of a tightly-packed core nucleus of positive charge. The picture was then
that the nucleus was at the center and a cloud of electrons surrounded the nucleus, forming the atom.
The earlier “plum pudding”-style models were abandoned in favor of this picture. The new model is a
“planetary model of the atom” - the electrons orbit a central nucleus (Fig. 2b). This model has a flaw.
One could calculate that single electrons in such orbits would radiate energy, eventually leading to the
collapse of their orbits and the dissolving of atoms. All atoms should be unstable.
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(b) The Rutherford Model of the atom

(a) The “Plum Pudding” Model of the Atom.
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(c) The Bohr-Rutherford Model of the atom

Figure 2: Cartoon representations of various ad hoc models of the atom, determined from experiments

conducted from 1897-1922. The figures are from Refs. [8, 9, 10].



o The earlier observation (in the late 19th century) that the energy emitted from electric discharges of
atoms was discrete and not continuous implied, in the Planetary Model, that electrons were forced
into only very specific orbits, and could not occupy intermediate orbits. The problem of radiation, and
these earlier observations of spectra interpreted in the Planetary Model, led to the Bohr-Rutherford
Model of the Atom in 1913[12, 13, 14, 15, 16] (Fig. 2c). This was the next logical step beyond the
planetary model also consistent with the data (lack of observation of general atomic instability and
discrete atomic emission spectra). Electrons surround the nucleus, but only in well-defined orbits and
not anywhere in-between.

Atoms in the Bohr Model then have discrete orbits, leading to discrete energies emitted during transitions
between the orbits:
AFE =Fy, — Ey =hf

where h is Planck’s Constant (h = 6.626 x 10734 J - s) and f is the frequency of the emitted light. Discrete
orbits have specific orbital angular momentum associated with them, and that, too, will be discrete:

L =nh

where 7 is the “Principle Quantum Number” assigning the electron to a specific orbital level. This notation
was introduced by Bohr.

Arnold Sommerfeld and Peter Debye independently proposed an enhancement of the Bohr Model[17]
and were the first to formally propose the discretization of a component of total orbital angular momentum
(“space quantization”). They proposed that orbits could deviate from circular (as was the assumption of the
Bohr Model), stretching along an axis as ellipses. This required introducing not just a principle quantum
number, n, to describe the orbital level, but also a new quantum number, k, to describe the shape of the orbit
(deviation from circular). Sommerfeld proposed that k can only take positive integer values (preserving the
discretization of orbital angular momentum) but the stretch of the orbit could vary; however, the stretch could
also only vary in a discrete manner. This was described by a quantum number m, such that —k < m < k.
Sommerfeld thus predicted that orbital angular momentum should be quantized along a specific axis, a
prediction that was tested later by the Stern-Gerlach Experiment (1922) [18] and verified (for a review of
the Stern-Gerlach Experiment, c.f. Ref. [19]). Space quantization failed to illuminate the Zeeman Effect,
however.

The Stern-Gerlach Experiment, demonstrated space quantization but it took time to understand exactly
the results. It wasn’t until the postulation of electron “spin angular momentum” that the specific reasons for
the observed effect could be completely understood. This wasn’t until 1927. The concept of a two-valued
internal degree of freedom present in the electron - what we call “spin” - was thanks to Wolfgang Pauli in
1924.

The early-mid 1920s mark the end of the “old quantum mechanics,” which effectively was a series of ad
hoc models built in response to experimental observations, and the maturation of the development of formal
quantum mechanics based on various principles, including energy conservation and the observed wave nature
of matter and light. Formal quantum mechanics allowed for an exact mathematical model of the atom to be
built, and that model reproduced exactly many of the earlier observed atomic phenomena while predicting
new ones. Special relativity was incorporated into formal quantum mechanics by Paul Dirac in 1928 (c.f.
[20]).

In these lectures, I will walk a narrow path through the subject of spin. We will roughly follow this
trajectory:

e A review of the most salient and basic mathematical tools needed to make progress
e The application of the tools to orbital angular momentum as a preparation and refresher on the subject
e The introduction, by hand, of spin angular momentum into non-relativistic quantum mechanics

e The handling of simple multi-particle systems and the addition of individual angular momentum states
to obtain a single, total angular momentum state



e Spin in relativistic quantum mechanics

e Spin and the identification of new particles, with a focus on the Higgs Boson and the theoretical and
experimental realities of measuring its spin quantum number

3 Basic Mathematical Tools

3.1 Basic Information About Complex Numbers

Consider a complex number, z, which can be written as the sum of real and imaginary parts:

z=R(z)+iZ(z) = x +iy.

The complex conjugate of this number can be written as:

2=z —1iy

A few interesting relationships can be immediately derived:

z+z*
z—2z"
I =

Using this, we can also write the magnitude of the complex number (which must be a real number):
2 =

R(2)* +Z(2)?

r (;)

3.2 Vectors, Vector Spaces, and the Dirac Notation

||

Y]

3.2.1 Crutch: vectors in space and time

When we learn vectors, we learn about space and then space-time vectors:

(z,y,2)
X = (z,9,z0ct) = (Zct).

8

3.2.2 Generalization: vectors in the Dirac Notation

However, vectors are not restricted to only being columns or rows of numbers. They can be collections of
any type of mathematical object - functions, matrices, etc. In order to generalize the concept of a vector,
we introduce the Dirac Notation. A column-vector is referred to as a ket, and is denoted:

x
lz) =1 v
z
while a row-vector is referred to as a bra (bra-ket . . . get it? I know. Terrible. It annoyed me when I first

learned this notation.) and is denoted:



I have above used real numbers in the construction of a vector; however, we should not limit ourselves to
real numbers, but generalize to complex numbers. A set of vectors is said to be constructed over the “field of
real numbers” if all elements of the vectors in the set are real-valued; likewise, a set is constructed over the
“field of imaginary” or the “field of complex” numbers if elements of the vectors in the set are constructed
from imaginary or complex numbers, respectively.

It is important to note that the most general form of the row-vector is:

T

@ =[a v 2 ]={y | =),

That is, the bra is simply the transpose of the complex-conjugate of the ket.

3.2.3 Vector Spaces

A Vector Space,V, is defined according to these properties:
e There is a definite rule for forming the sum of two vectors, denoted |V') 4+ |W).

e There is a definite rule for multiplication by scalars a,b,... denoted a|V)with the following features:

— The result of these operations (addition, and multiplication by scalars) results in another vector
in the same space, a feature called “closure” |V) + |W) € V.

Scalar multiplication is distributive: (a+b)|V) =a|V) +b|V).

— Scalar multiplication is associative: a (b|V)) = (ab) |V)

— Addition is commutative (independent of the order of addition): |V) + |W) = [W) +|V).
— Addition is associative: (|V) +|W)) +1(Z) =|V) + (|W) +|Z)).

— There exists a null vector obeying: |V) +(0) = |V).

For every vector there exists an inverse under addition, such that: [V) +|=V) = |0).

The scalars involved above are called the field over which the vector space is defined, as mentioned earlier.
As Shankar says in his text on quantum mechanics, it’s fairly easy to remember all of these rules... “do what
comes naturally.”

We will deal only with linear vector spaces - that is, those where any vector in the space can be written
as a simple linear sum of other vectors in the space:

W) = Zai Vi) -

3.2.4 Linear Independence and Basis Vectors

Here, we can define an important feature of some subset of vectors in the space. Consider this sum:
n
> _ailVi) =10)
i=1

A set of vectors, |V;), is said to be linearly independent if and only if the above sum is achieved by setting
all a; = 0. That is, the set is linearly indepenent if there is no combination of multiplicative scalars that
leads to a null sum, other than when the scalars are themselves null.

A set of linearly independent vectors whose sum can be used to obtain any other vector in the space is
referred to as the basis of the vector space.



3.2.5 The (Inner) Scalar Product

Consider a vector |¢). The scalar product is that product which returns a number in the field on which the
vector space is defined. When the scalar product is computed between a vector and itself, we refer to this
as the “magnitude” of the vector.

The general scalar product is called the “inner product” and is denoted simply:

(W|V)eR
The magnitude (length) of a vector is then given by:

Vi = (VIV)
Vi = v{VIV).

We demand that this product obey the following axioms:
e Skew-symmetry: (V|W) = (W|V)*
e Positive semidefiniteness: (V|V) > 0 and is exactly 0 iff |V) = |0).
e Linearity in ket: (V| (a|W)+b|Z)) = (V|(aW 4+ bZ) = o (VW) + b(V|Z).
Such a vector space with this product defined is called an inner product space.
e Two vectors are orthogonal if their inner product vanishes
e |V] is referred to as the “norm” or “length” of the vector, |V).

e A set of basis vectors all of unit norm is referred to as an “orthonormal basis.”

3.2.6 Expansion of vectors in an orthonormal basis

If we have identified a set of orthonormal basis vectors, |i), any vector in the space can be written as:
n
V)= wili).
i=1

To find the j** component of this vector, we compute:

n

GIvy = > wilili)

i=1

n
= ) by
i=1

where d;; is the Kronecker Delta which satisfies d;; = 1 and d;; = 0 for ¢ # j. This merely yields:
<]|V> = Vj.

Using this result, we can write the vector as an expansion in the basis vectors as follows:

n

VY= 1D (V).

i=1

In other words, a general vector may be written as the sum of basis vectors, where each basis vector is unit
length and multiplied by a coefficient given by (i|V).



3.2.7 Finding an Orthonormal Basis - the Gram-Schmidt Theorem

We are often interested in finding the orthonormal basis vectors of a vector space. This can be done using
the Gram-Schmidt procedure. Given a set of vectors that define a basis set (they must only be non-parallel),
we can obtain an orthonormal basis set as follows:

1. Take one of the vectors, and merely rescale it by its own length so it becomes a unit vector. This yields
the first normal basis vector.

2. Subtract from the second vector its projection along the first, leaving behind only the part perpendicular
to the first. Rescale this piece by its own length, yielding a second normal vector orthogonal to the
first.

3. Repeat this procedure; for each additional vector in the original basis, subtract from it the projections
of its length along the other orthonormal vectors, and rescale the result by its length.

Writing out the steps in Dirac Notation:
1. The first unit-length vector, |1), is obtained from one of your basis vectors, |I), as follows:

1)

V=

2. The second unit-length vector, is obtained by first doing this:

12') = |11) = [1) (1|11)

and then finally by:
2)
[2) = ——.
(2/127)
3. The third is obtained via:
|37y = [ITT) — |1) (U I1T) — |2) (2|IIT)

followed by

3/
3y = 130
V(3'13")

4. Rinse and repeat...

3.2.8 The Schwartz Inequality

This mathematical statement - the Schwartz Inequality - is essential in formulating a generic version of the
Heisenberg Uncertainty Principle. It states that:

(VW) < [V[IW].

You can go and prove it, if you like; what you have learned from the earlier parts of the lecture should allow
you to demonstrate this. (HINT: you need to employ the axiom of positive semi-definiteness, (Z|Z) > 0.)

When two vectors are orthogonal, their inner product vanishes and this inequality is maximally true (0
is the smallest, positive, real number you can obtain from this product!). When two vectors are exactly
parallel, then this is an exact equality. Non-parallel, non-orthogonal vectors lie in between.

10



n-Class Exercise: Practice with Vectors in a Matrix Representation
Consider the following vectors in a matrix representation:

=[] -3

This is referred to as the adjoint of the vector.
2. Calculate the length of each of these vectors.

3. Demonstrate that these vectors are non-parallel.

u. Using the Gram-Schmidt Theorem, create from these vectors an orthonormal basis vector set.

1. Compute the complex-conjugate transposes of these vectors (the bras that correspond to these kets).

\

/

3.3 Linear Operators

An operator is any mathematical object that acts on a vector in the space, V, and returns another vector in
the space:
AlV) = W)

(WA =|Z)

In the matrix representation, this would be represented by n x n matrices if the kets (bras) are represented
by n x 1 column matrices (1 X n row matrices).
We are concerned with linear operators that obey these rules:

AalV) = aAlV)
Aa|V)+BW)) aA|V)+ pAIW)
(V|aA (V| Aa
(VIae+ W[ A = a(V|A+5W[A

The simplest operator is the identity operator, which leaves the vector alone:
I\Wv)=1v).
It satisfies this behavior for all kets and all bras.

3.3.1 Properties of Linear Operators

An operator, A, has an inverse, A, if the following equation is satisfied:

AAT =11
In general, the inverse is found by:
A—l — Ag
det(A)

where AL is the co-factor matriz and det(A) is the determinant. It is good to here consult a devoted
textbook on linear algebra.
A matrix is Unitary if
ATA=ATA=1

11



The operation of the conjugate transpose (A*T) is known as determining the adjoint matrix, Af. In this very
specific case, the inverse of the operator is its adjoint.

A matrix is Hermitian if it is its own self-adjoint; that is, if A = A'. As a result of this, the diagonal
elements of a Hermitian matrix MUST be real numbers and thus det(A) is a real number.

A matrix, A, is positive-definite if

R((x| Alz)) >0 for all |z), x; €C

(the real part of complex number that results from determining the projection of A |z) on the original |z) is
positive, for all vectors formed on the field of complex numbers, x;). For a Hermitian Matrix, the necessary
(but not sufficient) conditions for being positive-definite are:

e a;; >0 for all 7
® ai + aj; > 2[Rfai;]| for i # j

e The element with the largest modulus must lie on the main diagonal

det(A) > 0

3.3.2 Matrix Elements of Linear Operators

The action of a linear operator can be fully specified by its actions on the basis vectors of a vector space:

Al = |i').

We can then write the action of the operator on any vector in the space:
n n n
i=1 i=1 i=1

If we then take the inner product of this formula with another basis vector, |j),
(i) = (il Ali) = Aj
and we say that this is the i,j element of the operator in the matrix representation (the “matrix elements”).
The components of a vector |V') can then be expressed:
n

vio= (V) = AV = @A [ D v li)

7j=1
= D u(ilAl)
j=1
= Z Aij’Uj.
j=1

We can then imagine schematically how to determine the matrix elements of the operator from the basis
vectors:

o WAL (1A)2) . . (1Al ][ @
vh (2|A|1) Vo
o, (n|A[1) Ay | | v

12
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Figure 3: A 3-D Cartesian Coordinate system. This will help you to visualize rotations of the axes about
the x-axis. From Ref. [21].

n-Class Exercise: The Rotation Operator, R

Consider an operator that executes rotations by 90°(7/2 radians) around the unit vector, i, in a Cartesian
Coordinate System (Fig. 3) where the x-direction is denoted by 4, the y-direction by j, and the z-direction
by k. The actions of the rotation operator are given as follows on the orthonormal basis vectors:
I )
R = )
1 =
Rim) ) = 1K)
1 = )
R = —1j)
\l@ermine the matrix elements of this rotation operator. /

3.3.3 Rotation and Commutation

The concept of a rotation operator, one that changes basis vectors into one another, is introduced in the
in-class exercise above. In general, we are interested in understanding whether or not operators commute
with one another - that is, whether or not the result of two operators acting on a basis vector depends on
the order in which they are applied.

Consider the above rotation operator, and its equivalent for rotations about the y-axis:

R(smy)li) = —Ik)

RGN = 1)

iRGIE) = 10

Perform first a rotation of the y-axis around the x-axis, then rotate the result around the y-axis:

RGEIRGTL) = R k)



= ).

Compare that to first rotating the y-axis around the y-axis, then rotating the result around the x-axis:

RGrIRGT) = Rz 1)

— k).

We see that we DO NOT GET THE SAME RESULT. The result is dependent on the order of operator
application to the original state. This then let’s us say that:
1 - 1 -

R(zm)R(57]) # RG ARG

or, similarly, that

which is to say that these operators do not commute with one another. The commutation relation is written
[R(3 i), R(z77)] = RGmi)R(5x7) — RzxDR(57) #0
27T’L ) 271'] = 27T’L 271'] 271'] 27T’L .

3.3.4 Eigenvalues and Eigenvectors

In general, an operator’s action on a vector is some very complex return of rotation and other effects.
However, there are a few privileged vectors that, when acted upon by an operator, are merely scaled by a
number. These are called eigenvectors and the scaling factors are called eigenvectors.

The importance of this particular behavior cannot be understated, though it seems like a very simple

thing at first. In equation form:
AlV)=al|V).

We can write this in a suggestive equation form:

(A—aD)|V) = [0)

and then we see that the eigenvectors are given by:

V) =(A—al)~"0).

There is a trivial solution . . . |V) = |0). We’re not interested in that. We are interested instead in the
other case - where we consider the properties of (A — al)~!. The only way for a general matrix of this form
to satisfy the above equation is if the determinant of the matrix vanishes, since:

—1 _ (A—a[)g

(A—al)™ = det(A — al)

where C refers to the “co-factor matrix” of the original matrix. Consult a textbook on linear algebra for a
deeper discussion of this. We only need one feature from the above equation: the only way for the eigenvector
equation to be satisfied is if the determinant vanishes, since the cofactor matrix will be finite if the original
matrix is finite. So we know that the eigenvector equation imposes:

det(A —al) = 0.

14



The trick is finding these vectors. For instance, consider the two-dimensional rotation matrix that rotates

r—yand y — —ax:
0 1
RQ_(_l 0).

(R —mI) V) = 0)

The eigenvalue equation is:

From this, we know that:

det(Re —mI) = 0
0—m 1
det( . O—m) = 0
(0—m)? +1?
mi4+1 =
m = =i

We now have the eigenvalues. To find the eigenvectors:

Ry |V) +i|V)
Ro|W) = —i[W)

Considering the first equation:

rv) = (5o)(n)=+(0)

V2 iv1
—i’Ul ivg

We get a set of equations from which we can solve for the components - but many possible numbers will
work here. What do we choose? Well, we also learn from the eigenvalue equation the following useful tidbit:

bAV) =ba|V) = a(b]V)) = a(A|V))

and any vector that is an eigenvector, when scaled, is ALSO an eigenvector. We can pick any vector we like
that satisfies the above constraint equation, so let’s choose a unit vector:

v-5(1)

The second eigenvector is then given by:

Ry W) = —i[W)
0 1 w1 _ o w
-1 0 w29 o ! w2
w2 o —iwl

— w1 o —i’wz

We can then write down a unit vector that satisfies these constraints:



3.3.5 The Diagonal Form of a Matrix

The eigenvalue equation immediately let’s us recognize the solution to a specific problem - what is the
matrix, S, that transforms A such that the resulting matrix is entirely diagonal (only elements on the main
diagonal)? This is represented by the equation:

STTAS = A
This is satisfied by constructing the matrix .S from the eigenvectors, where each column is an eigenvector of

A. If that is done, then we see that:

ai

(V) - . . V) - — SA

Qn

and therefore:
STH(AS) =S (SA) = A

Let us consider two operators, A and B, which are both diagonalizable. If they commute, they will
share a common set of eigenvectors that represent a linearly independent basis in the vector space. This is a
powerful result. Should two operators be identified that have eigenvectors and commute, we know that they
possess a common set of eigenvectors that simultaneously diagonalize both operators.

To see this, let us consider:
AB = BA

so that
[A,B] =0.

Let us assume that A and B have a matrix, S, that simultaneously diagnolizes both. Keeping in mind that
diagonal matrices, even defined over the field of complex numbers, always commute:

AB = SAS71SA,ST = SA A8
BA = SA2S718A1871:SA2A1S71

Since diagonal matrices always commute, we see that AoA; = A;As and thus AB = BA.
It is matrices that DON’T commute that suffer from Heisenberg’s Uncertainty Principle, as we will see
in the close of this section.

3.3.6 The Expectation Value and the Variance

The expectation value of an operator, A, applied to a vector, |V), is a number that represents the most likely
value one would obtain by measuring the quantity represented by the operator. It is written as:

(4) =(VIA[V).

For a Hermitian operator, this is a real-valued number. Since it’s a number, when it appears in a calculation
it can be moved anywhere in the calculation at no penalty (e.g. it doesn’t have to be moved carefully, like a
matrix).
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The variance is the average of the typical variations of the measured values (obtained by applying A to
the vector) from the mean (the expectation value). It is defined as:
(A4 = (VI(A—(A)T(A— (V)
= (V[(A-(4)?V)
= ((A-(4)%).

It is often convenient to define:
X)) =(A—-(A)|V)

so that
(AA)? = (X|X)

Then we can similarly say:
(AB)* = (Y[Y)

and
(B—(B)1(A—(A))) = (Y|X).

We almost immediately can combine things we’ve learned above (the Schwartz Inequality) and come to an
interesting formula, which we will use later:

(AA)?(AB)? = (X|X)(Y]Y) (1)
X [Py (2)
> [(X|Y)2 (3)

It is convenient to rewrite this inequality in a more suggestive form, starting from:

- (<<A — (A)(B — (B))) — (B~ (B))(A - <A>>>)2
- 21
_ B) — (B)(A) — (A)(B) — (BA) + A(B) + B(A) — <A><B>>2
21
)

(

(<AB> — (A)(
— <<AB>2—i<JjA )2
< [AéiBD)

This finally lets us write:
([A, B])
20

(AA)? (AB)® = AAAB >
There are far better ways to generalize this, but it will serve our purposes for this lecture.

3.4 A comment on function spaces

The concept of a vector space is not limited only to mathematical objects in a matrix representation.
Functions of a continuous variable, like f(x), can ALSO be part of a space with addition, scalar multiplication,
etc. This kind of space is a Hilbert Space. There are relationships between the matrix representation and
the function representation of a space; the Dirac Notation accommodates both of them.
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e In the matrix representation, a ket is a column matrix; in a Hilbert Space, a ket is a function, like

f().

e In the matrix representation, an operator is a square matrix; in a Hilbert Space, an operator is a
function that modifies f(x) and returns another function in the Hilbert Space, g(x) .

e In the matrix representation, the inner product is a matrix multiplication that results in a real number;
in a Hilbert Space, the inner product is an infinite sum over the products of two functions, f*(z)g(z),
multiplied by a scale factor A (related to the step size of the sum), in the limit that A — 0. Thus:

(flg) = /_OO [ (z)g(x) dx.

e In the matrix representation, the expectation value is a matrix multiplication of a row vector, a square
matrix, and a column vector, yielding a real number. In a Hilbert Space:

(flAlg) = / ¥ @) Ag(x) da

Either of these approaches is part of a strategy to utilizing the Schroedinger Wave Equation, and they will
often be mixed as we move forward.
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4 The Schroedinger Wave Equation (Non-Relativistic Quantum Me-
chanics)

It is impossible, in the context of this lecture series, to review in depth the Schroedinger Wave Equation. You
are expected to have already seen this at least once in an undergraduate course. The fundamental equation
of quantum mechanics is a re-statement of energy conservation using the Hamiltonian Formalism. That is,

according to this formalism:
H=T+V=F

where H, the “Hamiltonian” of the system which completely describes energy in the system, is the sum of
kinetic energy, T', and potential energy, V' . This should be equal to the total energy of the system.
Consider a single-particle system. In classical mechanics, the kinetic energy of a particle can be written:

(I leave it as an exercise to the student to demonstrate this, starting from the earliest form we learn,
T=KF = %va). In quantum mechanics, momentum, P, is an operator whose action on the wave function
of the single-particle system is to measure the momentum of the system, e.g.:

P |1/}(:E, Y, Z)> =D |1/}(:E, Y, Z)> :

In terms of linear algebra/matrix mechanics, we recognize this statement as an eigenvalue equation. We can
write the operator, P, as a function in a Hilbert Space - a vector space for functions. The functional form

of the momentum operator is
. o 0 0
P = —ih <%, a—y, &)

and so we arrive at the operator form of the Schroedinger Wave Equation:

HlY) = El)
(T+V)ld) = Elp)

L oo
(5P + V)00 = EW)
n: [ 0* 9% 0?2
<—% (@’8—342’@) +V) )

The devil is in the details, of course. Usually, once you learn this, you then make your pencil bleed by having
to solve for the energy eigenvalues given a potential (e.g. the harmonic oscillator potential, a square well,
etc.) and a wave function. We will not do this, but instead skip on into orbital angular momentum (e.g.
consider system like a single electron trapped in the electric potential of a central nucleus, which can execute
orbital motion in the presence of that potential).

Ely)

n-Class Exercise: The Momentum of a Plane Wave
Consider a plane wave, whose wave function is given by:

[U(,y, 2,1)) = A~ Fe=eb),

hat is the momentum of this plane wave?
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5 Review of Angular Momentum

In classical physics, angular momentum is defined as the cross-product of the lever arm direction, 7, at a
point (with respect to the center of rotational motion) with the linear momentum, p, at that same point:

L=Fxp.
We know the form of the momentum:

0 0 0
P1vte ) = =it (2 o)

There are relationships between the components of the angular momentum. If we write out the cross-
products that yield each component:

Lz = TyPz — Tz2Dy
Ly, = 7.py—1.D:
L, = 7Dy —TyPa

we can then ask and answer questions like:
e Does the angular momentum operator commute with the Hamiltonian? What does this imply?

e Since, in quantum mechanics, momentum is an operator and not simply a number, do the components
of angular momentum commute with one another? That is, can we say that L,L, = L,L, and the
result of any measurement of the x-component of angular momentum, then the y-component of angular
momentum, is the same if we measure first y and then x? If not, what does this imply?

n-Class Exercise: Commutation Relations of the Angular Momentum Operators \

Demonstrate that the commutation relations of the components of the angular momentum operators are, in
fact:
[Li, L;] = ihLy.

In other words, show that the components DO NOT commute and the order of operation (measure x, then
y) affects the outcome of the measurement. From this, we can derive the following useful relationship, which
we take as given for the remainder of this lecture series:

\_ I L= inl. J

5.1 The Commutation of the Hamiltonian and the Angular Momentum Oper-
ator

It can be shown that, if the potential part of the Hamiltonian consists of a spherically symmetric potential,
then the Hamiltonian commutes with the Angular Momentum Operator; that is,

[L%, H] = 0.

and also that
[L;,H] =0

What does this imply?
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As discussed earlier in the “Basic Mathematics” section, commutation of two operators implies that they
each possess a common set of eigenvectors that simultaneously diagonalize both operators (yielding common
eigenvalues). We can describe these solutions using by eigenvectors (wave functions) of the form |[¢(E, «)),
where E and « here denote the eigenvalues of H and L2, respectively.

5.2 The Non-Commutation of Angular Momentum Components and Informa-
tion

The fact that we cannot, in quantum mechanics, commute all of the individual components of angular

momentum has consequences.

e We can only specify with certainty one of the three components at any one time. It is conventional to
choose L.

e This is, in a deep sense, directly related to the Heisenberg Uncertainty Principle. Having exactly
specified L., we can ask if there is an inequality relationship between the remaining two components

of the angular momentum, ala
(Lo, L))

AL AL, >
21

(in other words, is the right-hand side non-zero, so that this is more than a trivial inequality?). To
answer this, we grind through the calculation:

<[L17 Lu]> = <¢|L1Ly - LyLm|1/’>
= (Y[(hL)[¢)

ih(| Lz |1)

= ih(L,).

So we arrive at the statement of the Heisenberg Uncertainty Principle for angular momentum:

AL,AL, > g<Lz> > 7—;

We conclude from this that if one specifies the angular momentum along the z-direction, one has
NO control in specifying the angular momentum along both the x- and y-components with absolute
precision.

5.3 The Eigenvalues of L,

We can write the L,operator in the space of cartesian coordinates (x,y,z) as:
0 0
L,=—ih|le— —y=—|.
: ( dy yax)

It is more convenient, however, to express this in spherical coordinates - especially because in quantum
mechanics we are often interested in spherically symmetric potentials, and these problems simplify in spherical
coordinates.

In-Class Exercise: Transformation of Coordinate System
Transform the Cartesian-space form of L, to the spherical-coordinate form. That is, express
L, not in (x,y,z) but in (p,0,0).

The correct expression in spherical coordinates is quite simple:

., 0
Lz = —'Lha—¢
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Figure 4: The relationship between Cartesian coordinates and spherical coordinates. Figure is from Ref.
[22].

We can now setup and solve the eigenvalue problem, using the functional form of the operator:

L. |60, 8)) = L [, 6)) —> —z‘ha%zw(p, 0) = Lb(p, ).

This is a first-order differential equation, and by inspection (that is, with some experience in solving these
under your belt!), you can simply write the solution as:

b(p; @) = R(p)e™=*/".

At first glance, it appears that [, can be any complex number. We must impose the Hermiticity requirement
on the problem in order to come to a complete understanding of the eigenvalues:

(1] Lz |tha) = (o] L [1)" .

If we write this in the coordinate basis:

o) 2 . ) a [e%e) 27 . ‘ (9 *
[ [ s(og)wmms [ [s(og)nmma]

To solve this, integration by parts is required:

b , b
/ udv:uv|a—/ vdu
a a

where in our case we identify:

u o= 3

dv = —ih%zbldqb:—ihdwl
0

du = i = 5o3de

v = —ihﬂ,f)l
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We can then write the right-hand side of the original equality as:

%) 2m . ) * © . N on > 2m . 0 *
[/0 /0 wz(—ma—qb)wlpdpdqs} [/0 pdp (—ifpgen) 2T /0 /0 pdp (—mwla—(b%doﬁ)]

= / pdp (—ihapap]) (2; + L.H.S.
0

*

where “L.H.S.” is the left-hand side of Equation 4. The original L.H.S. and this term cancel each other,
leaving:

/0 pdp (—ilnpaip})[3" =0

We can simply then write a relationship between the two integrands, since every other part of the integral
is identical, that satisfies this above requirement:

¢2(p7 27T)¢T (p7 27T) - ¢2 (P, 0)’@/1? (p7 0) =0.

The only way to satisfy this equation is if 1(p, 27) = ¥(p,0). This imposes a boundary condition on the

angular part of the wave function:
1= e27rilz/h-

We thus find that
1. [, must be a real number

2. 1, can only take integer values if it is to satisfy this equation

Thus:
l,=mh, m=0,+1,42, ...

and we learn that the z-component of angular momentum is predicted to be a quantized quantity. We can
label m to be the magnetic quantum number, the true quantum number of the state describing the projection
of orbital angular momentum along the z-direction.

5.4 The Eigenvalues of L?

It can be shown that there is another operator, independent of L, that not only also commutes with the
Hamiltonian (for azimuthally symmetric wave functions) but also with L, itself. That operator is the square
of the total angular momentum vector, L* = L2 4+ L + L?. Once we specify the eigenvalues of this operator,
we can completely specify the angular momentum state of a system.

What are the eigenvalues of this operator? We can begin by writing:

L? [Y(a,m)) = afip(a, m))

where m are the eigenvalues of the L operator and « are the eigenvalues of the L? operator. I am intentionally
being a bit careful about not assuming that the eigenvalues are just £2 on the right-hand side of this equation;
as we will see, applying the momentum operator twice in succession doesn’t merely yield the square of a
single number.

For the next step, it will be convenient to rewrite L, and L, in terms of two other operators,

Ly = L,+il,
L. = L,—ilL,
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and then ask the question: what are the commutation relations of these operators with L.? To answer this:
[Lz, L+] = [Lz, Lw] + i[Lz, Ly]

ihL, + i (—ihLy)

= h(Ly+iLy) =hLy

Likewise,
[LZ7 L*] = [Lz, Lm] - i[Lz, Ly]
= ihLy —1 (—iﬁLm)
—h(Ly —iLy,) = —hL_

We can then consider what it means to have these new operators, L, and L_, act on a definite state of
[tp(m)). Specifically, we can ask, “What will L, measure after L1 acts on a definite state of |a, 5)7” Let’s
give this a try:

L. (Ly[y(m))) = ([L2, Ly]+ Ly L2) |, B)
(hLy +LyL.) o, B)
= hLy |a7ﬁ> +Lyp |O‘7 B>
(B+h) (L], B))

From this, we conclude that:
L. (Lo, B)=L.|a, B+ R

That is, the act of applying L. to a state of definite m, |c, 8), and then measuring the z-projection of its total
angular momentum is EQUIVALENT to having just applied the L. operator to a state |, 5 + /). We can
then see that L, is the “Raising Operator” of angular momentum projection along the z-axis. Similarly, an
equivalent exercise reveals that L_ is the Lowering Operator of angular momentum, declining the projection
along the z-axis by one unit. For a fixed amount of total orbital angular momentum, it is possible to move
m through all its possible values up to a maximum value and down to a minimum value. If the maximum
value iS Bmae, the minimum value must be —fS,,4, and the distance between the minimum and maximum
values of m is given by 28,,4.. There is a VCR joke in here someplace, but I'm probably the only one old
enough to get it.
We can also determine the commutation relation between the raising and the lowering operator:

[Ly,L-] = LyL_—L_Ly
= (L} —iLyLy+iLyL,+ L) — (L2 +iLyLy —iL,L, + L7)
= —2iL,L,+2iL,L,
= —2i(L,L, — L,Ly,)

= —2i(ihL.)
[Li,L_] = 2hL.
You can also demonstrate that [L?, L] = 0 and [L?, L_] = 0. From this, you can see that:

L2L+ |Oé,6> = L+L2 |a7ﬁ> = OéL+ |a7ﬁ> :

We should now ponder the two equations involving raising/lowering operators and L? and L.,
L?Ly|a,B) = aLi|o,B)
LZLi|OéaB> = (B_'—h)L:I: |Oé,6>.
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We see that if we were to ask, what happens when

L+ |Oé,6>

we would be able to conclude that L |, 8) o |a, 8 + 1), or more mathematically:

L+ |Oé,6> = C(Oé,ﬁ)+ |Oé,6 + 1>
L_ |Oé,6> = C(a,6)7|a,ﬂ—1>

To solve the original problem in which we were interested - the eigenvalues of L? - it is convenient to
write:

L? =L +L}+L;

1
= L’+ 5 (Lelo+L_Ly).

We can also do a bit more mathematical work and see that:

L? = L2+ % (LyL-—L_Ly+L_L,+L_Ly)
= L§+%([L+,L_]+2L_L+)
L*—1? = %2hLZ+L_L+
L*~L?*—-hL, = L_L,

With all of these relationships in mind, let’s move to the real problem we want to solve.
Let us apply the operator L_ L to a definite state of |a, 8) = |a, Brmaz):

L_L. |a, Baz) = 0.

Why? The ladder operator cannot raise § above its maximum value. But, then, it must also be true that:

(L? = L2 = hL.) |, Bnaa) = O
o — 72na;p - hﬂmam 0
a = 72na;p + hﬁmam

So we have our first glimpse of an eigenvalue of L?, and we see that it’s related to the maximum value that
B can take. What about considering a state where the minimum possible value of 3 is present? In that case,
it must be true that:

L_ |, Bmin)

LiL_ |, Bmin) =

(L* = L2 + hL.) |, Brmin)
a — 72nm + hfmin

a = Bmin(Bmin —h)

o O O O

And so it must also be true that — 850 = Bmaz, by these two relations. With all of this information, we can
now solve for the eigenvalues of L2.
We have learned the following:
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1. The eigenvalues of L? are related to the integer eigenvalues of L., £, = mh.

2. While L, can have a range of eigenvalues, mh = (0, 41,42, ...)h, the eigenvalues of L? are fixed for a
given set of eigenvalues for L, by the relationship @ = Spaz(Bmaz + ).

It is convention to say that a system is prepared in a state whose orbital angular momentum quantum number,
¢, is related to the z-projection of the total angular momentum, m, by £ = my,... The actual total orbital
angular momentum of the system is then given by:

Va = Ih(lh+h) = \/({+1)h

Note that this is NOT required to be an integer; the only quantity that is guaranteed to be integer-quantized
is the z-component of the total orbital angular momentum. We can then say that for a given ¢, we have a
range of allowed projections of L.,:

l m

0 0

1 0,+1
2 0,41, 42

etc.

5.5 Solutions to the Hydrogen Atom

It is instructive to look at the solutions to the hydrogen atom (a full, 3-D spherical potential), to get a sense
of what the angular momentum wave functions will look like for two particles in a bound state (a common
problem in nature).

3
W 8,0) = \/<nio) (%>/ 2p L2 ()Y (0, 0)

where
p—(2€+1)6p qr—¢-1

Lieijlfl(p) = (n _ é _ 1)| dxnfffl (e—P n+€)

p

is an Laguerre polynomial, describing the radial structure of the orbit with quantum numbers (n, ¢, m) and

Y7 0.6) = \/ @) Eﬁ - Ziipzm (co38)e

are the normalized spherical harmonics containing the associated Legendre Polynomials,

Pl (cosf) = (—1)™ (1 — cos? §)™/? n_ (L _d 29— 1)"
¢ (cosf) = (=1)"( cos”6) dcos@m \ 2¢0! dcos 0f [(COS ) } )
Some of the spherical harmonics are visualized in Fig 5.

We see that the angular momentum controls the structure of the orbits of an electron, giving them shape.
This seems like a trivial conclusion - of course, angular momentum should be the thing that controls the
shapes since it has to do with the orbits themselves - but this basic idea will carry forward into things
like particle decay. When a particle decays, the parent contains a certain amount of angular momentum
(potentially both in the form of orbital and spin angular momentum), and any orbital momentum present in
the final state control the angular structure of the outgoing particles. How that orbital angular momentum
manifests and is partitioned depends on the particular details of the decay, and the spin angular momentum
of the final-state particles.
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Figure 5: Visualization of some of the spherical harmonics. From top to bottom, the rows represent ¢ =
0,1, 2,3, while the entries from left-to-right in each row represent m = —¢, —¢+1,...,0,...,/—1,£. From Ref.
[23].




6 Spin Angular Momentum

6.1 Describing spin using vector spaces

The observation of spectral lines in the alkali metals reveal that for each principle quantum number, n,
there are two corresponding, finely spaced spectral lines. This implies a two-state phenomenon as regard the
electron, further splitting each spectral line into two distinct lines. We’ll see this in the math later. For now,
let us assume we need to describe a two-state angular momentum phenomenon. Denote the wave function
of the electron as:

[¥)

and for now let us assume that the portion of the wave function associated with this additional set of states
is independent of the other parts of the wave function (e.g. orbital angular momentum), so that

Here, I have denoted the new two-state portion of the wave function as |¢)(4)). We can short-hand this as
|£). We can now explicitly write the two independent states as orthonormal basis vectors in a two-component

a-(3) 0= (2)

These two-component objects are not vectors, and they are not scalars; they are called “spinors.” One then
then construct an arbitrary state (spinor) from these basis spinors:

X) = al+) +0|-).

Let us now explore the features of this new quantity, which is called “spin angular momentum” or just
“spin” for short. Please note: while the original historical models of spin actually did include a spinning
electron, there is no actual mechanical motion of the electron present that results in this property. Spin is
an inherent quantum property which we can describe using the mechanical analog, but for which there is
no actual mechanical equivalent in classical physics. You had a homework problem on that helped illustrate
the point.

It is an empirical fact that if one prepares an atom in a state of zero total orbital angular momentum
and one then measures the angular momentum of the electron, it still presents two non-zero values of its
angular momentum component along the z-direction:

1
S, ==£2h.
2

Based on this observation, we can then determine the form of the operator required to measure the z-
component of the spin angular momentum of the electron. We do this in two steps.

1. Prepare a state of pure “spin-up,” s, = %h, and measure that component using the z-component of the

spin operator:
1 S1 89 1y 1 1
so=sgo— (1 1) (o) -2r(0)

If we solve this, we find that s; = +’—2i and s3 =0

NSt

2. Prepare a second state of pure “spin-down,” s, = —Z. Measure that component:

o 1 S1 S92 0 - 1 0

Again, if we solve this for the unknown components of the spin projection operator along the z-direction,
we find s3 = 0 and s4 = —%.
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Assembling all of the pieces, we find the form of the S, operator:
1 1 0
5 = §h< 0 -1 )

It can be shown that the operators for projecting the spin of a particle along the x- and y-directions are
given by:
0 1 1 0 —i
Sw"zh( 10 ) 50 =3 ( i 0 )'

-k
S="_¢z

We can write generally that

[\)

Please note that the designation of which direction is x,y,z is conventional; we could, historically, have
talked instead about measuring the spin projection of an electron along the x-direction and defined that as
the direction of the magnetic field gradient in, say, a Stern-Gerlach-type experiment. But we adopt this
convention (where the z-axis is, in fact, that direction) and proceed consistently.

6.2 Total Angular Momentum

Since orbital angular momentum alone is insufficient to describe the total angular momentum of, say, an
atom, we must reformulate the operator language we developed purely for orbital angular momentum. In
doing so, we can describe total angular momentum in a system of particles. Let us define:

J=L+S§,

where J = (Ju(= Ly +Ss), Jy(= Ly +S,), J.(= L.+ 5.)) and each of the elements of this operator is
also an operator. We can quickly reuse our old definitions for commutation relations of orbital angular
momentum, ladder operators, etc.

J|j,m) = mhl|j,m)

Jiom) = §(j+ 1)h% [, m)

Jiu, m) = (Fm)§Em+1hljm=E1)
PRFARE

[Lj] = 2nJ,

[Jt,J.] = +hJy

We can also quickly recognize, by thinking about total angular momentum as the vector sum or orbital and
spin angular momenta, that:

j = L+s
m = My -+ mg.

We see then that j = 0, :I:%7 +1, :I:%, +2, ... and the total magnetic quantum number is given by the range:
m:_]a _.7+%7 _.7+17 a3 07 A3 .7_17 .7_%7 j
We also need to define a new operator, which results from:

J?=L*+2L -5+ 52
We have a “spin-orbit term” present in the total angular momentum squared:
- 1
L-§S = - (J*-1?-5°
o )

L. §|€, me, 8, Mg) = [[G+1)—L(+1)—s(s+1)] £, me,8,ms).

2
2
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6.3 Manipulating Angular Momentum

Consider a current loop in a classical physics setting. If exposed to an external magnetic field, B , a rotational
force is exerted on the loop. This torque is given by:

F=jixB

where [ is the magnetic dipole moment of the loop. In the Bohr or Sommerfeld models of the atom, the
electron in orbit around the central nucleus is analogous to a classical current loop. We might then start
from the classical effect of a magnetic dipole interacting with an external magnetic field, and then extend
that into the quantum realms of orbital angular momentum and spin angular momentum.

6.3.1 Classical Model

Consider a square loop of current, I. The magnetic moment is given by:

. I-A.
io= n
C

where A is the area of the loop, ¢ is the speed of light, and 7 is a unit vector that is determined by a
right-hand rule: curl your fingers on your right hand in the direction of current flow (the direction positive
charge is flowing in the circuit) and your thumb then points in the direction 7.

Such a current loop, subjected to an external magnetic field, experiences the torque given above; this
torque tends to rotate the loop until the magnetic moment is parallel to the external magnetic field, and
then the rotation stops. The interaction energy is given by:

Hint = /T(6‘) do = /uBsin(G) df = —pBcos = —ji- B.

While conceived using a square loop of current, the formulas apply just as well to circular flows of current.
So, let’s consider a very simple model of an atom.

Imagine a single electron, with charge e and mass m, orbiting in a circle under the influence of a central
Coulomb potential (e.g. due to a single proton). The current associated with the charge is:

A0

At (2nr)/v  27r
where v is the speed of the electron and r is the orbital radius. The magnetic moment of this classical, “toy”
atom is then:

_ 1A qvm? (%) q

= = _ = —L
c 2rr ¢ 2me mor 2me

where L is the angular momentum, L = Iw = mr2§ = muwr, of a single orbiting mass. Thus the magnetic
moment is related to the single-particle orbital angular momentum, and we have this prefactor which is
written as
__1
= 2mece
and is known as the “gyromagnetic ratio” of the electron. In general v = %, and here in this toy model we
have solved exactly for ~.

6.3.2 Quantum Model

In non-relativistic quantum mechanics, one writes the Hamiltonian for a charged particle under the influence
of an external magnetic field in terms of the momentum operator and the vector potential, where:

— —

B=VxA
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The Hamiltonian is then written as:

If one solves this for the interaction part of the Hamiltonian, which are the cross-terms involving A. ]3, one
finds that the classical result holds: q

L.
2Mc

/I:

where M is the mass of the particle (to avoid confusing it with m, the quantum number of the z-projection
of angular momentum).

We know that angular momentum is quantized along the z-direction, so that if we then consider the
z-component of the magnetic moment we find:

Hy = 2Mcmh (m=0, £1,...).

The quantity gh/2Mc is referred to as the Bohr Magneton, and for an electron is found to be:

qh s
— =~ 0. 1 .
s, = 06X 107%V/G

6.3.3 Spin Magnetic Moment

There is no classical analog for spin - it is merely intrinsic angular momentum specific to a particle. However,
we can assume that, since in all other ways it manifests as angular momentum, it too must have a relationship
to a magnetic moment:

H="S.

We can then write v in a form reminiscent of the gyromagnetic ratio for the case of orbital angular momentum:

q
2Mec

T=9

where ¢ is a factor that needs to be determined experimentally - it is not predicted by this framework.
The interaction term in the Hamiltonian between an external magnetic field and this intrinsic magnetic

moment is then:
geh , =
o-B.

Hspin—B — _ﬁ . B’ —

int

We see that the intrinsic magnetic moment due to spin is just g/2 Bohr Magnetons. Experimentally, g ~ 2.
Making the approximation that g = 2 , we observe that the intrinsic magnetic moment due to spin is
TWICE that for orbital angular momentum. The fact that g is not exactly equal to 2 is important, and
deeply connected to the more fundamental theory of nature - quantum field theory, and specifically quantum
electrodynamics. It is possible, in that more fundamental model of nature, to calculate g from first principles.
The current measurement of g and the theoretical calculation agree very well. The experimentally measured
value is expressed in terms of its deviation from 2:

—2
a= gT = 0.0115965218073(28),

where the uncertainty is in the last two decimal places and is given in the parentheses. It is known to better
than 1 part in 1 billion.

The measurement of the magnetic moment of particles, such as the electron, the muon, and the tau
lepton, are not only tests of the Standard Model of Particle Physics but a means to probe for physics beyond
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the Standard Model. For instance, additional particles, not described by the Standard Model but present
in nature, can participate in self-interactions (higher-order Feynman diagrams) of the electron, muon, and
tau lepton and influence the magnetic moment’s value. The measurement of the muon magnetic moment is
currently an area of hot pursuit, as the best measured value is not in perfect agreement with the calculated
value. The predicted magnetic moment of the tau lepton has been calculated (c.f. Ref. [24]) but to date no
direct measurement of it has been possible due to the very short lifetime of the tau lepton.

6.3.4 A Comment: Stern-Gerlach-style Experiments

A question for you right now would be the following:

e Why does the Stern-Gerlach experiment employ a magnetic field gradient rather than just a uniform
magnetic field?

The answer is that a uniform field can only rotate the magnetic moments to align with the field. Since the
magnetic moments of electrons have two possible orientations along the z-axis - along or against - half the
electrons should align with and half against the field. But this would not split the beam, because once the
magnetic moments are aligned properly with the field there is no remaining force on the atoms or electrons.

Instead, a magnetic field gradient is needed to then push the little internal magnets of the atoms/electrons
in a specific direction in the field. This can be seen as follows:

F=-VHyu=V(i-B)=(i-V)B=p.

This equation tells us that a gradient is required to exert a force on the tiny magnetic moments of the
atom/electron. It is this tiny force that allows for the splitting of the beam in a Stern-Gerlach-style experi-
ment. One expects the splitting to occur along the magnetic field axis.

It is important to note that even if one prepares the atoms in a S-G-style experiment in a state L = 0 so
that L, = Oh, it is still possible to split the beam if:

e The atom contains an odd number of electrons in its valence shell (its outermost shell). This leaves
an unpairs spin angular momentum, and this unpaired spin angular momentum has no other spin to
compensate for its orientation along/against the magnetic field gradient

e The electron must contain an internal unit of angular momentum, to allow for an internal magnetic
moment to interact with the external magnetic field gradient.

Since the above occurs in an S-G-style experiment with L=0, it allows us to infer the presence of internal
angular momentum and measures its value.

6.4 Addition of Spin Angular Momentum

We have so far been focused on very, very simple systems containing only a single particle with spin angular
momentum, or spin and orbital angular momentum. But what happens for more realistic systems (e.g.
where you have multiple particles in various states of spin and orbital angular momentum)? For instance,
we know experimentally that quarks never appear by themselves in experiments; they always appear, when
detectable in a final state, in bound pairs (mesons, like the pion) or triplets (baryons, like the proton or
neutron). Thus the structure of matter (e.g. the proton, or pions that participate in strong interactions)
fundamentally depends on two- and three-particle systems. Regarding spin angular momentum, how does
this business work then?

Consider a simple extension of the one-particle system: a two-particle system. Let each particle have
spin angular momentum s; = %h and let each have possible z-axis projections of its spin angular momentum,
Sy = :I:%h. We have two particles, each with their own spin eigenvectors; this is a two-particle Hilbert space,
requiring four total vectors to span the space. We might naively write the four vectors thus:

|1, 12) = |s1,m1, Sama)
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so that the four vectors are:

b= [bd i
1 111

2 = 5,—5,5,5>:|—+>
111 1

B = |ppgos) =i
1 11 1

9 = pppz)=)

Let’s see how far we can get with this hypothesis.
We will also need spin operators for this new space. It is straight-forward to show that:

§=§1+§2

yields exactly what we need, with all the necessary properties for our total spin operator. We then have:

Sz = Slz + S2z-

Let us then proceed to find the matrix elements of this operator. We have to consider operations like

1 1
S |++) = (821 + Sz2) [4++) = (5 + 5)h|++> =h|++).
We can see immediately that, since this operator leaves the ket unchanged all off-diagonal elements of S,
will vanish. But we also see that two of the on-diagonal elements will be idential, leading to a degeneracy in

the space:

o O O

S, =

SO O
O O OO
O O OO

-1

We have two eigenvectors, |[+—) and |—+), that yield the same eigenvalue. The basis vectors we have chosen
naively clearly span the vector space - the matrix is diagonal. So maybe we have chosen, if accidentally, the
correct basis vectors for our two-particle Hilbert space.

We must then turn to the S? operator. Let us compute the matrix elements of this operator; they are
not immediately obvious (e.g. by inspection). We see that

52 =52+ 82428, . 5,.

which makes this a VERY complicated operator with cross-terms between the two particles. You can write
this more simply as follows:

1
S§% =87 +55+2 (slzszz +5 (S145- + Sl_sz+)> .

One can then brute-force compute the matrix elements in our present basis, and in doing so we find:

52 = K.

SO O
O = = O
O = = O
N O OO



This is very interesting. We see that the middle block of the matrix is not diagonal. What does this mean?

It means that we have NOT IDENTIFIED THE COMMON BASIS OF THE TWO-PARTICLE HILBERT
SPACE THAT SIMULTANEOUSLY DIAGONALIZES S, and S%. That is why writing down the “naive”
eigenvectors was a bit too naive. The goal in any multiparticle system is to identify those eigenvectors that do
simultaneously diagonalize both angular momentum operators, allowing them to commute. We could have
foreseen that this would be a problem slightly earlier, since the default expression for S?, which includes
a lot of cross-terms, does not automatically commute with S,. If we can simultaneously diagonalize both
matrices (by finding their common eigenbasis), we can guarantee that they commute.

We might try writing linear combinations of the kets |+—) and |—+). Let us see if this does the trick for
us:

1

2 = Z5()+ =)
1

3 = 25+ ==+

What are we doing here, physically, to the original states? We are rotating the kets in their 2-dimensional
space in order to try to diagonalize the middle block of the S?matrix. We can break down the effect of the
total spin operator on the above states and use that to figure out what the matrix elements will look like.

For instance:
S% = 87 + 52 +251,55, + 51452 + S-S

We can then consider the activity of each piece on these kets:

1.1 1,1 3
212) = |Z(Z4+DR24+=(=+1)R%||2) = =K% |2
St = |G+ 0m+ 5+ 12 = )
1,1 1,1
2 _ Lt 2 .4 2 )
S2[3) = [2(2+1)h 2(2+1)h]|3> 07%|3)
Similarly,
s3l2) = Sw )
S3[3) = O0h*[3)
Consider then:
1
Sle2z |2> = _Zh2 |2>
Sle2z |3> - Oh2 |3>

We can then consider the action of the ladder operator cross-terms between the two particles:

1 (104 05, 3)1--))

Si4 8o [2)

and

Sisald) = i (Culgmp 0 +0)



so that, together:

1 1 11
[S14S2- 4+ S1-524]12) = C+(§, __)C_(§’ 5

: )12 =1 |2)

while for |3) we can show that:
[Sl_:,_Sz_ + 51_52+] |3> = 0h? |3> .

Putting all the pieces together and applying the S? matrix, we find:
(2 5%12) (2] (217) 13) = 21
(3| 5%13) = (3|0h*|3) = OR®

while:
(2 5%13) = (3 §% [2) = 0n?
What about the S, operator? Have we maintained its diagonalization? A quick check shows we have -
that

(S21+S22)|2> = 0h
(S.1+ S:2)[3) = Ok

We conclude that by composing these linear combinations of the single-particle states we have arrived at
the eigenvectors of the S? and the S, operator; in this basis, both are diagonal and guaranteed to commute.
Three of the eigenvectors have spin-1 (with three different z-projections of the two-particle spins) and one
has spin-0. We can denote the states by s s_, where s is the total spin quantum number and s, is the total
z-component projection quantum number. We then find:

s=1 [Y14) = [++)
[0) = (+=)+1=+)
i) = |—=)

5s=0 [Yoo) = Z5(+=)—[-+)

6.5 An Application of Addition of Spin Angular Momentum: Meson Spec-
troscopy

In this brief section, I will show you how useful it is to be able to recognize basic facts about the structure
of matter utilizing only the most basic information we derived in the previous section.

Mesons are colorless bound states of a pair of quarks. For a variety of reasons, not the least of which is
the kinetic energy available to the quarks in the bound state, the heavier the quark the more we can treat
the bound state in a non-relativistic way in QCD (the mathematical theory of the strong interaction). One
can imagine a pair of heavy quarks, for instance bottom quarks, bound together in a colorless state. To do
this requires one quark and one anti-quark. A simple example is bottomonium, bb.

Let us consider an orbiting pair, bb, in a state of L = 0 total orbital angular momentum. The only
angular momentum available to the system, then, is spin. From the above example, we can hypothesize the
existence of a spin-1 “triplet” of states and a spin-0 “singlet” state. The spin-1 triplet consists of three states
with differing z-projections of their total spin angular momentum, while the singlet consists only of a single
total S = 0 state.

Given all the various possible radial orbit configurations, angular momentum configurations, and the spin
singlet and tripler structures for each possibility, you get a rich spectrum of states. For the lowest-energy
states and for the case where there is no orbital angular momentum (L=0), we simply have the triplet states,
1357, and the singlet, 11.Sy. These are known in the HEP community as the “Upsilons” (discovered in 1977),
or T(15), and the 7,(15) (the “ay-tuh sub bee” or “ay-tuh bee”), respectively. The 1,(1.5) was only discovered
in 2008, first by the BaBar experiment and then confirmed by a second BaBar Collaboration measurement
and then an independent measurement by the Belle Collaboration.
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7 The General Problem of Adding Angular Momentum

In general, our system of particles may contain those with varying spin angular momenta and also orbital
angular momentum. We need to appeal to the notation developed in Section 6.2 and proceed to outline the
general problem of adding angular momentum of both sorts.

When the J, operator acts on a state described by the ket of a two-particle system (involving both orbital
and spin angular momentum, we expect to find that:

. |jima, jame) = (my + ma)h|jima, joma) .

We know already from some experience with the two—spin—% particle case that the matrix of this operator
will be both diagonal and degenerate (there are multiple ways to combine the z-components of the two
particles’ spins and orbital angular momenta and still achieve the same total z-projection). The exception
to the previous statement is when m = £(j1 + j2); in those cases, there is just one way to achieve each of
the two possible maximum projections.

The general problem of adding angular momentum involves:

e Recognizing that the kets representing the allowed ways of orienting L and S are not necessarily the
eigenstates of both J2and J..

e Solving the eigenvalue problem to identify the common eigenstates of the two operators (which, of
course, means making J, and J, non-diagonal).

e By doing this, we obtain the common eigenstates for the two operators and thus the measurable
states of the system. This is really what is meant by “solving the general problem of adding angular
momentum” - identifying the physical, measureable states of the multi-particle system.

We can ask a few questions now.

1. How many kets will there be? For an n-particle system, the total number of states is given by:

n

[T@i+1)

i=1
For example, in a system of 2 particles with £ =0 and s = % (the case we did in the notes earlier), we
expect (2s1+1)(2s2+ 1) = 4 total kets. This is, in fact, what we found. For the problem in Homework
3 involving ¢; = 0 and s; = £ for three particles, we expect (251 +1)(2s2 + 1)(2s3 + 1) = 8 total states
(which, again, you can verify manually . . . but this makes it so much simpler to find the total number

of kets).

2. How will we label the states? The states can be labeled by their total angular momentum, the z-
projection of the total angular momentum, and the total angular momenta of each individual particle
in the space:

ljm, jij2) with ji +j2 > j > j1 — j2, j = m = —j.

This can be seen by thinking about what happens when you add two simple space vectors. The
maximum-length vector you can make from the two is one whose length is the sum of each of their
individual lengths; the shortest you can make has a length given by the difference of their individual
lengths. The z-projections for each j state simply go from j to —j . Shankar writes the possible kets in
matrix format, labeling each row and column by kets of total j, |j, m), suppressing the jiand jo labels
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to simplify the notation:

|71 + J2, J1 + j2)

lj1 +Jje, 1+ 72— 1) lji+je—1,51+j2—1)
lj1 + jo, 1+ 72— 2) lji+Jj2—1,51+Jj2—-2) |71 — J2. J1 — J2)
lj1 + J2, =G i1 +j2 —2)) i1 +j2 — 1, —(,j1 + j2 — 2)) lj1 — g2, —(J1 — j2))

|j1 +j27_(7j1 +]2_1)> |.71 +j2_17_(7j1 +]2_1)>
|jl +.727 _(7.71 +]2)>

3. How does one then express the kets of total-j in terms of linear combinations of the product kets? That
is, how do you relate the above states to the states |jimi, jomeo)? That is the hardest part, as you
learned on Homework 3.

7.1 Application to the simple system of two spin-1/2 particles

To answer the last question, let us revisit the two—spin—% particle example from earlier in the notes. Rather
than grinding through all that matrix algebra, we could instead have started from the total-j kets we expect
for this system: jmaz = j1 + j2 = s1 + s2 = 1, and Jimin = |j1 — J2| = |s1 — s2| = 0. There are only two
possibilities. So:

|1,1)

[1,0) ]0,0)

|17 _1>

Consider the TOP STATE in each column. For the first column, this is simply:

11,1) = [++).
As we said earlier, there is only one way to put both spin projections up, so there is an easy identity between
the total-j ket and the product ket, given above. How do we then get the other states in this column?

Simple: apply the total angular momentum lowering operator - let it do all the work for you. In this
case:

J_|1,1) = J_ |++)

is what we want to do next. We know that:

J_|1,1) = C_(1,1)|1,0)

by definition. The coefficient we know how to calculate:

J_ljm) =/ (i +m)(j —m+1)|j,m—1).

In this case:
j=1m=1: C_(1,1) = /2.

So we have:
J_[1,1) = hv/211,0).
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We then need to figure out how this then relates to the product kets. We can also write:
J_|++) (Jio +Joo) |++)
11 11
= C—(§7§)|_+>+C—(§7§)|+_>
= h|-+)+h[+-).

Combining what we have learned:

J_1,1) = mV/2]1,0) = h(|+=) + |—+))

and solving for the state we want:
1

V2

which is EXACTLY what we found from all sorts of complicated matrix computation earlier! This is much
simpler! If one lowers again, one finds what one expects:

1,-1) = |-,

11,0) = == (H=) + |-+)

Now, what about the j = 0 state? Again, it will be a linear combination of the only two m = 0 states
that are available: |+—) and |—+). But, it won’t be the same linear combination that yielded |1,0). It must
be ORTHOGONAL to that linear combination, and its coefficients must be real (as a matter of convention
- the complex portions are absorbed into the kets themselves, by convention). Thus:

10,0) = al+=) + B|-+).

Applying these constraints, we find:
1. From orthogonality:

(0,0[1,0) = 0=—(a+5)

0 = a+

=5l

2. From the constraint of real coefficients:
(0,0]0,0) = a* + 5% = 1.

If we then solve, we find:

a=—pf
and so we can choose & = 1 and 8 = —1, yielding:
1
0,0) =—=(+—)—|—+)).
|0,0) ﬁ(l )= 1=+))

Again, no need to go through all the messy diagonalization. Things get a lot simpler here.

This is the problem of finding the Clebsch-Gordon Coefficients - the numbers that multiple the states in
the linear combination of product kets needed to express the total-j kets (more on this problem generally
in a moment). To find the top state in the next column (after to finish the easy one), and based on the
constraints of real coeflicients and orthonormality, we find:

. 1/2 . 1/2
. . . . J1 Co J2 . .
tje— Lt —1) = —— 20z = 1)) = | — ~1),
Jr+d2—Lji+j2—1) (Jl +32) lj1d1, J2(j2 = 1)) (Jl +32) 711 = 1), j2j2)

for the two-particle case.
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7.2 The Clebsch-Gordon Coefficients

The problem we are trying to solve, in general, boils down to finding those messy coefficients that one needs
in order to combine the product kets with the total-j kets. That’s it. That’s the problem.
These coefficients are called Clebsch-Gordon Coefficients. We can write them in general bra-ket notation
as:
jm, jrja) = Y ljima, joma) (jima, jamaljm, jijz)

mi1 ma

where
(Jima, jama, .., fnMnljm, jije...jn) = (G111, jama, ..., fumn|im)
are the Clebsch-Gordon Coefficients themselves. They have the following properties:

1. (jima, jamaz|jm) # 0 only if |j1 — j2| < j < j1 + jo - this is the implication of the Triangle Inequality.
We must be able to form a triangle with sides of length ji, j2, and j .

2. (jima, jama|jm) # 0 only if my +ma =m

3. They are real, by convention

4. (j171,72(4 — j1|47) > 0 by convention (this fixes the sign of the top state)

5. (jimy, jamalim) = (=17 1277 (jy(=myq), ja(—m2)|j(—m)) - this tells us the coefficients for our nega-

tive m states given our positive m states.

7.3 The Explicit Formula for Clebsch-Gordon Coefficients

The explicit formula for Clebsch-Gordon Coefliciencts is given by:

ommme s (2.7 + 1)(.7 +j1 _.72)'(.7 _jl +.72)'(]1 +j2 +])
J1,J2,J - m,mi+ma - - 1)
(j1+j2+Jj+1)
x (G +m)!G —m)!(j1 — m1)!(j1 +m1)! (G2 — m2)!(j2 + m2)!
X (_1)k

Zk: kU + v — 5 — B — ma — k)2 +ma — k)1 — J2 + ma — K)I(J — j1 — ma2 + k)!

where k is any zero or positive integer such that the factorial argument is non-negative.
The Particle Data Guide [25] contains a helpful table of these coefficients, reproduced in Fig. 6.
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42. Clebsch-Gordan coefficients 1

42. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

AND d FUNCTIONS
JJ
Note: A squarc-root sign is to be understood over every cocfficient, e.g., for —8/15 read —/8/15. Notation: [
1/2x1/2| ! 3 my o my
+1f 10 YY) =/ cost 572 q
[7z=172] 1] o o e 2x1/2 .5/2 572 372 m;  m, | Coefficients
172 -1/2(1/2 1/2[ 1 3 [[21172] _1]+3/2+3/2 o
-1/2 +1/2[1/2-1/2)-1 Y=- 55 sl 2-1/2| 1/5 45 572 32| | . .
/2-1/: j +1+1/2| 4/5-1/5[+1/2 +1/2
yo_ 23 29 1 +1-1/2| 2/5 3/5| 5/2 372
1x1/2 [ 2=\ (27 3 0+1/2| 3/5-2/5|-1/2-172
x1/ +3/2| 3/2 1/2 15 0-1/2| 3/5 2/5| 5/2 3/2
T2 A|li2+1/2 Vi=— 8; sin cos 0 ¢i® . -1+1/2| 2/5-3/5|-3/2-3/2
+1-1/2| 1/3 2/3| 3/2 1/2 2%x1/2 -1-1/2| 4/5 1/5 5/2
0+1/2| 2/3-1/3|-1/2-1/2 B . o, . 3/|_4|; 2 [2+172] /5 -4/5
sin2 0 219 +3/2 +1/2] 1] +1  +1 u_ll

1
0-1/2| 2/3 1/3| 3/2 1\
-1 +172| 173-2/3-3/2 avam

2x1|3 72| 1
+3[ 3 2 bl ] 3/2x1 | 255 wz-1212 ) 2

2] 1]+2 42 AT ile3/2 4372 “1/2+1/2)1/2-1/72) -1 -1
w2 o3 23 3 2 1 372 0l 2/5 35|52 32 172 ~1/2-1/2| 3/4 1/4| 2
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+2-111/15 1/3 3/5 +3/2-111/10  2/5 1/2 | A
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+1-1{1/5 1/2 3/10 +1/2-1|3/10 8/15 1/6
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3
XV 5=
] 1]+ 41
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Figure 42.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rosc (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tubles of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).

Figure 6: Reproduction of the table of Clebsch-Gordon Coefficients from Ref. [25].
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7.4 Comment: Application to the three spin-1/2 particle system

Let’s try applying this to the more complicated problem in Homework 3: three spin—% particles. We can
only begin the computation, as the second major step involves a more general version of the Clebsch-Gordon
Coeflicients.

The highest state we can get is |+ + +). This state has jmer = j1 + j2 + j3 = % and the maximum
z-projection. Thus we identify:
33
‘2,2> =|+++).

We then apply the lowering operator to find the next state in this column:

J_13/2,3/2) = m/(3/2+3/2)(3/2—-3/2+1)|3/2,1/2)
= /33/2,1/2).
Also,
Jo|+++) = (ot S+ J3o) [+ )

Rl=++)+h[+—+)+h|++—).

Combining this, we learn

1

13/2,1/2) = (|—++H)+[+-F)+[++-)).

S

3

Continuing, we confirm the other states:

1
V3
3/2,=3/2) = [-—-)

How do we then get to the next columns of states? Well, let’s start with finding .. This is determined
from:

3/2-1/2) = =(--+)+|-+ )+ [+ -)

Jmin = |1 + J2 — J3| = |j1 — j2 + J3l

which tells us that there are two ways to form the minimum state by combining individual j; quantum
numbers. Well, in that column we know that we have the top-most state with m = j3 + jo +j3 — 1 =1/2.
We know that it will be orthogonal to |3/2,1/2) but will have the same z-projection. It must be normalized
to unity. The product kets that yield m = 1/2 are:

[+ =)0 =) =+ )

We then have to determine the highest state in the next column. The Clebsch-Gordon Coefficients are
determined for the case where 2 particles combine into single-particle hybrid states. We have a 3-particle
case. We need a more general version of the Clebsch-Gordon Coefficients.

I won’t go through the rest of the calculation, but merely point the way. We need the Wigner 3-jm
symbols to go to a 3-particle system. They are written as:

|jm,j1j2j3>=zzz( Ay )|j1m1,j2m2,j3m3>.
'y ma s 1 2 3

Many computational frameworks, like Mathematica, provide functions to calculate these for you. They
are related to the Spherical Harmonics in that they give you the integral of the product of three spherical
harmonic functions.
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7.5 Particle Decay

The addition of angular momentum is useful not only for finding the structure of bound states of particles;
you can also use it to determine the possible decay modes of a particle, based purely on restrictions on
angular momentum imposed by conservation. For instance, we can explore how the spin-0 Higgs Boson
might decay (while at rest) to various final states. We want to find out how to express the state |0,0) in
terms of product kets for various possible final states, such as 2 spin-1/2 particles, two spin-1 particles, etc.

We can begin with the two spin-1/2 particle case, and use a table of Clebsch-Gordon Coefficients to
figure out the answer. We know we want the total-j ket, |0,0), and we want it to decay to a pair of spin-1,/2
particles. For instance, how are the angular momenta of a pair of tau leptons, or bottom quarks, arranged
in product ket space when they are produced from a parent spin-0 particle? Reading from the table for such

a pair,
1 1 1\|1 1 1 1\|1 1
0,0)=—|{|=,+=)|=,—=)—|=,—= ) |=,+= .
00 =25 (543l 3) -3 [32)

We've already seen this, of course, when trying to compose a new state out of an original pair of spin-1,/2
particles.

How about the decay of the Higgs boson to something like a pair of Z or W bosons, which each have
spin-17 What might this look like? Reading from the table for 1,1 Clebsch-Gordon Coefficients:

1

(J1,+1)|1,-1) = |1,0) |1,0) + |1, —=1) |1, +1))

We see that such a decay is possible, and contains a complicated (but apparently uniformly probable)
distribution of polarizations of the spins of the spin-1 particles in the final state.

Consider the decay of a Z-boson to a pair of fermions with spin-1/2. In that case, we have a S = 1
particle decaying into two S = 1/2 particles. We can write down the relationship between the total-j kets
that describe the possible states of the Z boson and the product kets that describe the possible states of the
individual particles in the final state,

1 1\ |11
1,1 S ) P
1.1) 2’2>‘2’2>

1 1 1\ |1 1 1 1\]|1 1
1,0) = —|(|=, =)= —-= S )
1o = (lz3)[53) te)[53)

-1y = 1 1\]1 1

’ T2 2/127 2

We see that there is a rich set of structure in the outcomes of such a decay. We’ll explore this further in
the future.

8 Relativistic Quantum Mechanics

For the rest of these notes, we will use a standard set of units common to high-energy particle physics named
“natural units.” Since we are typically dealing with speeds near that of light and angular momenta that are
at the subatomic level, we will adopt the following convention:

h =1
c = 1

All speeds and angular momenta are normalized to that of light and the reduced Planck’s Constant, respec-
tively. Since:
hc =~ 197 MeV - fm,
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we can relate energy and distance through Planck’s constant and the speed of light. Namely:

1
he=1— 1fm = — MeV .
c m o7 eV

In this system of units, the Schroedinger Wave Equation for a free particle would be written:

1
Hlyp) = %P2 )
o m,
ma lv) = —%V )
o1,
Urn lY) = —%V )

again, keeping in mind that E = i% and P = ihV.
Remember also that the conservation of energy equation looks as follows:

E? = 22 + m2c,

which simplifies in natural units to:
E? = p2 +m?2.

The invariant of the above equation is the mass, and so expressing this as an equation in terms of the
invariant and the variable components (total energy and momentum):

m? = E% — p?.

We can express energy and momentum as a four-vector:

p = (E,p) =p"

To compute the square of this four-vector and recover the invariant:

we need to introduce a matrix in between the product of the two vectors that introduces the sign flip. We
can see what this must look like:

1 0 0 0 E
0 -1 0 0 .

m2:p2:[E Pz Py pz] 0 0 1 0 ]P;U :EQ_p2
0 0 0 -1 D,

We refer to p, (the column vector, in this case) as the contravariant vector and p¥ = > p,g"” as the
covariant vector, the product of the row vector with this matrix, g*. This new 4x4 matrix is known as “the
metric” - it transforms covariant into contravariant vectors (and vice versa). If you want to learn more about
all of this, dig a bit into general relativity (which relies on this concept entirely). Contravariant vectors
transform in the same way as the coordinates in a coordinate system, while covariant vectors transform the
opposite way of the coordinates (the same way that the coordinate axes would change - they “co-vary” with
the axes under a transformation of the coordinate system).
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8.1 The Dirac Equation

The Schroedinger Wave Equation is an incomplete description of nature in several ways:

e It does not incorporate the postulates of special relativity (for instance, its expression of energy con-
servation is explicitly classical, ignoring internal energy).

o It failes to recognize that the potentials themselves may be quantized (as one might expect since photons
are invisible units that transmit the electromagnetic force, yet nowhere does the photon appear in the
SWE).

We can resolve the first but not the second in this lecture series. Resolving the first will already be sufficient
to come to a complete, quantum understanding of spin. Spin has so far been an ad hoc two-state phenomenon
that we have added by hand in the SWE. We will now step back to first principles (energy conservation and
the special theory of relativity) and derive the correct, relativistic wave equation.

Paul Adrian Maurice Dirac derived this equation and his complete work was published in 1932 [20].
However, the derivation of the Dirac Equation occurred in 1928. We will derive this equation and determine
the form of its solutions, considering a “free particle” case (as Dirac did).

The special relativistic expression of energy conservation is not a linear equation; it is a quadratic equa-
tion:

E2 — m2 4 |ﬁ|2

which admits both positive and negative energy solutions. Dirac sought a LINEAR expression of the same
form, to avoid this problem. That linear expression would then serve the role of the basis of a relativistics
wave equation, akin to the SWE:

H |v) = E|yY) (free particle case).

We can begin with the hypothesis that:

Hg) = (@ P+ pm) [v),

which is a guess at a linear equation that now includes internal energy (mass). We must be able to recover
from this the special relativistic expression of energy conservation (which is the correct expression, after all).
Thus we must find that:

H2[p) = (P2 +m?) |y).

These two equations together represent the Dirac Equation; both must hold to be true, in order to marry
the SWE with relativity.

We can press forward and determine how this equation describes particles absent external influences. We
need to determine these unknown coefficients - @dand S. Algebraically:

H?|Y) = (&P + Bm)(a@- P+ fm) |¢)

It is convenient to employ Einstein Summation Notation for the continued working of this equation. In
Einstein Summation Notation, any repeated index that appears in an equation represents and implicit sum
over that index. So, instead of writing:

3
a-P= E o; P;
i=0
we write
a-P= aiPl



and imply that the sum must be taken over all values of i. If we adopt this notation, we can resume in a
more simple and approachable way the squaring of terms we have just undertaken:

H? [)

(i P; + Bm)(a; Py + Bm) |¢)
= (P + (i + 0o ) PPy + (ciB + Bag) P+ B°m?®) ) .

We already see something quite interesting here, writing out all the unique terms:

e The unknown coefficients cannot be numbers. Why? Because in order for the above equation to match
the relativistic expecation,

H? ) = (P2 +m?) ) ,

it must be true that a;a; + ojo; = 0 and ;8 + Sa; = 0. These coefficiencts must anti-commute.
Numbers don’t anti-commute. These objects must be, at minimum, matrices (or, in a general language,
tensors).

e The square of these coefficients must yield the identity:

o? =1 and % =1I.

Again, this is to satisfy the requirement that squaring the Hamiltonian must yield and expression for
energy conservation consistent with special relativity.

We have certainly encountered objects that anti-commute like this, with these rules: the Pauli Spin Matrices.
You explored some of these properties on your first homework. That effort was not in vain.

8.1.1 The Coefficients of the Dirac Equation

We are left to determine the exact form of these coefficients, given the above constraints from special
relativity. In fact, going a bit further, one will find that these matrices must satisfy the following additional
constraints:

e They must be Hermitian.

e They must be traceless.

e They must be of even dimensionality (2x2, 4x4, 6x6, etc.)
e They must have eigenvalues of +1

The minimum dimension matrices that satisfy all four of these requirements are 4x4. The choice of the
matric representation is not unique, but we will employ the Dirac-Pauli representation:

L [o @ I 0
0‘_{5 o] ﬂ_[o —I]'

The physics should only depend on the properties of the matrices and not their specific representations.

8.1.2 The Solutions to the Dirac Equation

We see already that the solutions to this equation, |¢), must be represented in matrix notation minimally
by a 4-row column-vector. This solution is referred to as a Dirac Spinor. We have four solutions for each
“particle” for this equation . . . a bounty of solutions, whose physical meaning needs to be understood.
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8.1.3 The Covariant Form of the Dirac Equation

We have arrived at a form for the Dirac Equation:
0 0 & ) I 0
g =inge o= (| 0 | in+ | g O m) .

It is useful to write this in another form. Multiplying from the left by 3:

B .
B ) —ifa - Vi) +m i)
[i <[3% + Ba - 6) - m] )

The operator on the left-most side of the above equation looks like the product of two four-vectors. One of
the four-vectors is one containing the partial derivatives over space and time:

0 =
2= (2.9)

0

while the other is a four-vector of matrices is

The above form is known as the covariant form of the Dirac Equation, and can be simply written as:

[i7" 8 = m] [¢) = 0.

The solutions to this equation will be the wave functions we seek. There are four components to the wave
function; this equation can be understood to be a set of FOUR differential equations that couple the four
components of a single column vector. This is most easily seen by writing this as:

4

Z ZZ (’VM)jk Oy — mbjy, [r) = 0.

k=1 1%

8.2 Solutions of the Dirac Equation

We can now proceed to solve the eigenvector and eigenvalue problem of the Dirac Equation. We can guess
at the form of the solutions, which will look much like the old plane-wave solutions of the SWE but now
with an unknown 4-component column matrix attached:

[¥) = u(p)e ™"

where p is a four-vector, p = (E,py, py,p2), as is © = (¢,x,y,2). The object u(p) is the unknown four-
component spinor whose form we need to determine. If we substitute this solution form into the Dirac
Equation:

[iv"0, — m]u(p)e”P* =

[Wﬂ(aﬂ (u(p)e”P®)) —mu(p)e P

[i’Y”U(p)(au(—ip x))e” P — mu(p)e P
[y u(p)(—ipp)e=" — mu(p)e™

—ip-xT

o O ©O o o o

[in* (—ipy.) u(p)e
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It is common to denote covariant products of gamma matrices with other matrices or vectors as:

/ﬁ = 'Yﬂpu-

We can then write:
[p —m]u(p) =0.

We now want to find the solutions to this. This is just an eigenvalue equation, so we already know
that the eigenvalues are £m. They are masses. We need to identify the eigenvectors that go with these
eigenvalues. We can see this if we take the momentum of the particle to be zero (at rest). Then p =0 and

Hu(p) = (a-p+ Bm)u(p) = Eu(p)

Hu(p) = pmu(p) = [ HSI _Sﬂ ] u(p)-

This equation yields four eigenvalues: m, m, —m, and —m. That means we have two positive-energy states
and two negative energy states. The eigenvectors can be seen to be:

S oo
o o= O
o = o o
= O O O

The Feynman-Stuckelburg interpretation of these states is the one commonly adopted in modern practice. In
this interpretation, we ascribe the first two eigenstates with E>0 to be the particle eigenstates. The second
pair of eigenstates as E>0 antiu-particle states, to avoid the problem of negative energies.

If we allow for non-negative momentum, then the eigenvalue equation merely becomes:

o[ 2 %8 [22] ()

cg-p —ml uUR uUR

Here, we have split the 4-component column vector (the overall Dirac Spinor) into two, two-component
spinors. We then see that:

d-pug = (E—m)uy
- _»UA = (E + m)UB
For the two E>0 solutions, we can take:
(8) _ ()
’LLA =X

where
1 0
1) — (2) —
=L o= 1]

We then have only to specify the lower components of the four-component eigenvectors by inserting these
choices into the second equation above:

—

- px = (B+m)ufy.

Solving for ug) we find:




The positive-energy solutions are then:

(s)
u(s)zN( AN ) E >0.
X

E+m

Here, N is the normalization constant.
We can repeat this procedure for the E<0 solutions. Here, we can take:

up =X
Then: oL
() _ 9P (s) _ 9P (s
T — |E|—|—mx '

Thus the negative energy solutions are:

_EE_\(s)
w2 = N ( BT m X ) ,  E<O.

8.3 Spin and the Dirac Equation

We now see where spin comes from. Enforcing special relativity as the correct description of nature at
all velocities, we are required to write a wave equation (the Dirac Equation) that is linear in energy and
momentum but solved minimally only by four-component wave functions. The solutions above tell us the
rest of the story. They are each four-component objects, and so for a single particle there are FOUR solutions
to the equation: two are positive-energy, and two are negative-energy (interpreted to mean E>0 anti-particle
states). But we see that for the particle or the anti-particle, there are still TWO solutions. There is an
EXTRA two-fold degeneracy for each particle which was not present in the non-relativistic SWE. Spin is an
inevitable consequence of a universe that obeys the postulates of special relativity. We are forced to have it.
This is amazing.

This also implies something else. Since there is an extra two-fold degeneracy in the solutions, there
must also be one more observable in nature that commutes with both the Hamiltonian and the momentum
operator. The eigenvalues of this additional operator can be used to distinguish the states. Just as in the case
of adding angular momentum and having degeneracy in the S, matrix which is resolved by diagonalizing the
S? matrix, we have a situation where there is a two-fold degeneracy left in the problem even after working
through the H and P parts of the problem.

A common choice for this additional observable is the following, which you can show commutes with H

and P:
. (Fp 0
Ep—( 0 E-ﬁ)’

where p = p/|p] is a unit vector pointing in the direction of momentum. We can multiply this by any constant
we like and preserve the properties of the original matrix. Therefore, we can choose to consider:
- 1
S==7
2

and we can think of this new observable as the projection of spin along the direction of motion of the particle:

o p.

N =

This projection is known as “helicity.” We can see that this projection has TWO possible eigenvalues:

+1  "positive helicity"
A=q _t "negative helicity"
3 gative helicity
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9 Spin and Particle Decay

In this section, we will explore how angular momentum (including spin) affects the angular distributions of
final-state particles after an initial state decays. I am indebted to Kent Hornbostel for his insights that led
to the writing of this part of the notes. This is a synthesis of what we have developed so far.

We will begin by understanding the relationship between angular momentum and rotation. We will
then consider what happens if we rotate the final states away from, for instance, a hypothetical z-axis.
By considering these two pieces, we will build a toolkit for evaluating angular distributions of final-state
particles. This can be further developed when considering the full helicity formalism for describing particle
decay and distributions of final-state particles.

9.1 Angular Momentum and Rotation

We can begin by considering what is means to make a rotation in physical space about a particular axis.
Let us choose the axis to be the z-axis. Choosing a point in the x-y plane, marked by (z,y), we can imagine
rotating about the z-axis by an angle ¢. The result is a new coordinate, (z’,y’), which can be written in
terms of the old coordinate as follows:

' = xcos¢—ysing

= xsin¢ + ycos .

We see that this is merely a matrix operation on a column vector:
| | cos¢p —sing T
y | | sing cos¢ y |

The 2x2 matrix is a rotation matrix, describing an arbitrary rotation by ¢ about the z-axis. We might write
this rotation as:

|2') =U(9) |x) .

What if we were interested in a more general problem - how to represent a very small (infinitesimal) rotation
of a state around an axis (again, let us choose the z-axis)? For a zero rotation, the rotation matrix is simple:

the identity matrix. An infinitestimal rotation, then, would be a small perturbation on top of the identity
matrix. We can write the form of this matrix quite simply in terms of the very small rotation angle, denoted
as 0¢,

U(60) =1 —ado.

To get at the form of the matrix added to the identity, we can consider the Taylor Expansion of the cosine
and sine functions:

1 1
sindgp = 6¢— §5¢3 + 55& + ...

1 1
cosdp = 1-— 5&%)2 + I&b‘l + ..

and for very small angles (again, infinitesimal rotations)

sindgp =~ 0o
cosdp ~ 1.
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Revisiting our rotation of the spatial coordinates:

x [ cosdp —sindp 0 x
y' = sind¢p  cosdp 0 Y
Z | 0 0 I I -4
1 —dp 0 x ]
~ oo 1 0 Y
L O 0 1 z |
- y
= y | =6 | —x
| 2 z
T 0O 1 0 T
= Iy |—6p| =1 0 O Y
z 0 0 1 z

This tells us how a pure coordinate state would be rotated, and we can even find the form of « for a
pure-coordinate rotation. We might then consider what happens to a physical state (e.g. a function), that
depends on these coordinates, when acted upon by the very same matrix. In this case, consider a state

[)(2,y,2)) -

We want to determine now the form of the operator that rotates the wave function by rotating coordinates
about the z-axis. We know that:

(I_ 5(]504) |£L’,y,Z> = |,’E - 5¢y7 y+5¢.’l]> :

We want to find the transformed wave function, |¢'), after acting with the rotation operator. We can write:
W) = (I-dpa)lp)
“+oo
(1-300) [ fo.2) @ clihe's

— 00

+oo
/ (I = 660) |e,y, 2) (2, y, 2|0)d*x

—o00
—+oo

- / & — 56y, y+ 06, 2) vy, J¥)de

— 00

+oo
/ &y, 2 (@ + 56y, Y — 6ol |)da.

— 00

In the last line, we have made the simple variable substitution: =’ = x — d¢y, vy = y + d¢z, and 2’ = z.
Multiplying from the left with (2,3, 2’|, only one term in the integral survives the inner product and we
find:

Wy ) = (@, 2 = 86 a)lw) = (&' + 86y, ¥ — 00!, ).

We can identify ¥ (x,y, z) = (x,y, z|) and Y(z+ ddy, y—0ox, z) = (x+ oy, y— 0oz, z|) (since primes
appear on the coordinates on both sides of the above equation, we can merely drop them for convenience).

The last step we need in order to identify our mystery matrix is to simply Taylor Expand the wave
function about the small added pieces on each of the x and y coordinates, yd¢ and zd¢:
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81/}

= 1/}(‘T7ya ) (5¢ )

o
o 5, (-007) +

L
Or
8 8

81/}

~ Pr,y,2) + 5-(60y) + ( 6¢x)

We are nearly there. Writing out the left side of the above equation and relating the two sides:

0 0
(w20 = 800le) = (o) -0 (w L —y Y

0 0
¢(w,y,z)—5¢<x,y,z|a|w> ~ w(xuyv ) 5¢ (‘T_y _yax>¢

_(,9 _. 9
T \Toy You

in the coordinate basis. This looks suspiciously like

. 0 0
L, =—ih (ma—y - y%)

and so we merely make the identity that:

We thus find that:

a=-L,.

We have arrived at the conclusion that the generator of infinitesimal rotations of the wave function, about
the z-axis, is just the L, angular momentum operator. An infinitesimal rotation about the z-axis is then
written:

U.(56) = T — 607 L.

What if we then make a succession of N infinitesimal rotations, each of the same size, d¢, such that:

where ¢ is a finite rotation about the z-axis? This would be the same as applying the rotation operator to
the state IV successive times:

o i o i ¢ 1 ¢ i
(I—NFLLZ> (I— NﬁLz> (I— NFLL ) (I—Nﬁ )z/f(x,y,Z)-

In the limit that N — oo,

We can then write that ‘
U.(¢) = e L=/

In general, the rotation matrix in total angular momentum space that rotates one state of |j, m) into
another is given by
U— e—i@(é-f)/h

)

where the angle 6 is a general angle (this could be decomposed into Euler Angles, for instance, first rotating
away from an axis of choice and then rotating around the new direction).
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Figure 7: A depiction of the decay of a spin-1 particle (left) into a pair of spin-1/2 particles (right).The
z-axis has been conveniently chosen to be the decay axis. The product kets in the final state have positive
and negative helicities for particle 1 and particle 2, respectively. Remember - once we have chosen the z-axis
as our axis of quantizaton, we cannot know where S points; we can only know that the initial state is in a
definite z-projection of its spin. The above picture is quite classical, but can aid in thinking.

9.2 Angular Distributions of Final-State Particles
We are now ready to think about how to assemble our pieces:

e We have seen how to write states of total angular momentum in terms of product kets over the individual
particles that compose the total state

e We have seen the form that general rotations take, so we are in principle equipped to take a state of
total angular momentum (“total-j”) and rotate it (and, consequently, the particles that compose it)
about some axis.

e We recognize that in fully relativistic quantum mechanics, we have to consider three angular-momentum-
related quantum numbers related to internal angular momentum (“spin”): the total angular momentum
quantum number, j, the projection along the z-axis, m, and the projection of spin along the direction
of motion (“helicity”), .

Using these pieces, we can probe the angular distributions of particles resulting from the decay of a total-j
state.
9.2.1 Example: the decay of a spin-1 particle into two spin-% particles

Consider a spin-1 particle, at rest, that spontaneously decays to a pair of spin-1/2 particles (Fig. 7). Let us
prepare it (produce it) such that its spin projects along the positive z-direction with m = 1. Let us recall
how we wrote this total-j state of spin-1 in terms of the product kets:

[1,1) = |[++).
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We need to take the helicity quantum number into account, to be fully relativistic (as we learned from the
Dirac Equation. We can then label states:
|4, A)

and write the above state of total-j as
[1,1,1)

It is convention to choose, for a particle at rest, the helicity to point along the positive z-direction - one
then can boost the particle along the z-axis and rotate its momentum vector to achieve any other state of
motion while preserving its helicity. The final state (a pair of spin-1/2 particles) may have any of a number
of helicity quantum numbers available to them, depending on the angle of decay with respect to the z-axis
and the spin vector of the parent. In the case depicted in Fig. 7, only one helicity state is allowed, and we
can denote it [1))(or [{1)if we swapped particle 1 and 2) in the product-ket notation. However, in general
the decay angle could be non-zero, and all we know is the projection of S on the z-axis (that is the only
definite thing we know about the orientation of g), so any of a number of helicity states are possible. We
can label them as product kets:
|m1,/\1;m2,/\2>

and write them down (helicity is another two-state problem - so we already know how to represent them in
ket space:

) = [+H+1
12), 13) = |[+1+4 ., [+L+1D
l4) = [+L+1).

This lets us represent the final states with their helicity quantum numbers.

In general, if we want to describe what happens during the transition from an initial state to a set of final
states, we have to do scattering theory and introduce the “S matrix,” which tells us how the states evolve at
all times. We would then compute an amplitude like so,

Ao ST Ufal 81,

which is related to a physical observable by squaring the amplitude:

|A]? = A*A.

Since we are going to square the amplitude anyway, let’s consider A*. In our specific case, we are interested
in considering the decay of a particle at rest into a pair of particles at angle 6 with respect to the z-axis, and
about the y-axis at an angle ¢. We can write our amplitude as

11 o (LIS |+, X+, M5 Q(0, 9))

Taking into account the spin projections on the z-axis, the helicity states, and the angular orientations of
the final-state particles. However, we want to determine this angular dependence; so all we need to do is
instead think about how we would rotate particles of these helicities away from 6 = ¢ = 0 (basically, on the
z-axis) to any other orientation. This is achieved by applying two successive rotations to

[+, A+, X 9(0,0))
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that then rotate this state around the z-axis (by the Euler Angle ¢) and then about the y-axis (by the Euler
Angle 0). This takes the form:

UO)U(9) |4, X5+, N;2(0,0)) = [+, A4, X5 Q(e,0)) .
where we can write:

Our amplitude becomes:

T,l X <171|S|+7)‘7+7A/7Q(¢79)>
= (L1SUQ) [+, A+, N;0(0,0)
= Z<171|S|j7m> (4, m| U(Q)|+7)‘;+7)‘I;Q(070)>

Jsm

= (LISL (L LHUQ) [+, A+, X:0(0,0)) .

The product-ket states have projections of their spin such that m = Ay — A2, which will then be rotated
by the rotation matrix into the state (1,1] with its definite S, value and definite helicity. This can be
generically written as (j', m/| U (0, ¢) |j, A1 — A2) , and are given by the “Wigner d-functions,” [26] which are
also provided for you in Fig. 6. These have the form:

(' m [ UQ) 17, M = Aa) = d(O),

m’ ,m:)\l —>\2

e—i(>\1 —>\2)¢'

The exponential term (and thus dependence on the orientation about the z axis) will vanish when you
compute each contribution to the total amplitudeA? = 3 |A,|% the other angular component, however,
will remain.

We have three amplitudes that contribute to our sum:

1o (1,1]S1,1,0) (1,1 d(0)1 e

so that
* 1 —i¢
11 E(l—i—cosG)e .

Then we have two others:

1
I1,0) — ATy o< ——=sind

V2

1
1, -1) — A} | 5(1 — cosf).

If one cannot distinguish in the final state (say, by applying an experimental appratus) the various helicity
states of the fermions, then one has to sum over the final-state helicities (m = 1,0, —1). The total amplitude
will then be something like:

A? o €1(1 + cos0)? + ez 5in? 6 + e3(1 — cos ). (5)

We could choose some example coefficients and calculated the angular dependence (amplitude vs. cos®,
for instance). This is shown in Fig. 8. But will we see this in nature? The Stanford Large Detector (SLD)
at the SLAC Laboratory produced Z bosons by colliding polarized electron and positron beams. The degree
of polarization could be used to alter the coeflicients of the spin admixture present in the spin-1 Z boson at
the time of its production. We see that the structure predicted by the angular momentum conservation in
the decay is realized in nature.

Of course, the details matter. The precise form of the coefficients and other kinematic effects are only
predicted by considering the full scattering theory in relativistic quantum mechanics.
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Figure 8: GNUPIot image of the amplitude-squared vs. cos for an arbitrary set of coefficients in Equation

5.
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Figure 9: Polar angle distribution for Z° decays to e, u and 7 pairs for the 1994-5 SLD run. The asymmetries
in the 1993 data look similar but are less pronounced due to the lower polarization. Figure and caption from
Ref. [27].
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10 Advanced Topic: Spin and Interactions

In this section of the course, we’ll explore the implications for particles (with and without spin) interacting
with one another. We’ll build on what we’ve developed so far, but we need to add some more pieces to
enhance our toolkit for describing interactions.

10.1 Non-Relativistic Perturbation Theory and Interactions

Consider the general problem of a free particle that comes into contact at some point with an external
potential (e.g. experiences an “interaction” via the potential) and then continues onward. We can denote
the initial state by labeling it ¢ and the final state by labeling it f .

Consider the purely free-particle situation for a second, we can write the Schroedinger Equation as:

HO(bn = n(bn

where Hj is the free-particle Hamiltonian (;—ﬁfW) and the ¢, are the eigenstates of the system (a single
particle). We consider all of this happening in some spatial volume, V', and that the eigenstates are normalized
and orthogonal:

/¢;;¢>nd3x = 1

v

/¢fn¢nd3w = 0(m#n).
v

These can be summarized in a single equation:

1%

The goal, of course, is to solve Schroedinger’s Equation now with the particle in the presence of a potential,
V (&, t):

(Ho + V(Z,t)) = i%.

If we can find the eigenstates of the system, including the potential, we should be able to write each in the
space-and-time separable form:

On (T, 1) = P(F)e Pt
Any general solution of the SWE can be written in terms of these orthogonal solutions:

b= an(t)pn(@)e .

We don’t know the solutions, but we can try to sort out these coefficients, a,,(t). We insert the above solution
into the SWE:

Z% Zan(t)(bn(f)e_iE"t = ZHO [an(t)(bn(f)e_iE"t] + Zv(f7 t) [an(t)(bn(f)e_iE"q '

We know that Ho¢, (%) = E,¢n (), so that:

2 Ho [an()on(@e™] = 3 (Bn)an(t)gn(@)e "

n
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The free-particle Hamiltonian affects no other parts of the wave function, term-by-term. We can also write
the left side by applying the chain rule:

Zan(t)qbn(f)e‘“fnt] = i[Z(bn(:f) (e—iEnt%an(man(t) ((—iEn)e_iE"t))]

i lz b (T)e ™ <Ean(t) - zan(t)En)
Z% e i t +ZE n (£)dn(T)e—

We see that some terms cancel on the left and right of the SWE, leaving:

ZZan(f —iEnt 7 ZV x, t a'n d)n( ) _lEnt}'

We want an equation for just the coefficients, and the way we can achieve this is to take into account the
orthonormality of the eigenstates. Multiplying from the left by (b}(f):

zz¢f ) (F)e™Fn t Z¢f @)V (1) [an (t)dn (D) "]

and then integrating over the volume, leads to:
i | H@on@e P Gaut) o= S @V@ED lonon(@e ] o

which yields:

iEnt

Z'(an€7 %an(t) — zeszft /Z¢f [ ( )¢n( ) 71Ent} de-

Finally, we move everything except the time-derivative to the right-hand side of the equation and get what

we want:
daf _ _Zzan /¢f (, 1) (F)e = En—BDt 335,

We now have an equation that relates the time-dependence of a single coefficient, ay(¢), to a sum over
all other coefficients times integrals of the probability density of an eigenstate interacting with the potential
and yielding a projection along the eigenstate ¢;(&).

Let us then try to go a little further. Let us simplify the problem by imagining that, at first, we prepare
the free particle system in an eigenstate of the SWE. Let us choose n = ¢ , where 7 denotes the initial
eigenstate (one of many from which we could have chosen) in which we prepare the system. This then forces
a; =1 and a,, = 0 for m # i. Our equation then becomes:

da i
_f — —Z/ ¢f (251(25) i(E;—Ef)t Bz

Let us further imagine that over a period of time, T', the free-particle travels, then interacts via V (&, t), and
then exits in its final-state. We can consider the case of a “nearly free particles” as a small “perturbation” to
the purely free-particle scenario. That is, consider a time spent in the potential that is:

e transient - the time period spent inside the potential, it << T.
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e weak - the potential strength itself is very small in magnitude

We can then see what happens. Imagine that the potential interaction occurs as time ¢t = 0, with 6t << T.
The particle is sent in for the interaction at time ¢ = —7'/2 and concludes its journey in its final state at
time ¢t = T/2. This allows us to assume that the initial conditions essentially hold at all times, since the
influence of the potential will be small. We can find the coefficient at any time ¢ by integrating the above
equation from —7/2 to an arbitary time, ¢ , where ¢ < T'/2:

t
“”:‘i/ / PHE)V (T, 6)¢i(F)e " F O P dt.
-T/2JV

We can identify the space-time volume element, d*z = d3z dt. This is convenient for later. We are specifically
interested in the coefficient at the time 7'/2, when the interaction has long-ceased. This specific value of the
coefficient is denoted:

+T/2

Tyi = as(T/)2) = —i/

—T/2

| [or@e=) v [o@e =] dod

This represents an integral over all relevant space and time points in the problem. We can then write the
above coefficient in the compact format:

Ty = i [ [0@ 0V (@ 00:(7.0)] d's.

This is only a good approximation if ay << 1, which was assumed in the above calculations (we can check
the correction to this assumption later).

You can show that the above quantity, while temptingly assumed to be related to the probability for the
transition from the initial state to the final state, is not physically meaningful as such. However, a slight
redefinition of the above yields the physically meaningful quantity.

If we consider a time-independent potential, V(Z,¢) — V (&), we can write:

—+o0
Tri = —1 [/ ¢?V¢i dga:] [/ e UE—ENt gi|

The time integral is just the Dirac Delta Function:

d(a—1b) = QL /e”(“_b)dx

™

so that
Ty = —2mi [ / 35V e d%} 3(E; — Ey).

we can then define: T
W= lim —I%-
1m T

T—o0
which is the probability per unit time of transitioning from the initial to the final state via this potential.
Recalling that |Tf;|? = 17Ty , defining Vy; = f(;S;ZV@- d*z, and remembering that the square of a delta
function is just a delta function,
1
W = lim [—}

T—oo | T
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11 The Helicity Formalism (Roberto Vega)

This part of the lecture is contributed by Prof. Roberto Vega, and based on his notes and lecture.
Consider a particle, labelled «, decaying into two particles, 1 and 2. If you know the spin of the parent,
and you know the spin of the final-state particles - say, S1 = 0 and S; = % - then already that information
lets you know about the outgoing angular distribution of particles will look like. This is true even without
knowing exactly the Hamiltonian. You need only know the angular momentum, that it’s conserved, and you
can proceed.
Generally speaking, for this case, you get a superposition of terms like

dY1OX1/2,1/2 + CY171X1/2,71/2 + bYOOX1/2,1/2-

You can then determine from these functions the possible angular distributions. This is the common proce-
dure.

The advantage of this procedure is that the angular momentum is defined in the rest frame of the parent.
However, you also know the spin states in the rest frame of the daughters. You have to shuffle between the
systems by rotation. This is tedious, however. If you want to consider polarization effects, this is not a
convenient method.

This is why we use “the helicity formalism.” It is based on the observation that the helicity operator, the
projection of spin in the direction of motion,

commutes with the momentum and the total angular momentum. That is, since the above relation holds,

[P,J-p|=0 and [J;,J-p|=0
while
[P, J;] #0 and  [P?,J)] #0.

The eigenvalue associated with the operator is what is meant by “helicity.” Since we can choose any direction
to be the z-axis along which we quantize angular momentum projection, it is convenient to choose the
direction of motion, p = Z.

Thanks to commutation, we see that we have two independent sets of basis vectors. One set can be
labeled with the eigenvalues of the momentum operator, 16, and by the eigenvalues of the helicity operator.
These are “plane-wave helicity states”

I, 0, &5 ) -

The other, we can label with the eigenvalues |P|, J2, J., and the helicity operator:

|3:m, [pl; A) -

This is the “spherical wave helicity basis.” Also, if we consider the final-state particles from the decay example
above, each is also describable in its own helicity basis.

The helicity formalism is one that labels the states using either of these two basis sets. Why is this
advantageous? Because the helicity operator is invariant under Lorentz boosts along the direction of motion.
We can work in any frame; for instance, we can choose to start in the center-of-mass frame, and then
boost, and out results still describe the physics in other frames. This formalism applies equally well to both
massive and massless particles. Helicity is invariant for massive and massless particles. In the other approach
- labeling by the spin and orbital angular momentum - we have to treat massless particles specially (they
cannot be at rest - we cannot use the rest frame). In the Helicity Formalism, you can deal with total angular
momentum, and not worry about the details of orbital angular momentum. As a bonus, helicity amplitudes
for scattering give us a way of easily writing down the polarization effects in a scattering system.

What is the general idea? The idea is that we have a scattering:

a— 1+ 2.
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Here, o has a well-defined J and M - the total angular momentum and its projection in the z-direction.
This is just a decay. We can write the amplitude for this

A = (Pip2; M| T| T M),

where T' = e~ (//MH? is an operator that evolves the states overall times (see the earlier section on scattering).
T is a scalar,
[Tu Jl] = [Hu Jl] = 07

since T is just a series whose terms contain powers of the Hamiltonian, and the Hamiltonian commutes
with the angular momentum operator for rotationally invariant systems (which is what we are considering
througout these notes - systems where angular momentum is conserved and which are thus rotationally
invariant). We can then expand the above amplitude in any other basis we like. For instance, we can write
it in the basis of total-j states:

A= Z (D1P2; A Xali'm") (j'm/|T| JM).

j/,m/
Since T is a scalar, we can write this matrix element using the Wigner-Eckhart Theorem:

(G'm [T TM) = (G'm/[00TM)(|p, 3, NIT|J) = dngmr a7 ([P, 5, AIT1T) = Ty a,-

which has just a Clebsch-Gordon Coefficient relating the two bases to one another. This Clebsch-Gordon
Coefficient in this specific case is just a delta function - it vanishes if m’ # M and j' # J. It is also
independent of the index, m. We can label it any way we like. The other term:

(P1P2; M Aeli'm’) = Dy, (0, ¢).

So in the end, we just have:
A= D}\I/I)\(6.7 ¢)TA1>\2'

where A = Ay — Ao,
The hard work of determining the angular dependence of the final state is let to determining these
“D-matrices,” which were partially introduced earlier and now will be defined more carefully.

11.1 Massless and Massive Particles

For a massive particle,

The helicity states for a complete basis:
P, A) -

For a massless particle, you can still define the helicity basis. But there is a difference. Here,

A = *s.

The nature of spin for a massless particle is quite different for a massless particle. Massive particles have
spin due to the fact that rotations occur in the group SU(2). But for massless particles, rotations involve
three parameters - the three Euler Angles, if you like.

Remember that boosts along the direction of motion won’t change helicity. Boosts in any other direction,
of course, will change the helicity.
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11.2 Rotations - Revisited

The rotation operator that acts on kets is unitary, and in general depends on three parameters:

U(Ra(p)) = e ™7

in natural units. This is a rotation by ¢ about .J. The three parameters are (1) the rotation angle, and (2,3)
the two parameters that define n - the polar and azimuthal angles. We can rotate a state like so:

U(R)[¢) = [¢').
These matrices act on other operators via:
UAUT = A'.
For example, for spin-1/2:
J=15
= 20’7

we can rewrite the exponential function in terms of sines and cosines and find:

U(Ri(p)) = cos(p/2) —id - isin(p/2).

The properties of the dot product in the above are:

>
V)
|

—_

(-7 =

(-7 =

Qu

>

For spin-1:

= =

U=1+ (n-J)*(cosp—1) —i(h-J)sinp.

We know that:
0. 1/2,1/2) = +[1/2,1/2)

which can be written:
2.011/2,0) =0c1/2,0).

We can then rotate:
Uz-3UTU(1/2,0) = oU|1/2,0)

and one can then write this out in terms of rotation angles and show that it does, in fact, behave exactly as
you’d expect a rotation operator to behave.

Let’s look at this using Euler Angles - first rotate about a selected axis, then away from the axis (around
another one), and finally again about the original axis. In quantum mechanics, we can write this in a simple
way:

U(Oé, Bu ’Y) _ e—iane—iBJye—i'sz )

It’s amazing that we can define an arbitrary rotation to a new point using these three simple rotations about
just two axes - but it does work.
If S is a rotation, and I take another rotation, R, and calculate this:

—

SR($)S~ = R(SY).
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In other words, the rotation on the left is the same as just rotating the vector, @[7, first by the matrix S and
then defining R about the new axis. This can be proven, but we will merely employ this theorem.
We can then write:

U@ DUt = (U@ HUHY

iU JiUL = iS5t T = .

11.3 The Wigner D-Matrices

The Wigner D-matrices can now merely be written in terms of these rotations. We can define these matrices
as mentioned earlier:

D), 8.7) = (§'m/| U (e, B,7)|jm)

This works because J%is a scalar (we are dealing with rotationally invariant systems!); that is:

UJtut = J2.

The above is not true for only J,. While total angular momentum is conserved, components can be changed
under a rotation. We can then proceed:

D, B,7) = e ™ e (ml [ =P |jm)

where:

T |jm).

B = (e
Note that: ‘ ‘
(e |m) = (<1)7 "6

We will use this (though you can prove it from the rotation operator, if you choose).
For the plane-wave helicity states, we can write:

Ip, A) .

We will define the standard ket as:
|pz)‘>

with all momentum along the z-axis. We can then do everything relative to this standard ket. For a massive
particle, the standard ket is |0A) —at rest, with the spin pointing in the z-direction. For a massless particle,
our convention will be to write the standard ket as |r,)\), where k> = 0. From these standard kets, I
can generate ANY state of momentum by applying a Lorentz Transformation for the massive case; for the
massless case, [ have to consider what happens to the particle under a parity transformation (since I can
never “boost ahead” of the particle and thus reverse its direction of motion).

For the standard ket, we can start with writing all components of momentum explicitly:

Ip,0,0; ).

I can then rotate this momentum state in any direction to get the general problem of a particle with
momentum p = (pz, py, p-), where the momentum may not lie entirely along one selected axis.
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Let’s rotate. Not that rotating about the z-direction does nothing to the state. We have to choose a
“phase convention” for how to handle that rotation, since without a convention its effect is undefined. We
choose the “Jacob-Wick Phase Convention” where we choose the phase angle ¢ = ¢. Rotating the standard
ket:

U(9,0,9)|p.0,0;\) = |p, 6,5 \),

we can get a hint of how this is, in the end, merely doing to be related to the D-functions. We can write our
standard ket in terms of the basis states of total-j:

P, 0,0;0) = > C7" [p, j,ms ).

The A that appears here is th esame on both sides. The only term that survives in the sum is then the one
with m = A:

p,0,0;0) = > Cilp,j, A\ \)
J
p,0,6; ) = ZCjU(sb,e,smp,j,A;»

= ZC D Apids ms A) p, ' m/ A U (6,0, ) [p, §,ms A)

J Jj'm’
= 2263 Ipdsms A DY), (6,0, 9).
J j'm’

We cannot change the magnitude of J in these transformations, so the only terms that survive are those
where j/ = 5 . Also, it must be that m = m’ - otherwise, the inner product vanishes. Thus:

Ip,0.6: %) = 3 C; |p, . m: ) DY) (6,6, ).

J,m
If I then take the inner product:

(p, 5, ms Alp, 0, 6, ) Zc DY) (6,0, 0)(p, ', m's Alp, j,m; X) = C;DY) (6,0, 9).

It can be shown that these D-functions, for integer values of j = ¢ | are proportional to the spherical
harmonics, Y. .
If we then require that:
(p.0,0,Alp,0,¢,\) =1,

it can be shown that:
27+1

Ci = 47

This allows us to write down the angular distributions for a decay like « — 14 2 . In that case, we just
have two particles, back-to-back in the center-of-mass frame of the parent. The net helicity of the system is
A = A1 — A2. One only still needs two angles, 6 and ¢.

11.4 Helicity States under Transformations

We now want to explore what happens to helicity states under parity and reflection transforms. This is useful;
once we know these relations, we can simply emply them to write states that relate to such transformations.
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