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Q1. Required. A small uniform sphere of mass m and radius p starts at
rest from the top of a fixed hemisphere of radius R. The small sphere rolls
without slipping along the hemisphere’s surface. Find the force Fj, that the
hemisphere exerts on the sphere and determine the height H at which the
sphere leaves the hemisphere. The hemisphere’s “equator” is parallel to the
ground, similar to an orange cut in half and placed face down.



Q2. Required. Consider the transmission and reflection of waves from a
mass m at = = 0 on a string of linear mass density p and tension 7". The
string stretches from & = —oo to £ = +00. so that we can assume that the

wave t(z,t)b has the form

’l,b(ﬂ?,f) - Aeika:e—iut+RAe—ikxe—iwt <0
- TAeik:ce—iwt T 2 0,

where w is the angular frequency of the wave and k = 27/A, with A the
wavelength of the wave. Using the abbreviation € = (mw?)/(kT'), determine
7 and R. Assume that the mass moves only vertically and that the tension
in the string is equal on each side of the mass. This problem requires no
special knowledge of waves and is less hard than it might appear. The figure

below might help.




NQ1. Required. FEstimate the mass of Earth’s atmosphere M,. Make the
simple assumptions that the atmosphere’s density is independent of altitude
and that the acceleration due to gravity is also independent of height above
Earth’s surface for the heights relevant for this problem. If you do not have

a calculator, then approximate (intelligently).

NQ2. Do 1 of 2 optional. Estimate the number of atoms N, in your
body.

NQ3. Do 1 of 2 optional. You are an astronaut at rest with respect to
Earth at some distance from Earth. You see red neon lights from Las Vegas.
Estimate how fast you must travel radially away from Earth so that your eye
can no longer detect red light? Express your answer §* as a fraction of the

speed of light.



Q3. Required. Pions can be produced in proton-proton collisions via the
strong interaction. A beam of protons (each of mass m,) strikes a stationary
target of protons in the reaction p+p—p+p+ ata— w0 Assuming mg+ =
Mo = My, determine the minimum total energy Ej, the incident proton must
have for the reaction to occur. Express your answer in terms of {m,, Mg}



Q4. Required. Two masses m are connected by springs of spring constants
{k,3k,k} as shown in the beautiful drawing below. The equilibrium spring
length is a. Consider longitudinal motion only and determine the normal
modes (also called eigenmodes) of oscillation. Also determine the oscillation

frequency for each normal mode.
k 3k k
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(1) 25 pts A uniform rod of length a is freely pivoted at one end. It is
initially held horizontally and then released from rest.

a) 10 pts Find the angular velocity at the instant when the rod is vertical.
When the rod is vertical it breaks at its midpoint. Assume that no impulsive
forces are generated when the rod breaks.

b)10 pts Find the largest angle from the vertical reached by the upper part
of the rod in its subsequent motion.

c) 5 pts Describe the motion of the lower part of the rod. Be clear if you
use no math.



(2) 25 pts This problem requires no special knowledge of particle physics.
The proposed NOvA experiment at Fermilab seeks to determine, among sev-
eral things, the mass ordering of the neutrino mass eigenstates. The exper-
imental technique relies on generating a beam of energetic muon neutrinos
v,. This is accomplished by first colliding a beam of protons into a carbon
target, and then letting the subsequently produced charged pions decay in
flight. The charged pions have a typical energy of 10 GeV and decay isotrop-
ically in their rest frame into a muon and a muon neutrino (7t — p* +v,).
Useful information includes m, = 140MeV and m, = 106 MeV. Assume
my < 1leV,

10 pts a) What is the neutrino energy E, and the muon energy E,, in the
pion rest frame? Express your compact answers as functions of m,, m, and
m

p

10 pts b) Show that for neutrinos produced in the lab frame and parallel
to the flight direction of the pions, the neutrino energy E, ~ 0.43E;, where
E, is the energy of the pion in the lab frame.



2

(3) 25 pts The AMANDA and ICECUBE Antarctic neutrino experi-
ments rely for signal detection on photomultiplier tubes (PMTs) strung along
vertical cables frozen in the ice. Holes are first drilled in the ice, a PMT string
is lowered and the ice is then allowed to refreeze, fixing the positions of the
PMTs. For simplicity, assume each such string has only 2 PMTs, each of
identical mass m, and let the distance between the 2 PMTs and the distance
between the top most PMT and the surface be I. (See the figure.)

/Fixed

m Q@

a) 15 pts If one end of the PMT string is always fixed at the surface, what
are the frequencies of the normal modes of oscillation of the PMTs before
the ice refreezes? Assume the hole diameter is large enough so that it does
not interfere w/ a swinging PMT and ignore the effects of the ice water in
the bore hole.

b) 5 pts Sketch each normal modes and match it with its respective eigen-
frequency.



(4) (25 points) Atwood’s machine consists of two weights of mass m, and m,
connected by a massless, non-stretchable string of length /. The string
passes over a pulley of radius » and moment of inertia /. The pulley is fixed
in space but can rotate without any friction. The string does not slide on the
pulley. Choose a proper coordinate and find the equation of motion for this
system from the Lagrange equations, assuming the system is stationary at
the beginning,.



5) 25 pts We are interested in the stability of the orientation or “attitude”
of a dumbbell-shaped satellite in its circular orbit about earth. The satellite
is composed of two small spherical masses of identical mass m/2 joined by a
thin massless cylinder of length 2a. See the figure. Let the polar coordinates
r and 0 describe the position of the center-of-mass of the satellite and let
the angle ¢ describe the attitude or angular orientation of the satellite axis
relative to the radius vector 7.

a) 5 pts) To start, consider the motion of a point mass m moving in 1
dimension and in a conservative force field whose potential energy function
is V(q), where ¢ denotes the particle’s displacement from the origin. Also
assume that ¢ = 0 is a point of equilibrium. After Taylor series expanding
V(q) around ¢ = 0 and keeping only the lowest non-vanishing term, write
the lagrangian L for this system. Ignore arbitrary constants in the series
expansion. (By arbitrary, I mean those terms that can be set to zero without

loss of generality.)

b) 5pts What is the equation of motion for this simple system? (Be as
explicit as you can. The symbol L should not appear in this equation.)

c¢) 5pts For motion near ¢ = 0, what is the condition on (d*V/dg?)|, = 0
for oscillatory motion about ¢ = 0 and what is the angular frequency of
oscillation w in terms of m and (d? V/dg?)|4=0?

5



d) 5pts Back to the problem at hand. Write the potential energy of the
satellite in terms of ry, 79, m, Mg and G. The symbols have an obvious
meaning.

e) Hpts Examining the figure and from the law of cosines, we can write

ria = (1 £ 2rpacos ¢)/% = (r2 + a®)V3(1 % ecos ¢)'/?,

where € = 2rpa/(rd + a*). Since a < g, € is small and we can then use
the binomial series expansion (1 + z)~Y2 = 1 — z/2 + 32%/8 + - -, where
x = tecos ¢. With these approximations, simplify your answer for V' in part
d) and rewrite it as

GMgm

To

V(g) =

{},

where you need to fill in the {---}. Just keep the lowest order terms.

f) 5 pts Determine the value of ¢ for stable oscillations. Sketch the attitude
of the satellite in its stable configuration.



9. Find the minimum height h (above the

12,

t
P

(which rolls without slipping) to
maintain constant contact with the
rail of the loop.

(The moment of inertia of a_sphere
about the center is 2/5 m r“.)

3.

4. A mass m moves on a smooth horizontal plane with
velocity vo at a radius R,. The mass is attached

to a string which passes through a smooth hole in
the plane, as shown. ("Smooth'" means frictionless.)

(a) What is the tension in the string? v

(b) What is the angular momentum of m?
(c) What is the kinetic energy of m?

(d) The tension in the string is increased gradually
and finally m moves in a circle of radius R,/2.
What is the final value of the kinetic energy?

(e) Why is it important that the string be pulled gradually?

op position in the loop)_that_will
ermit a spherical ball of radius r

A mass m slides without friction on a hemispherical hill of radius a. If
it starts at rest at the top of the hill (unstable equilibrium), at what
height h does it leave (separate from) the hill?

N
a

N

() o
A coin spinning about its axis of symmetry with V@

angular frequency w is set down on a horizontal 7777777 f7777T T IIIT7

surface. After it stops slipping, with what

velocity does it roll away?
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(1) 10 pts Here are some easy questions to start with. Answer only
five of them. All answers should have at least 1 significant figure precision
and use proper “conventional” units such as meters, kilograms, seconds,
centimeters, grams, etc. I do NOT want to see energy units for mass.

1) What is the density pg, of iron?

2) What is the mass Mg of the earth?

3) What is the value of Avogadro’s number No?

4) What is the mass m;, of a proton?

5) What is the mass m, of an electron?

6) What is the wavelength X of visible light?

7) What is the mass Mg of the sun?

8)What is the mean radius Rpg of earth’s orbit about the sun?

9) What is the value of atmospheric pressure P at sea level? (Do NOT
write "1 atmosphere.”)

10) What is the value of the air density p in this room?



(2) 20 pts This problem requires no special knowledge of particle physics.
A charged pion (7*) decays into a muon p* and a muon neutrino v,. Let
the mass of these particles be denoted in an obvious notation by m,, m, and

my.

10 pts a) What is the neutrino three-momentum p, in the pion rest frame?
Express your answer in terms of the three particle masses and a well-known
physical constant.

10 pts b) What must be the pion total energy E, as measured in the
lab frame if the neutrino is produced at rest in the lab frame? Now you see
why producing neutrinos at rest is very difficult. Perhaps this could be your
thesis topic.



(3) 20 pts Consider the behavior of a yo-yo. (This does not refer to
the famous cellist Yo-Yo Ma.) A yo-yo is a toy in the form of a disk with
a string wrapped around it. Suppose our yo-yo falls under the influence of
gravity only and that the trajectory of the disk’s center-of-mass is completely
vertical. Our yo-yo has the end of its string that is not attached to the disk,
attached to a fixed support. The figure summarizes the situation. Let the
yo-yo have a mass m, radius a and start falling from rest. Ignore the mass
of the string. To keep me sane while I try to grade these, use the variable
names as shown in the figure.

10 pts a) Find the equations of motion for the falling disk. You do
NOT need to integrate them: you can just give them to me as uncoupled
differential equations.

10 pts b) Find the forces of constraint and tell me their physical signifi-
cance.



(4) 20 pts There is strong evidence that earth’s atmosphere is heating
up. One of the molecules involved in this process is CO,. Let’s see if we
can understand something about this molecule’s vibrational modes. CO, is
a symmetric molecule with all 3 atoms in a line, as shown in the figure. Let
the mass of the carbon and oxygen atoms be m¢ and mg, respectively. Let
k be the effective spring constant between the carbon and oxygen atoms.

¥

10 pts a) What are the three eigenfrequencies and eigenmodes (“normal
modes”) for the vibrational motion of CO,?

8 pts b) For the mode(s) with non-zero eigenfrequency, what is the al-
gebraic relation between the non-zero amplitudes of motion of the relevant
atoms? Sketch the normal mode associated with each eigenfrequency, includ-
ing any possible zero-frequency eigenmode.

2 pts c) What is the numerical value of the ratio(s) of the non-zero eigen-
frequencies?
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Classical 1. Most of the surface area of earth is liquid water and the core of the earth
is presumably liquid iron. Consider earth as an isothermal, homogeneous liquid sphere with
the same mean mass density and radius as the real earth. Ignore rotational and surface
tension effects.

i) Calculate the radius R, at which the hydrostatic pressure inside this fully liquid earth is
a MmaTimurm.

ii) What is this maximum pressure P,oe? I need both a formula and a number. If you do
not have a calculator, estimate the calculation. No units, no credit.



Classical 2. Consider two identical pendula joined as in the figure. Treat the rods as
inflexible and massless. The rods each have a length ! and the bobs each have mass m.
Consider motion only in the plane of the pendula.

i) Find Lagrange’s equations of motion for the system. Do not assume small angles.

i) For the case of small angles (sin§ ~ 6), what are the eigénfrequencies?



Classical 3. A ladder is leaning against a wall at some angle 0 as shown in the figure.
The ladder now starts to fall down in such a way that its ends are always in contact with
the two surfaces. For simplicity, assume that there is no friction between the ladder ends

and the wall and floor surfaces.

i) Calculate the equation(s) of motion for the system.

ii) Determine the forces that the wall and floor exert on the ladder.



Classical 4. Refer to the figure below. A star, located at O is at rest with respect to you,
located at P. The star explodes, producing a spherically expanding shell of gas moving with
speed v. You observe the light from this expanding shell of gas. Assume that there is vacuum
between you and the star and let the distance OP = R. You can assume R > r, where r is
the radius of the shell. Show that the apparent (*observed’) speed of then expanding shell

can exceed the speed of light in vacuum. Specifically,

i) Show that the observed speed u, of the shell at right angles to the line of sight is given by

B vsind
e (v/c)cosf’

Hints: Star and you are at rest relative to each other. Define 3 times,

t, = emission time of light;
t = explosion time of star (start time of expanding shell);
t!,s = time when shell light reaches P.

Construct relations between times and the geometry of the problem.




10 pts Here are some easy questions to start with. Answer only five of them. All answers
should have at least 1 significant figure precision and use proper “conventional” units such as
meters, kilograms, seconds, centimeters, grams, etc. I do NOT want to see energy units for mass.

1) What is the radius R of the earth?

2) What is the mass Mg of the earth?

3) What is the value of Avogadro’s number Ny?

4) What is the mass of a proton?

5) What is the mass of an electron?

6) What is the value of Newton’s gravitational constant G?7

7) What is the mass Mg of the sun?

8)What is the mean radius Rgg of earth’s orbit about the sun?

9) What is the value of the gravitational acceleration g in vacuum of an object dropped near the
surface of the earth?



10 pts A homogeneous pencil of total length L and total mass M is placed nearly vertically on
a table and allowed to fall over. See the figure. Just after the pencil is released, what is the force
Fr that the table exerts on the pencil?
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20 pts The bearing of a rigid pendulum is forced to rotate uniformly about a vertical axis with
angular speed w. The pendulum has a rod length ! and a bob mass m. Let 6§ be the angle
between the pendulum and the vertical. See the figure. Neglect the inertia of the bearing as well
as the rod connecting it to the mass. Neglect friction but do include the effects of gravity.

a) Determine the differential equation for 6.
b) At what angular speed w. does the stationary point § = 0 become unstable?
¢) For w > w,, what is the stable equilibrium value of 67

d) What is the frequency Q of small oscillation about this point?



20 pts total A rigid homogeneous bar of total length L and mass M is suspended in
equilibrium in a horizontal position by identical massless springs of spring constant k at each of
its two ends. See the figure. Assume that the bar’s center-of-mass can move only parallel to the
z-direction and that the bar is further constrained to move only in the z-y plane.

K L f
g : :
'—}y

L

15 pts a) What are the eigenfrequencies of oscillation?

5 pts b) Sketch clearly the normal modes of oscillation and identify the normal mode with its
correct eigenfrequency.



20 pts A proton with y=1//(1 - v2]c?) collides elastically with a proton at rest. If the two
protons rebound with equal energies, what is the angle between them?



- 7. St i
Lo  Elianas L’zﬂt’ﬁg/@

A homogeneous cube, of edge length [, is initially in a position of unstable equilibrium with
one edge in contact with a horizontal plane. The cube is then given a small displacement
and allowed to fall. Find the angular velocity when one face strikes the plane if sliding can

occur without frictiomn.

JT77 77/

Vv

m, slides down a smooth circular surface of

Refer to the figure above. A particle of mass
that is free to move horizontally along the

radius of curvature a of a wedge of mass ms
smooth horizontal surface on which it rests.

a. Find the equations of motion for each mass.

b. Find the force of constraint exerted by the wedge on the particle.
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Classical 1. Estimate the mass of earth’s atmosphere. Do not write down just a number, but
show your reasoning based on familiar physical quantities. If you do not know the numerical value
of some quantity, indicate clearly what your assumption is.

What fraction of earth’s mass is this?



Classical 2. A ball of mass Mj moves with velocity Vj on a horizontal frictionless surface and
strikes the first of two stationary target balls of mass m each. The balls are joined together by
a massless spring of spring constant k. See the figure. You can consider the collision as head-on,
elastic and instantaneous. Describes the motion of target ball 2 as a function of My, m, Vy, k and
the time after collision ¢. Assume that there is only 1 collision between My and the target balls.



Classical 3. A particle of mass m is constrained to move without friction on a circular wire of
radius a that rotates with constant angular velocity w about a vertical diameter. See the figure.
Recall that Lagrange’s equations are:

d 0L oL
_(_) — a- :0: Jﬂ 1123"'
dt"aq;"  0g;
A Find the equilibrium position of the particle.

B Calculate the frequency of small oscillations about the equilibrium position.



Classical 4. It is estimated that earth’s mass accumulation rate due to meteorites is 10° grams /yr.
Assuming that this mass accumulation rate has been constant since earth’s formation and that the
mass is accumulated uniformly over earth’s surface, calculate the total change in the length of the
day due to this effect. Indicate whether the day has increased or decreased. If you do not know
the value of some physical quantity, clearly indicate what your assumption is.



Classical 5. An astronaut accelerates radially away from earth at a uniform rate (as measured
from earth) of g = 9.8 m/sec?.

A Calculate the astronaut’s speed at which the red neon lights of Las Vegas become invisible to
the human eye. If you do not know the value of a physical parameter, guess it and clearly label
your assumption.

B Calculate how long T it takes, as seen from earth, for the astronaut to reach this speed. Hint:
You can transform continuously to the astronaut’s reference frame so that for each transformation
the astronaut’s proper speed is zero. Useful transformation formulae in an obvious notation are
below and refer to the figure. The table contains a useful integral.

1, = X velocity in frame S uy =y velocity in frame S J %g = %ln i—f—g
uy = x velocity in frame 8’ uj =y velocity in frame S’
L+ uy /Y 2
Uz = Trer7E Uy = Tl [ t=7(t' +vz'/c)
_ a _ ay (vuy /c?)a,
%z = PAFo'z/R W= P T P [
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~. ice level

tip
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Classical 1. Refer to the figure above. The Texas heat has melted your brain and you have taken
to eating ice. A cylindrical glass full of ice has a mass four times that of the empty glass. At what
intermediate level of filling is the glass least likely to tip over? (The tip angle 6y is defined in the
figure.) I am looking for the height A of the ice level above the bottom of the glass. For simplicity,
ignore the mass at the bottom of the glass. Let m be the empty glass mass, p be the ice density, r
be the glass radius, hg be the glass length, and h be the ice level. Assume that the top surface of
the ice is always parallel to the bottom of the glass as shown in the figure.

(a) First, convince yourself (and me!) that the maximum tip angle corresponds to the minimum
center-of-mass (CM) height. Do this by deriving a simple relationship between Zcou, the center of
mass of the ice+glass system measured from the glass bottom and along the symmetry axis of the
glass, 0y, and the glass radius . You may draw figures to aid your mathematical explanation.

(b) Determine h. Hint: the actual value of r is totally irrelevant and the mass of the ice in the
glass is proportional to h.



Classical 2. A uniform chain of total length ¢ has a portion 0 < b < a hanging over the edge

of a smooth table AB. (Refer to the figure above.) Show that the time ¢ for the chain to slide
JEE 2
off the table if it starts frorm rest is ¢ = (/a/g ln[gf-l-«t—-—g——-—)]. You may find the integral

d,
[ % = In[2v/z2 — ¢? + 2z], where ¢ =constant, useful.
2 —c¢
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A chain of mass M and length [ is suspended vertically above the horizontal surface of
a scale so-that its lower end just touches the scale. The chain is released and falls onto the
scale. What is the scale reading when a length of chain z has fallen? Neglect the size of the
chain links.



A globe rotates freely without friction with an intial angular velocity wo. A small bug
of mass m starts at the North pole and travels to the South pole along a meridian with
constant velocity v. The axis of rotation of the globe is fixed. See the figure below. Let
M be the mass of the globe and R be the globe radius. You can assume that the globe is
solid with uniform mass density so that its moment of inertia [y = %M R?. Finally, suppose
that the time of the bug’s trip from pole-to-pole is 7. Show that, during the time the bug

is travelling, the globe rotates through the angle

Two R
A= 2M/(2M + 5m).
/20 (2M + 5m)
A useful integral is
L dz 2 5 . 19
= b).
/o a+becosz a2 — b2 (> ¥)

N
Wi

2



Refer to the figure below. A star, located at O, is at rest with respect to you, located at
P. The star explodes, producing a spherically expanding shell of gas moving with speed v.
You observe the light from the expanding shell of gas. Assume that there is vacuum between
you and the star and let the distance OP = R. You can assume also that R > r, where r
is the radius of the shell. Show that the apparent (‘observed’) speed of the expanding shell
can exceed the speed of light in vacuum c. Specifically,

a) 20 pts Show that the observed speed u . of the shell at right angles to the line of

sight is given by
vsin@

el (v/c)cos8

b) 5 pts Determine the maximum value %1 max of u, for fixed v, and the angle ¢ for
which this occurs.




A particle constrained to move on the surface of a hollow spherical shell of radius R is
projected horizontally from a point at the level of the sphere’s center so that its angular
velocity about the vertical symmetry axis of the sphere is w. See the figure below. (You can
imagine that the particle is shot from the outside through a small hole in the shell which is
then magically sealed.) If w?R > g, where g is the acceleration due to gravity, show that
the particle’s maximum depth below the level of the center is approximately z ~ f—}% sing(“‘?t).




Refer to the figure above. A particle of mass m; slides down a smooth circular surface of
radius of curvature a of a wedge of mass my that is free to move horizontally along the
smooth horizontal surface on which it rests.

a. Find the equations of motion for each mass.

b. Find the force of constraint exerted by the wedge on the particle.
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A homogeneous cube, of edge length [, is initially in a position of unstable equilibrium with
one edge in contact with a horizontal plane. The cube is then given a small displacement
and allowed to fall. Find the angular velocity when one face strikes the plane if sliding can
occur without friction.

ST Iv/
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Refer to the figure above. A particle of mass m; slides down a smooth circular surface of
radius of curvature a of a wedge of mass ms that is free to move horizontally along the
smooth horizontal surface on which it rests.

a. Find the equations of motion for each mass.

b. Find the force of constraint exerted by the wedge on the particle.



