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DIRECTIONS:

0. If we can’t read it, we can’t grade it.

1. BOX YOUR FINAL ANSWERS

2. BOX YOUR FINAL ANSWERS
3. Paginate all pages. Label the problem number clearly.
4. Staple your pages together, in order.
5. Good luck.
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Q1 5 pts. Estimate the number N of atoms in the Sun. Make whatever approximations seem
reasonable.
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Q2 5 pts. Estimate the number density n of solar photons near earth’s surface. The unit
conversion 1 electron-Volt = 1.6×10−19 Joules may be useful. Make whatever approximations seem
reasonable.
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Q3 10 pts. Humanity consumes energy at an average rate of approximately 1013 Watts. Suppose
you develop a technique to furnish this energy by slowing the spinning of earth on its axis so that
its period of rotation about its axis is increased by 1 minute per day. How long could T could your
technique supply the required energy, assuming humanity’s power consumption P doesn’t change?
This is an approximate calculation so a precise number is not required nor is a calculator. Make
whatever approximations seem reasonable to you.
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Q4 10 pts. A particle is acted on by a central force f = f(r) such that its motion is a spiral
orbit

r(θ) = Aeβθ,

where A and β are constants. Find the time dependent trajectory (r(t), θ(t)) for the motion. Hint:
Think about angular momentum for central forces and let L be the particle’s angular momentum
at the start of its motion.
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Q5 20 pts. Consider a system of two particles (beads), a spring and a circular wire (hoop). The
beads are connected by a spring and they slide without friction on the wire. See the figure below.
A Cartesian coordinate system is used with the center of the hoop at the center of the coordinate
system. The y− z plane of the coordinate system is horizontal and the spring is initially parallel to
the y-axis (so that the beads always have the same z-coordinate). Each bead has mass m, the force
constant of the sprig is k, and the radius of the hoop is R. The equilibrium length of the spring 2r0

is less than than the hoop diameter, i.e., r0 < R. Finally, the hoop rotates about the z-axis of the
inertial frame Oxyz with constant angular frequency ω.
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(a) Express the lagrangian of this system in terms of cylindrical coordinates (r, φ, z) and show
that it can be written in the one-dimensional form

L =
1

2
µż2 − Ve(z)

where

µ = 2m(1 − z2/R2)−1

is a position dependent mass and

Ve(z) = 2k(
√

R2 − z2 − r0)
2 − mω2(R2 − z2)

is a one-dimensional effective potential.
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(b) Determine the equilibrium points zω of the particles. You may find the variable

ξ(ω) = 2kr0/(2k − mω2)

useful.

(c) Determine the stability of the equilibrium points and show that there is a critical angular
frequency

ωc =

√

2k

m
(1 −

r0

R
).
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Q6 20 pts. This problem requires NO special knowledge of particle physics. In an elastic colli-
sion (i.e., a collision where kinetic energy is conserved) between an incident electron-type neutrino
and a nucleon initially at rest in the laboratory, the incident energy of the neutrino Eν can be
determined from the total energy Ee and the scattering angle θ of the electron produced in the
interaction. That is, the elastic collision between the incident neutrino and the at-rest nucleon
produces a final state electron and a moving nucleon. The neutrino disappears in the interaction.
See the figure below. Let θ be the angle between the initial direction of the neutrino and the direc-
tion of the final state electron, all measured in the laboratory frame. Furthermore, let EN be the
total energy of the final state nucleon. You can assume that the neutrino is massless and that the
electron’s mass is much less than its energy, mec

2 ≪ Ee. However, do not assume that the nucleon
mass is much less than its total energy. Show that:

Eν =
Ee

1 − Ee

mN c2
(1 − cos θ)
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Q7 20 pts. A pendulum of mass m and length r is attached to a support, also of mass m that
can move along a frictionless, horizontal track. A spring, of force constant k, is attached to the
support and to a nearby wall. See the figure below. The values of the mass m, spring constant
k, and the pendulum length r are such that 2mg = kr, that is, if the spring were to support the
weight of the two masses, it would be stretched a distance equal to the length of the pendulum.
Find the normal mode frequencies of the system.
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