
Qualifying Exam: Quantum Mehanis Fall, 2015

Name:_____________________________

Instrutions: There are two setions in this exam. Eah setion ontains 3 problems. Choose 2 problems

from eah setion. You should show all work. Indiate learly whih 2 problems in eah setion you wish to

have graded. Attah your work to the bak of this exam (e.g. by stapling).
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Setion A

Choose two of the following three problems

1. A proton is on�ned in an in�nite square well of width 10fm. (The nulear potential that binds protons

and neutrons in the nuleus of an atom is often approximated by an in�nite square well potential.)

(a) Write the wave funtions for the states n = 1, n = 2.

(b) Calulate the energy and wavelength of the photon emitted when the proton undergoes a transition

from the �rst exited state (n=2) to the ground state (n=1). In what region of the eletromagneti

spetrum does this wavelength belong?

() Determine the probability Pn(1/a) that the partile is on�ned to the �rst 1/a of the width of

the well. Comment on the n-dependene of Pn(1/a) as n → ∞.

2. Perform the following alulations:

(a) Calulate 〈x〉, 〈x2〉, and ∆x for a quantum osillator in its ground state.

(b) Calulate 〈p〉, 〈p2〉, and ∆p for a quantum osillator in its ground state.

() Show that the ground state of the harmoni osillator is an optimum state,

∆x∆p = ~/2.

3. The operator D = 1
2

(

x · p+ p · x
)

is assoiated with dilatations, i.e. resalings of the position oordi-

nates.

(a) Evaluate the following ommutators in terms of xj and pj :

[D, xj ] and [D, pj ].

(b) Show that for a free-partile Hamiltonian, H0, that

[D,H0] = 2i~H0.

() Consider the one-dimensional Hamiltonian

H =
p2

2m
+

λ

x2
.

Show that it obeys the same dilatation ommutator relation as a free Hamiltonian.

Setion B

Choose two of the following three problems

1. NEUTRINO OSCILLATIONS. It has been observed routinely sine 1998 that neutrinos, nearly

massless subatomi partiles, �osillate� or �mix.� That is to say, if one begins with a pure beam of
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eletron-type neutrinos, νe, after some time has passed it is possible to �nd muon-type neutrinos, νµ,
in the beam, even though none were present at the beginning. Some of the νe are said to have ��avor

osillated,� hanging from eletron-type to muon-type.

This behavior is possible if we an desribe ��avor� (being an �eletron� or a �muon�, whih we an

label using νe and νµ) in one eigenbasis and �mass� (let us denote the mass eigenstates using the labels

ν1 and ν2) in another eigenbasis. If these two eigenbases do not exatly oinide, it's possible to write

the �avor eigenstates as linear ombinations and thus for the �avor eigenstates to �mix� through the

mass eigenstates.

(a) [2 Points℄ Let us write the transformation that related the two eigenbases as

|να〉 =

2
∑

i=1

Uαi |νi〉

where α labels the �avor eigenstates and i labels the mass eigenstates. Show that the matrix, U ,

that relates the two eigenbases,

U =

[

cos θ sin θ
− sin θ cos θ

]

,

is unitary. The angle, θ, that parameterizes this matrix is alled the �mixing angle� and desribes

the degree to whih the �avor eigenstates transform into one another through the mass eigenstates.

(b) [4 Points℄ Sine neutrinos are nearly massless, we have to be areful and inorporate some amount

of speial relativity into their eigenvetors. Assume that a free neutrino is propagating along the

z-diretion. We an write the eigenvetor of the free neutrino mass eigenstate at any time, t, in
terms of its eigenstate at t = 0, as

|νi(t)〉 = e−i(Et−piz)/~ |νi(0)〉 ,

where i = 1, 2 labels the mass eigenstates, E(pi) is the energy (momentum vetor along the z-

diretion) of the ith mass eigenstate, and t (z) labels the time (distane traveled) sine the reation

of the ith mass eigenstate.

Neutrinos are nearly massless, and move at nearly the speed of light - this is the so-alled �ul-

trarelativisti limit� where pc ≫ mc2 and thus u ≈ c. Show that, in this limit at leading order,

Et− piz an be written as m2
i c

3z/(2E).

() [4 Points℄ A neutrino begins at t = 0, in a pure eletron �avor eigenstate. Show that the probability,

P , that the eletron neutrino of energy, E, is deteted in the muon neutrino eigenstate, after

traveling a distane, z = L, is given by

P = sin2(2θ) sin2
(

c3L(m2
1 −m2

2)

4E~

)

.

2. SPIN AND SPIN AGAIN. You are running an experiment in whih a spin-1/2 partile is prepared

in an eigenstate of the Sz operator with quantum number sz(t = 0) = + 1
2~. You then send the partile

through a series of �lters. The �rst �lter passes only the x-omponent of the partile's spin, then the

seond �lter only the y-omponent of the spin, and the last �lter passes only z omponent of the spin.
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(a) [2 Points℄ Thinking of spin as a lassial angular momentum vetor, what is the probability that

you measure sz = − 1
2~ after the last �lter?

(b) [4 Points℄ Quantum mehanially, alulate the probability that you measure sz = − 1
2~ after the

last �lter.

() [4 Points℄ Verify the Heisenberg Unertainty Priniple for the operators that measure the z- and

x-omponents of the spin angular momentum:

σSz
σSx

≥
1

2
|〈[Sz, Sx]〉|.

3. SCATTERINGA SLOWNEUTRON.A non-relativisti free neutron (of massmn = 939.57MeV/c2

and kineti energy K = 5.0MeV) traveling along a straight line in the z-diretion then satters o� a

heavy nulear target. The target is at rest in the laboratory frame and has a mass of 2.22×105MeV/c2

and a radius of about 2.8× 10−15m.

(a) [4 Points℄ Calulate the De Broglie wavelength of the neutron and show that we are safe to treat

this sattering proess in the low-energy/long-wavelength limit.

(b) [6 Points℄ The interation potential responsible for this sattering proess an be written as:

V (r) = −g2
e−αmr

r
,

where g and α are onstants, m is a mass representing the mass of the partile mediating the

satter (e.g. an exhange of some partile between the neutron and the proton that auses the

satter) and r is the distane from the enter of the spherially-symmetri potential. Working

in the First Born Approximation, and for g = 8.0× 10−7MeV
1

2 ·m
1

2
, α = 7.1× 1012 c2

MeV·m , and

m = 139.57MeV/c2, determine the total ross-setion of this sattering proess.
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