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For lecture 3, we will examineaNLO DY
calculation. We will be using the notes from
C.P. Yuan (beautifully typeset by Qing-
Hong Cao), and supplement this with
examples from FeynCalc and CompHEP

The sample files used will be posted after
the school. In the meantime, refer to the
attached lecture, and Mathematica
notebooks of FeynArts and FeynCalc

sampl e calculations which are on the web at
cteg.org under the Miscellaneous heading.
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A few references can be found in
"Handbook of pQCD”
on CTEQ website

http://www.phys.psu.edu/~ cteq/



Parton Model

Ohh' —W+X =

Oph -W+X = ff’zqq‘fol dxdxs {gbf/h <£131> 5-ff’¢f’/h’ ($2) + (271 — 5132)}

Partonic ”Born”
Cross Section of ff — W+

The probablility of finding a ”parton” f with

fraction z; of the hadron A momentum




Born Cross Section
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Doesn’t contribute for m, = 0, Color
due to Ward identity



Tr [ p1yuPr p2v"Pr] (—1)

= Tr [ p1yp b27"PL] (1) PLPL:PL:%(I_%)

= (=2)Tr[p1 p2PL] (—1) Yu b2Y" = =2 po2

= (-2) 54 (1 p2) (-1) Tr (1 b2) =4 (01 p2)

= 425 Tr(p1 p2vs) =0
Tr([l3x3] =3 (5 = (p1+p2)°=¢" and p} =p5 = O)
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where M is the mass of W-boson.

Thus,

o= o ateean) () ()

_12 25(8—M2)

25 (1 —
12A9w (1-7)

?=M2/§, s = x1x2S for
S=(Pi+P)? and P2=P; =0



Factorization T heorem

2
Opp = Zz’,j fol dﬂfldﬂjg ¢z/h (CE, QQ) Hz'j (%) (bj/h’ (332, QQ)

Nonperturbative, IRS, Calculable
but universal, in pQCD
hence, measurable

Procedure:

(1) Compute oi; in pQCD with k,I partons
(not h, k'’ hadron)
! > Q? 2
Okl :Z/o dmld$2§b7j/k<337Q )Hij ——= | 951 (332762 )
6,
(2) Compute ¢; /3, ¢/ in PQCD
(3) Extract H;; in pQCD
H;; IRS = H;; indepent of k,I

— Same Hij with (k‘ — h,l — h,)

(4) Use H;j in the above equation with ¢, , &;



Extracting H; in pQCD

e EXpansions in as:

u= 3 ()"0l o=
my= 3 ()
bigk (@) = + 3 (%) o

(as = 0 = Parton k " stays itself ")

e Consequences:

HZ(JO) — O-z(;)) — “Born” suppress "' from now on

1 1 0) ,(1 1) (0
Hz’(j) = Uz'(j) — O-z'(l)gbl(/; +¢1(<;/)z‘ Jl(fj)

Computed from Computed from
Feynman diagrams the definition of
(process dependent ) perturbative parton

distribution function
( process independent,
scheme dependent)



Feynman Rules

e Quark Propagator

Take m=0 in
our calculation

—P M) 5
pz—m2+ie 1)
(i,j=1,2,3)

e Gluon Propagator

T BT o)
W ic Oab

v,a M,b

(a,b=1,2...,8)
e Quark-W Vertex
(e’
19,74 i1 (~,) (1) 5.
7 Vo ) Ba o 0ij
J,P Ju = ﬁ weak coupling
e Quark-Gluon Vertex
(e’
C,
G —1g (te) j; (V) ga
7, B .
t. is the SU(N)nyxn 9generator
e Quark Color Generators
[taa tb] - ifabctc
N?2—-1 4
t2=CplI Cp = =—, (N=3
Z ¢ FINxN F SN 3 ( )

Tr(ztf) = NCp



Feynman Diagrams

Born level a§0> (q?)BOm

2

NLO: (agl)) virtual corrections (qq)yirt

>m + E>Ww + %M + %WV
NLO: (a§1>) real emission diagrams (qq’),eai

e

NLO: (agl)) real emission diagrams (¢G),cal

2
% + >—<
NLO: (a§1>) real emission diagrams (Gq'),eai

pyad

2

2




In "7 Cut-diagram’” notation

(qa)Born
(40 )it ’
@Dreat ’ ”

2R

(¢G) Tea;
\”%é (}@\/ g{}%
+ + L+
ol S
(Ga) real

Same as (¢G),., after replacing q by ¢'.



Feynman
quark line
b
1, i 7,8
gluon line

k
v,a ,Lt,b

W-boson line

q
v 1

i(p4m)

p2—m?2+ie

rules for cut-diagrams

(2m)6* (p* = m?)(p + m)sadi;

d(p* —m?)6(po)

(2m)0* (k) (= guw )b

(2m)0* (% — M) (=g + 575

Doesn’t contribute for m; = 0
because of Ward identity

—i(y+m)

p2—m2—ie



Immediate problems (Singularities)

e Ultraviolet singularity

(Uv) o0

4 k k
| [ ™oy
e Infrared singularities
(IR) 2
[ — 00
7

as k" — 0 (soft divergence)

or kM || p# (collinear divergence)

(Similar singularities also exist in virtual diagrams.)

e Solutions
Compute H;; in pQCD in n = 4 — 2¢ dimensions

(dimensional regularization)

(1) n #4 = UV & IR divergences appear as % poles
al.(jl) (Feynman diagram calculation)

(2) H;; is IR safe = no % in H,

(H;; is UV safe after "renormalization” .)



Dimensional Reqularization
(Revisit the Born Cross Section in n dimensions)

S = /(27r)n 12q0( m)" - 6" (p1 +p2 — q) - [m|?
I Iyl 1
mf =(3-3) (G- 3)

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

Using the Naive-~° prescription:

Tr [ prvubPr p2v"Pr] (1)
=Tr[prvu p27"PL] (1) Y b2 =—2(1 —¢) p2
=(=2) (1 —e)Tr[p1 p2PL] (—1)
= (-2)(1-2) 541 p) (-1)
=2(1—-¢)s

In n dimensions

A(O)_ T 2 1N =
Gog = 15z0n (1—)-6(1—7)



Strong Coupling g in n dimensions

e In n dimensions

/ d"xL

— [ @ {Fi 9o~ GG + gt T G+ -

The dimension in mass unit (u)

(] ~ 2
[G] ~ 2

G| ~ 72T = B2
Since [gzZGw] ~ 1™, SO

[g] ~ p2 T2 n=4— 2¢

p— ’UJ€
= g has a dimension in mass when € =0

= Feynman rules should read g — gu®



Calculations

e TooOls needed for a NLO calculation
are collected in Appendices A-D

e T he detailed calculation for each
subprocess can be found in Appendices E

e In the following, I shall summarize
the result for each subprocess



Virtual Corrections (qq)irt
(in Feynman Gauge )

—and poles cancel when egyy = —ejp = ¢

€IR

1 cancel = Electroweak coupling is not

Euv
renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)
= poles remain

1) is free of ultraviolent singularity.

virt

virt = M2 ) T (1—2¢)
2
{2 e 2

g2 €

(1)_ (0)&5(1_?) 47T,LL2 © (1 —¢)
21

soft and collinear singularities

ol

soft or collinear singularities
C'r. color factor

0) —
o0 = 1g§9w



Real Emission Contribution (¢7’),..;

—~~— = (Collinear
g

~ 52 Soft and Collinear

Q

2 19
() (y7) = @& [(4mn7) T (L—e)
O real (QQ> — 0 o < M2 (1 —2¢) Cr

f2 . 2 14 o\ (IN(1=7) 1472
{525(1 7) 6(1_$)++4(1+7)< 1-7 >+_21—%|m

Note: [---], is a distribution,

Aldzf<z) L [l @I

0 l1—2
e In the soft limit, 7 1 (7 =12,

, which is finite.
_|_

27\ M2 | T (1+¢)

. g . _f 1 In(1—7)
{52‘5(1 ) 5(1—$)++8< -7 )+}

as [ 4mp? T(l-¢
(o) — 0 () F82T e




o = uiny (97) + 0103 (a7)

Where we have used

2[1+f +§5<1—?)]= 2<1+i)
e [(L—-7)y 2 € 1-7 /4

All the soft singularities (£,1) cancel in o'l

= K LN theorem

(Kinoshita-Lee-Navenberg)

1

0%,) ~ — (term) 4 finite (terms)
S
/]\



Factorization T heorem

e Perturbative PDF
b = 0ud (1 — x)

%gbf/lA) can be calculated from the definition of PDF.

(Process independent,but factorization scheme dependent)

(1)
(0)
On —
(2)
1 _
o

mil

1 1 {) 170 0) (1
= ngz) = Ol(cl) - [¢§/l)<:Hz'(l - Hzij)¢§-/)z]

Finite Divergent



Perturbative PDF

e In MS-scheme (modified minimal subtraction)

5};( ) = qbfz/q( ?) = —lé (4776_7]3) Piy ()
60 () = 6 (=) = —_ (ame )" BED, (=)

p

N
where the splitting kernel for q o 1S
S

574
q

and for (s
/p’ a—g
g

pl)

q(—g (2) =

<z2 + (1 — 2)2)

l\)ll—*

Note: The Pole part in the MS scheme is

é— 1(47‘(‘6 TE)E =1 -+ Indr — g

In the MS scheme, the pole part is JUSt



Find H(l) (in the MS scheme)

e Take off the factor (%)

M? 1
oD = (0 {P(lq(T) [In < ) __+'7E—|n471']
qq u? e

72 -7 72
—1: In7+2(1+72) <%>++<?—4>5(1—%)H

+Cr

(1) =y — (1) (1) _(0)
Hqt?’ (7) = Tqg — [2¢Q<_q qq' ]

14 72 In(1—7 2
fop -1 F+2(1+ 2)<n( f)) -|-<7T— )5(1—7)”
- T 1-—7 +
where
M? M?2
?: p—

s r1x2S
2

0= Tgp =T

125 125 xz12o

Thh = Z /dwldmfbf/h (fcl, MQ) :0(0)5 (1- ?)] Pr/n (:vz,uz)

12
+ Z /d$1d$2¢f/h (fcl,MQ) aSST—)H(l) (7')] Pi/h (552,/1'2)

f=a,q L

as (1) (1)
Z da:ld:cg(bf/h T1, [ ) TH (T) | ba/n (CCQ, )—I— (x1 < x2)

f=q,q




Find H'7 (in the MS scheme)

e Take off the factor (%)

1 —1r(1- M2 (1 —7)?
1) — (0, 2D (%) (1-¢e) |, M (A-7)
4 e M(1—2¢) AT

3., _ 3,
‘|‘§‘|‘T—§T}

(1) (1) [._(0) (1)
Huy (T) = 0,4 [ q7 ¢q<—G]

- {2 e (557)

:_E;-?}
2 4

e Similarly,

(1) _ (1) (1) _(0)
H q [¢q<—G qq ]

— )
= HqG

Note: If we choose the renormalization scale u? = M?,
then In (M ) =0



Summary

e ¢s/p(x,u?) depends on scheme (MS,DIS,...)

= H;; scheme dependent

e FEvolution equations allow us to perdict

¢°—dependent of ¢(z, ¢?)

e Essentially identical procedure for
hh! — jets, inclusive QQ,...
But, when the Born level process involves
strong interaction (eg. qg — tt),
it is also necessary to renormalize the
strong coupling as, etc, to eliminate

ultraviolate singularities



Appendix A
v-matrices in n dimensions

e Dirac algebra

{4 e =AM A = 29"

/“1’7’/21727...7” gl’“/:d’l:a,g(l,—l,'°°,_1)
QWQW —n
{+*,4°}, =0 (Naive-y°prescription)

This works in calculating the inclusive rate of W-boson ,

but fails in the differential distributions of the leptons
from the W-boson decay.

e Matrix identities

n =4 —2¢
Yu iy = =2(1—¢) d

Yu A Y = 4a-b—2ed p
Yo b =-2¢bd+2ed }¢
e [races

Tr(d p] =4 (a-b)

Trid b ¢ dl=4{(a-b)(c-d)=(a-c)(-d)+ (a-d)(b-c)}
Trlys & p] =0



Appendix B
Some integrals and " special functions”

e [he " Gamma function”

M(z) = / dea®"le™® (Re(z) > 0)
0
(=)

MN(z—1)=——= (for all 2)

]

= Poles in I'(z)

rm=@m-n  r(3)=va

2
1 € 72
&) ==—7+3 (v§—g> +o.
(v = 0.5772---, Euler constant)

2
r(l—s)=—€r(€)=1—|—€'yE—|—%€2 (%—I—yﬁ) —|—O(z—:3)

2
r(l—s)r(1—|—€)=1—|—€2%—|—0(€4)

9
z&‘:emz =e€|n2=1+€|nz+

e [ he " Beta function”

M ()T (B)
M (a+8)

B(a,B) =
1 o0
B(O"ﬂ):/ dyyal(l—y)ﬁl=/ dy vt (L +y) 0"
0 0

2
= 2/ do (sin)>* ! (cosh)?1
0



e Feynman trick

1 1 1
—=/ dx 5
ab 0 [ax + b (1 — x)]
1 _T(a+p) [T 21 (1 — )t

ab?  T(@)F(B)Jo  [az+b(1—ax)]*H

e n-dimension integrals

l

d"l a =0

/ (l2 _ M2)a
(7o)
L0, n

d"l = = [ d"

/ (12 — M2)" / (12 — Mm2)"
n

d"l I (—1)”(@—%)(1)“‘5
m)" (12— M2)* " (ax)"? T (a) \M?2

2 2 _ 2 2

2 _ M?2)® o (12 — M2)*

Re[(-1)]=1- 52%2 + O (%)



"plus distribution” — to isolate % poles

Consider 1_Z)1+2€
1 B dz' 1
=(1_Z)1+2€— 0(1—=2) i (1—z’)1+25+2€5(1_Z)
N\ NV
cancel
-1 /
d —1
because/ Zl 5 = — fore— 0"
o (1—2z)tr2  2¢
1 1
= —0 (1 —
[(1—2)1+2€ - 2" 177
1 In (1 — 1
= — 2¢ ( 2 -|—O(€2)——5(1—z)
1 —2¢
because W:(l—z)
— Z2

=1-2ein(l—2)+---

e [---]4 is a distribution

/Odzf(z) [1—2 )
E/ldzf(z)—/oldzf(z)5(1—z) L_de

o (1—2')
_/ f(z) f()

- which is finite.



Appendix C
Angular integrals in n dimensions

e In n dimensions

/d”xz /r”_ldQn_l

°
™ s s 21
/dQn=/ dBp_1 sin"‘len_lf d0n_gsin”_20n_2---/ df1 sin 91/ de
0 0 0 0
2T
i/d§21=/ do — Q1 =27
0
/dQQZ/ d015in91/d§21 — Q2> = 47
0
/dQn:/ dBp_1 sin”10n1/d§2n1
0
2nmsl ()
= Q,=—7 from repeated use of B (a, 3)
r(n)
27_‘_% 2n—1|— %) (n—é—l)

= because I (n) =

)

+
[

r(z

M‘



Appendix D
Two-particle phase space in n dimensions

o
dn—lE dn—lq-' 0 en
/ dkdq=/ - T (2" 6" (p—q— k)
PSa(p) (2m)""" 2ko (27)" " 2q0
with k# = <k0E> etc.
n—lq—'
Use = /dnq5+(q2 —@?%), we get
290
o
1 dn—1k
dk dqg = — / 5T ((p— k) — Q2
/1352(p) (2m) 2 2ko ( )
1 dk k"3
— - / / A2, 26 (5 - 2kv/5 — Q?)
(2m)" 2
<p2 — 5 k2 =0,k = ‘ED
Use n = 4 — 2¢ , then in the c.m. frame <p“ — <\/§, 5)) ,
o
Qn— dk k.l—2s U 3 _ N2
/ dk dg = 2 / _ do (sin6)*~%.5 (k—s ? )
PSa(p) (27)2(1-2) 4Vs  Jo 23
Use new variables:
2 1 =
z:QT,yZ—(l—I—COSH) :>k:£(1—z),
S 2 2
o

1 <47r)€ 2¢(1—2)t7

1
/Psz(p) 1T er \@2 F(1—c¢) /O ylv(1-y)]



Appendix E
Explicit Calculations

K

—

Consider
LE

- —

p pk

d"k Yu CO— F)Y*
(2m)" (k2 4 i€) ((p — k)* + ie)

d"k [t (2—n)(p— k)
d =k —
(2m)" /0 v [k2 — 2k - a:p]2 ( zp)
/ d"l /1 (2—n)[(1 —z) p— /]
= dx
2m)" /o [12 + i€]?
n d"l 1
- [(1 B §> p} '\ (2m)" [12 + €]
¥ |
5 < Because there is >
NO Mass scale
T
Due to cancellation
( of i and i )
Trickc A= A—-B+ B

[ v [1_ 1 ]+[ 1 ]
o (2m)" \(l2)2 (lz_/\z)zj \(l2—/\2)2

IR div. UV div.

1 1 ) 1 n—4 = 2ep
= 1612 + ) 4—n=2
lom €IR lom \epyy n = zeyv




® consider the real emission process

Define the Mandelstam variables

5= (p1 + p2)? 2p1 - po
t=(p1 — p3)2 = —2p1 - p3
. 2

u = (pp —p3)° = —2p2 - p3

After averaging over colors and spins

5 1 1 1 1 _—
M _\<2(1—s)§> (3 8) () - (91)°
Spin Color

95 -2 (1 —¢)

- 7 o r2
. [(1 —¢) (-i—i) -y +2e]
t s t

S

Note: The d.o.f. of gluon polarization is 2 (1 — ¢),
and that of quark polarization is 2.



® In the parton c.m. frame, the constituent cross section

_ 1
o = —A|~/\/l|2 ) (PSQ)
28

1 11 2,2 2
_2§ {4 6 gs:U’ gw( )

1 (4n\° 1 __ 1o 1 e
{o:(37) ra—gm -2 [(aylva -}

where y =3 L (1 4 cos6)

—>
- M?
Using t=—§<1—7> (1-y) /
S

and
' rl+a)r(1+58)
dyy® (1 —y)’ =
/Oyy( Y) retatp)
we get
. Qs (1) —1 M (1—¢) M2 (1 —7)?
O =0 . {qu%g()[sl_(l—Qe)—l_m e
+ 2=l
with
P, (7 =5 [P+ -2



