Ch 3 #6 : Inverse 5th power

6. a) Show thatifa particle describes a circular orbit under the influence of an attractive

central force directed toward a point on the circle, then the force varies as the inverse fifth
power of the distance.

b) Show that for the orbit described the total energy of the particle is zero.
¢) Find the period of the motion.

d) Find X, y, and v as a function of angle around the circle and show that all three
quantities are infinite as the particle goes through the center of force.

? PolarPlot

PolarPlot [r, {8, 0,in. 0.max }] generates a polar plot of a curve with radius r as a function of angle 6.

PolarPlot [{fi, for ---}, {0, Omin+ Omax}] Mmakes a polar plot of curves with radius functions fi, fo, .... >

PolarPlot[ 2 Sin[6], {6, 0, 1 }]

-0.5

Clear["Global" "]

Part a

eql = r[6] == 2 R Cos|[6]
r[6] == 2 R Cos[0]
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rsol = DSolve[u[6] == 1/r[6], r, BI[[1]]
1

{r - Function [{9}, E]}

uSol = DSolve[eql /. rSol, u, 6][[1]]

Secl[6] ]}

{u - Function [{6},
2R

pot =-k/r[8]1"n /. rSol
1 -n
| zal
u[e]
-m

eq2 = u''[0] + u[f] == — D[pot, u[6]]
el?
1 \1l-n
kmn (m)
ufB] + u”[6] ==
el?

eq3 = eq2 /. uSol // Simplify
Sec[6]® kmn (R Csc[6] Sin[2 6])*™"

R el?

eq4d = eq3 /. n-> 4 /I Simplify

k m
[— +2el R) Sec[0] ==
el R

kRule = Solve[eq4, K][[1]]
2el?R?

k -
{ko ——}
-k
pot =
rer’
k
riey*

force = D[-pot, r[0]] /. kRule
8el’R?

m r[o)°

Part b

pot /. kRule
2 el? R?

m riey*



HW23_sol_5thPower_Precession.nb | 3

1
kinE = —m(r'[t) +r[6]° 0'[t]’) /. {r'[t] > r'[6]-6'[t]} / Simplify
2

1
—m(r[61* + r'[61°) e'1t)
2

kinE = kinE /. {r'[8] » - 2R Sin[8], r[68] » 2 R Cos[6] }
1

—m (4 R? Cos[6]” + 4 R” Sin[a]’) '[t]?

2

kinE = kinE // Simplify

2 mR? 9t)?
thSol = Solve[el == mr[6]* 6 '[t], 6 '[t]]l[1]]

1
{9’[t] - = (:[9]2 }

kinE = kinE /. thSol
2 el?R?
m r[e]*

kinE + pot /. kRule

0]
Part c
1
integrand = —— /. thSol
6'[t]
m r[6]?
el

integrand /. {r[8] » 2 R Cos[6] }
4 mR? Cos[6)?
el

Integrate[integrand /. {r[6] » 2R Cos[@] }, {6, -7t /2, /2}]
2 mm R?

el

Part d

X = r[0] Cos[6] /. {r[6] » 2R Cos|[6] }
2 R Cos[6]?



4 | HW?3_sol_5thPower_Precession.nb

y = r[8] Sin[6] /. {r[6] » 2 R Cos[@] }
2 R Cos[8] Sin[6O]

D[x, 6]
-4 R Cos[6] Sin[6]

D[y, 6] // Simplify
2 R Cos[2 6]

vel2 = (D[x, 61> + D[y, 61*) 6 '[t]* // FullSimplify

4 R? 0[t)?

vel2 /. thSol
4 e1%R?

m? r[ey*

tmp = vel2 /. thSol /. {r[6] » 2 R Cos[@] }
el? Sec[o]*

4 m? R?

Ch 3 #14 : Precession

14. Show that the motion of a particle in the potential field
h

: k
V(iry=—=+=
<or ot

is the same as that of the motion under the Kepler potential alone when expressed in terms
of a coordinate system rotating or precessing around the center of force.

For negative total energy show that if the additional potential term is very small
compared to the Kepler potential, then the angular speed of precession of the elliptical
orbit is

. _anh
TP

The perihelion of Mercury is abserved to precess (after correction for known planetary
perturbations) at the rate of about 40" of arc per century. Show that this precession could
be accounted for classically if the dimensionless quantity

h
n=-—

ka
{(which is a measure of the perturbing inverse square potential relative to the gravitational
potential) were as small as 7 x 1072, (The eccentricity of Mercury’s orbit is 0.206, and its
period js 0.24 year.)

PR

Clear["Global" "]



el? h ell?
sol = Solve[ + — == s ell]
2mr? r? 2mr?

{{eu > —'\/e12+2hm}, {ell > \/e12+2hm}}

expand = Series[ell /. sol[[2]], {h, 0, 1}] // PowerExpand // Normal

hm
el+ —
el

eql = ell == mr?(8'[t] + eps) /. {ell - expand}

hm
el+ — ==mr? (eps + 6[t])
el

el
soll = Solve[eql , epsII1]] /. {0'[t] > —}
mr?

h

{eps - }
elr?
1 1
eps /.soll II.{—-> }
r.2 el
me'[t]
hme[t]
el?
Clear[ell]
ell? hm
/. {ell - el + —} /| Expand
2mr? el
h el? h? m
— + +

r2 2mr? 2el?r?

eql = ell == mr?o'[t] /.{ell - expand}

hm
el+ — ==mr? o[t]
el

soll = Solve[eql, 6'[tll[[1]] / Simplify

e12+hm}

eq2 = (6'[t] /.soll)== mr?(6'[t] + w'[t])

{9’[t] N

elmr?

el’+hm
— = mr?(O]t] + wt])
elmr?
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sol2 = Solvel[eq2, 6 '[t]I[[1]]

el?’+hm-elm? r* wt]
{9'[t] > }

elm?r?

Series[0'[t] /. sol1, {h, O, 1}]

el h
+ +0[hP?
mr?2 elr?
el
eq2 = eql /. {9 "[t] - } Il Simplify
mr?
hm
mr2Q[t] == —
el

2
eq3 = eq2 /. {el » mr? 6'[t]} /.{9'[t]-> —}
T

hrt

mr? Qt] ==
2mr?

Solve[eq3, Q '"[t]]
hrt

{low =)

soll = Solve[eq2, Q'[t]Il[1]]
]
el r?

{Q’[t] >

Q'[t] /.soll/.{el > mr? 6'[t]}
h

mr* 67t]

27T
Q'[t] /.soll/.{el» mr? @'[t]} /. {0'[t]-) —}
T

hrt

2mmr?
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Ch 3 #13: Uniform Dust

13. A uniform distribution of dust in the solar system adds to the gravitational attraction
of the sun on a planet an additional force

F = —mCr,
where mis the mass of the planet, Cis a constant proportional to the gravitational constant
and the density of the dust, and r is the radius vector from the sun to the planet (both

considered as points). This additional force is very small compared to the direct
sun-—planet gravitational force.

a) Calculate the period for a circular orbit of radius ro of the planet in this combined field.

m¥ — mr6* = f(r). (3.11)

n- - force = =mcr;

Integrate[-force, r](x potential )

1
outf - ]= — Cm r2
2
-k
- req= r''[t] - mr[t] 8'[t] == - mc r[t]
r[t)?
k
our- - =M r[t] Ot + r'[t] == - —cmr[t]
rit)?

m- - tsol = Solve[req /. {r''[t] » 0}, 6 '[t]l[[2]] (+ Take the positive root %)

AVk+cmr[t]® }
Vm e

n- - tmpl = 6'[t]* /. tsol /I Simplify
k

Out

-
[

{9’[t] N

ouf - ]- C+
m r[t]®

2 T\2 L.
- - tauSol = Solve[tmpl == (—) , r][[2]] (» Take the positive root %)
T

2 a/m mor[t??
A k+cmr[t]?

m-1-10= Series[ t /. tauSol, {c, 0, 0}] // Normal

Out « |= {T g

2 A/m mor[t??

VK

outf » J=
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m-1- 101 = Series[ t /. tauSol, {c, 0, 1}] / Normal

2 A/m w2 e md? mort)?

outf « J= -

_\/E k3/2

101
- = — Il Expand
0

cmrt]®

2 k

ouy - - 1 -

- - Clear[r0]

101
- - tau = 10 (1+ —) I {r[t] - r0} // Simplify
10
Afm 7 re3? (4 k-cmro?)

k3/2

outf « J=

Find oscillations

n- - req2 = req[[1]] - req[[2]]

k
o +emrlt]-mr[t] 07t + r[t]
rier
2 7T \2
m- - tmpl = req2 /. {0'[t]2 - (— }
tau
k 4 K3 r[t]
outf « J= +cmr[t]- + rU[t]
rie)? ro®(4k-cm rG)3)2

= tmp2 = tmpl /. {r[t] > rO+e, r''"[t] > €''} // Simplify

k 4k3(ro+e)
ouf- - ———+Ccm(rO +€) - +€”

(ro+e)?’ ro® (-4 k+cmrod)’

- tmp3 = tmp2 - €'’

k 4k3(ro+e)
ouf- - ———+Cm(rO +€) -

(ro +e)? ro®(-4k+cm rG)3)2

- - tmp4 = Serdies[tmp3, {e¢, 0, 2}] // Expand // Simplify // Normal

k+Cer3—L Zk(—l—L)

2
(-4 kecm ro)? (-4 k+c m ro3)? 3ke

outf « = +|Cm+ € + 3
ro? re ro



In[

Outf

Out[

Out[

In[

Out[

Out[

In[

Outf

In[

Outf

Out[

—

-
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-k el? 1
veff = — + +—cmr?
r 2mr* 2
el? k 1 ,

-—+—cmr

2mr?2 r 2

Plot[veff /. {(k>1, m>1, el > 1, c- 0.1}, {r, 0, 10}]

min = D[veff, r]==0

el k
- + —+CmMr ==

mrd r?

rsol = Solve[min /. {c » 0}, r] (+ take positive root %)

el?

{r- o)

tmpl = veff /.{r » r0 + ¢}

el? k 1
- +—cm(rG)+E)2
2m(r0+e)® rO+e 2

tmp2 = Series[tmpl, {e, 0, 2}] // Simplify // Normal

+|- +—+CcmrO|e+ —

el?-2kmro +cm? ro* el? k 1 3el’-2kmro
cmy —mm8 —
2mre? mro® ro? 2

mro*

2
—(—) tmp2[[3]] // Expand /I Collect[&, €] &
2
€
3el? 2k
y—_
mro* o3

-Ccm-

Series|[r[t], {t, 0, 2}]

1
re]+ r[e] t+ — r’[e] t2 + o[t)®
2



10 | HW23_sol_5thPower_Precession.nb

Ch 3 #16 : Mean Radii

TTy oTesrvepitow o vnangc UL QOES NOLY

tllfe Ifn‘fga[l;::;?ﬁproxima(tjel)} the ratio of the mass of the sun to that of the earth, using only
: ¢ year and of the lunar month (27.3 days), and the adii of ;
orbit (149 x 10¥km) and of the moon’s orbi; s xyl)(,)5 b e mean radii of the earth’s

1% oun.__ . »~

n - 1- Clear["Global’ *"]

4T
(7= T == ——
Gm
453
out[17]= 2 ==
Gm
rearth? c rearth® [ msun
ne-  eql = ==
Tmoon? c rmoon? [ mearth

tearth? mearth rearth?

Out[18]=
moon? msun rmoon?

mio- egq2 = eql /. {msun - ratio mearth}

rearth? rearth?
Out[19]= ==
tmoon 2 ratio rmoon?3

neop- sol = Solve[eq2, ratio][[1]]

rearth? moon?
Out{20]= {ratw - —}
rmoon?3 rearth?

na7-  rules = {msun -> Entity["Star", "Sun"]["Mass"],
mearth -> Entity["Planet", "Earth"]["Mass"],
rearth -> Entity["Planet", "Earth"]["AverageOrbitDistance "],
tearth —> Entity["Planet", "Earth"]["OrbitPeriod "],
rmoon -> Entity["PlanetaryMoon ", "Moon"]["AverageOrbitDistance "],

tmoon -> Entity["PlanetaryMoon ", "Moon"]["OrbitPeriod "]

}

outa7- {msun > 1.988 x10°° kg , mearth » 5.97 x 10°* kg , rearth » 1.00013973 au ,

rearth » 365.25636 days , rmoon -» 0.002573 au , tmoon - 27.322 days}

msun
—} /.sol /. rules

In[39]:= {rat‘i o,
mearth

oue- {3.28 x 10°, 3.33 x 10°}



