
Ch 3 #6 : Inverse 5th power

? PolarPlot

PolarPlot [r , {θ, θmin , θmax }] generates a polar plot of a curve with radius r as a function of angle θ.

PolarPlot [{ f1, f2, … }, {θ, θmin , θmax }] makes a polar plot of curves with radius functions f1, f2, … . 

PolarPlot [ 2 Sin[θ], {θ, 0, 1 π }]
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Clear ["Global` *"]

Part a

eq1 = r[θ] ⩵ 2 R Cos[θ]
r[θ] ⩵ 2 R Cos[θ]



rSol = DSolve [u[θ] ⩵ 1 / r[θ], r, θ][[1]]

r → Function {θ},
1

u[θ]


uSol = DSolve [eq1 /. rSol, u, θ][[1]]

u → Function {θ},
Sec[θ]
2 R



pot = -k / r[θ]^n /. rSol

-k
1

u[θ]
-n

eq2 = u''[θ] + u[θ] ==
-m

el2
D[pot, u[θ]]

u[θ] + u′′
[θ] ⩵

k m n  1

uθ 
1-n

el2

eq3 = eq2 /. uSol // Simplify

Sec[θ]3
R

⩵
k m n (R Csc[θ] Sin[2 θ])1-n

el2

eq4 = eq3 /. n → 4 // Simplify

-
k m

el R
+ 2 el R Sec[θ] ⩵ 0

kRule = Solve [eq4, k][[1]]

k →
2 el2 R2

m


pot =
-k

r[θ]4

-
k

r[θ]4

force = D[-pot, r[θ]] /. kRule

-
8 el2 R2

m r[θ]5

Part b

pot /. kRule

-
2 el2 R2

m r[θ]4
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kinE =
1

2
m  r'[t]2 + r[θ]2 θ '[t]2 /. { r'[t] → r'[θ] × θ '[t]} // Simplify

1

2
m r[θ]2 + r′

[θ]2 θ′
[t]2

kinE = kinE /. {r'[θ] → - 2 R Sin[θ], r[θ] → 2 R Cos[θ] }

1

2
m 4 R2 Cos[θ]2 + 4 R2 Sin[θ]2 θ′

[t]2

kinE = kinE // Simplify

2 m R2 θ′
[t]2

thSol = Solve el ⩵ m r[θ]2 θ '[t], θ '[t][[1]]

θ′
[t] →

el

m r[θ]2


kinE = kinE /. thSol

2 el2 R2

m r[θ]4

kinE + pot /. kRule

0

Part c

integrand =
1

θ '[t]
/. thSol

m r[θ]2
el

integrand /. {r[θ] → 2 R Cos[θ] }

4 m R2 Cos[θ]2
el

Integrate [ integrand /. {r[θ] → 2 R Cos[θ] }, {θ, -π / 2, π / 2}]

2 m π R2

el

Part d

x = r[θ] Cos[θ] /. {r[θ] → 2 R Cos[θ] }

2 R Cos[θ]2
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y = r[θ] Sin[θ] /. {r[θ] → 2 R Cos[θ] }

2 R Cos[θ] Sin[θ]

D[x, θ]
-4 R Cos[θ] Sin[θ]

D[y, θ] // Simplify

2 R Cos[2 θ]

vel2 = D[x, θ]2 + D[y, θ]2  θ '[t]2 // FullSimplify

4 R2 θ′
[t]2

vel2 /. thSol

4 el2 R2

m2 r[θ]4

tmp = vel2 /. thSol /. {r[θ] → 2 R Cos[θ] }

el2 Sec[θ]4

4 m2 R2

Ch 3 #14 : Precession

Clear ["Global` *"]
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sol = Solve 
el2

2 m r2
+

h

r2
==

ell2

2 m r2
, ell

ell → - el2 + 2 h m , ell → el2 + 2 h m 

expand = Series [ell /. sol[[2]], {h, 0, 1}] // PowerExpand // Normal

el +
h m

el

eq1 = ell == m r2 (θ '[t] + eps) /. {ell → expand }

el +
h m

el
⩵ m r2 (eps + θ′

[t])

sol1 = Solve [eq1 , eps][[1]] /. θ '[t] →
el

m r2


eps →
h

el r2


eps /. sol1 //. 
1

r2
→

1

el

m θ'[t]



h m θ′[t]

el2

Clear [ell]

ell2

2 m r2
/. ell → el +

h m

el
 // Expand

h

r2
+

el2

2 m r2
+

h2 m

2 el2 r2

eq1 = ell ⩵ m r2 θ '[t] /. {ell → expand }

el +
h m

el
⩵ m r2 θ′

[t]

sol1 = Solve [eq1, θ '[t]][[1]] // Simplify

θ′
[t] →

el2 + h m

el m r2


eq2 = (θ '[t] /. sol1 ) ⩵ m r2 ( θ '[t] + ω'[t])

el2 + h m

el m r2
⩵ m r2 (θ′

[t] + ω′
[t])
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sol2 = Solve [eq2, θ '[t]][[1]]

θ′
[t] →

el2 + h m - el m2 r4 ω′[t]

el m2 r4


Series [θ '[t] /. sol1, {h, 0, 1}]

el

m r2
+

h

el r2
+ O[h]2

eq2 = eq1 /. θ '[t] →
el

m r2
 // Simplify

m r2 Ω′
[t] ⩵

h m

el

eq3 = eq2 /. el → m r2 θ '[t] /. θ '[t] →
2 π
τ



m r2 Ω′
[t] ⩵

h τ
2 π r2

Solve [eq3, Ω'[t]]

Ω′
[t] →

h τ
2 m π r4



sol1 = Solve [eq2, Ω'[t]][[1]]

Ω′
[t] →

h

el r2


Ω'[t] /. sol1 /. el → m r2 θ '[t]
h

m r4 θ′[t]

Ω'[t] /. sol1 /. el → m r2 θ '[t] /. θ '[t] →
2 π
τ



h τ
2 m π r4
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Ch 3 #13 : Uniform Dust

In[  ]:= force = -m c r;

Integrate [-force, r] (* potential *)

Out[  ]=

1

2
c m r2

In[  ]:= req = r''[t] - m r[t] θ '[t]2 ⩵
-k

r[t]2
- m c r[t]

Out[  ]= -m r[t] θ′
[t]2 + r′′

[t] ⩵ -
k

r[t]2
- c m r[t]

In[  ]:= tsol = Solve [req /. {r''[t] → 0}, θ '[t]][[2]] (* Take the positive root *)

Out[  ]= θ′
[t] →

k + c m r[t]3

m r[t]32


In[  ]:= tmp1 = θ '[t]2 /. tsol // Simplify

Out[  ]= c +
k

m r[t]3

In[  ]:= tauSol = Solve tmp1 ⩵
2 π
τ

2

, τ[[2]] (* Take the positive root *)

Out[  ]= τ →
2 m π r[t]32

k + c m r[t]3


In[  ]:= τ0 = Series [ τ /. tauSol, {c, 0, 0}] // Normal

Out[  ]=

2 m π r[t]32

k
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In[  ]:= τ01 = Series [ τ /. tauSol, {c, 0, 1}] // Normal

Out[  ]=

2 m π r[t]32

k

-
c m32 π r[t]92

k32

In[  ]:=

τ01
τ0

// Expand

Out[  ]= 1 -
c m r[t]3

2 k

In[  ]:= Clear [r0]

In[  ]:= tau = τ0 1 +
τ01
τ0

/. {r[t] → r0} // Simplify

Out[  ]=

m π r032 4 k - c m r03
k32

Find oscillations

In[  ]:= req2 = req[[1]] - req[[2]]

Out[  ]=

k

r[t]2
+ c m r[t] - m r[t] θ′

[t]2 + r′′
[t]

In[  ]:= tmp1 = req2 /. θ '[t]2 →
2 π
tau

2



Out[  ]=

k

r[t]2
+ c m r[t] -

4 k3 r[t]

r03 4 k - c m r032
+ r′′

[t]

In[  ]:= tmp2 = tmp1 /. {r[t] → r0 + ϵ, r''[t] → ϵ ''} // Simplify

Out[  ]=

k

(r0 + ϵ )2
+ c m (r0 + ϵ ) -

4 k3 (r0 + ϵ )
r03 -4 k + c m r032

+ ϵ ′′

In[  ]:= tmp3 = tmp2 - ϵ ''

Out[  ]=

k

(r0 + ϵ )2
+ c m (r0 + ϵ ) -

4 k3 (r0 + ϵ )
r03 -4 k + c m r032

In[  ]:= tmp4 = Series [tmp3, {ϵ, 0, 2}] // Expand // Simplify // Normal

Out[  ]=

k + c m r03 -
4 k3

-4 k+c m r03 2

r02
+ c m +

2 k -1 -
2 k2

-4 k+c m r03 2


r03
ϵ +

3 k ϵ2

r04
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In[  ]:= veff =
-k

r
+

el2

2 m r2
+
1

2
c m r2

Out[  ]=

el2

2 m r2
-
k

r
+
1

2
c m r2

In[  ]:= Plot [veff /. {k → 1, m → 1, el → 1, c → 0.1}, {r, 0, 10}]

Out[  ]=

2 4 6 8 10

2

4

6

8

In[  ]:= min = D[veff, r] ⩵ 0

Out[  ]= -
el2

m r3
+

k

r2
+ c m r ⩵ 0

In[  ]:= rsol = Solve [min /. {c → 0}, r] (* take positive root *)

Out[  ]= r →
el2

k m


In[  ]:= tmp1 = veff /. {r → r0 + ϵ}

Out[  ]=

el2

2 m (r0 + ϵ )2
-

k

r0 + ϵ
+
1

2
c m (r0 + ϵ )2

In[  ]:= tmp2 = Series [tmp1, {ϵ, 0, 2}] // Simplify // Normal

Out[  ]=

el2 - 2 k m r0 + c m2 r04

2 m r02
+ -

el2

m r03
+

k

r02
+ c m r0 ϵ +

1

2
c m +

3 el2 - 2 k m r0

m r04
ϵ2

In[  ]:= -
2

ϵ2
tmp2 [[3]] // Expand // Collect [#, ϵ ] &

Out[  ]= -c m -
3 el2

m r04
+
2 k

r03

In[  ]:= Series [r[t], {t, 0, 2}]

Out[  ]= r[0] + r′
[0] t +

1

2
r′′

[0] t2 + O[t]3
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Ch 3 #16 : Mean Radii

In[  ]:= Clear ["Global` *"]

In[17]:= τ2 ==
4 π
G m

r3

Out[17]= τ2 ⩵
4 π r3

G m

In[18]:= eq1 =
τearth2

τmoon2
⩵

c rearth3  msun
c rmoon3  mearth

Out[18]=

τearth 2

τmoon2
⩵

mearth rearth3

msun rmoon3

In[19]:= eq2 = eq1 /. {msun → ratio mearth }

Out[19]=

τearth 2

τmoon2
⩵

rearth3

ratio rmoon3

In[20]:= sol = Solve [eq2, ratio ][[1]]

Out[20]= ratio →
rearth3 τmoon2

rmoon3 τearth 2


In[37]:= rules = {msun -> Entity ["Star", "Sun"]["Mass"],

mearth -> Entity ["Planet", "Earth"]["Mass"],

rearth -> Entity ["Planet", "Earth"]["AverageOrbitDistance "],

τearth -> Entity ["Planet", "Earth"]["OrbitPeriod "],

rmoon -> Entity ["PlanetaryMoon ", "Moon"]["AverageOrbitDistance "],

τmoon -> Entity ["PlanetaryMoon ", "Moon"]["OrbitPeriod "]

}

Out[37]= msun → 1.988 × 1030 kg , mearth → 5.97 × 1024 kg , rearth → 1.00013973 au ,

τearth → 365.25636 days , rmoon → 0.002573 au , τmoon → 27.322 days 

In[39]:= ratio,
msun

mearth
 /. sol /. rules

Out[39]= 3.28 × 105, 3.33 × 105
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