Scattering by a soft sphere:
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eql = 6==2(B-a);

(* Initial Momentum :p0

Inside Momentum:pl

n: index of refraction: n= '\/(E+U0)/E

n>1 for attractive potential
*)
eq2 = pl == npo;

(» Angular Momentum Conservation :x)
eq3 = bpd ==ppl /. {pl » n pO}

b pd ==npop

eq3=eq3 /.p0>1

b==np

eq4 = R Sin[a] ==

RSin[a]l == p

eq5 = RS'in[ﬁ] ==b

RSin[B] == b

pSol = Solve[eql, BI[1]]

{ﬁ—) %(2a+9)}

aSol

Solve[eq4, al[[2]] /. {C[_] » O} // Normal

{a - ArcSi n[g]}
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pSol = Solve[eq3, pll[1]]
b

{p =}

eq5 /. BSol // Simplify
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R S‘ln[a+ ;]

eq5 /. BSol /. aSol /I Simplify

o
n
i

R S'in[g +ArcS‘in[§”

eq6 =eq5 /. BSol /. aSol /. pSol /I Simplify

(on
"
1

R S'in[g +ArcS1'n[iR ]
n

(» Attractive Potential %)
bSol = Solve[eq6, bl[[2]] // FullSimplify

{b_>

nRS'in[%] }
\/l+n2—2nCos[§]

db = D[b /. bSol, 6] // FullSimplify

nR (2 (1+n?) Cos[g] -n(3+ Cos[e]))

4 (l +n2-2n Cos[g])g/2

integrand = db 2 7t Sin[6] /. bSol

Sin[e]

n? it R2 (2 (1+n?) COS[%] -n(3+ cOs[e])) Sin[g]

2 (l +n2-2n Cos[%])2

s[6_] = Integrate[integrand , 6] // FullSimplify

n T R? (l +n+n?-n (2 COS[%] + COS[B]))

2 (1+ n?-2n Cos[%])

Let' s find the limits for the integration
tmpl = db /. {R > 1} // Numerator

6
n{2(1+n? Cos[—] -n (3 + Cos[A))
2
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nio- max@ = Solve[ tmpl == 0, 6] /. {C[1] » O}

1 A-1+n? 1
out[19)= {{6 > 2 ArcTan[— y - —]}, {9 > 2 ArcTan[—,
n n n

)

{6—>2ArcTan[n,— 1—n2]},{6—>2ArcTan[n, l—nz]}}

neop-  S[0]-s[O] /. max@ /I FullSimplify

ouzo- {tR*, mR?*, n*> tR?, n’ wR?}

Repulsive potential: n—» 1 /n

mei- (* Attractive Potential )
bSol = Solve[eq6, b][[2]] // FullSimplify

)

nR S'in[%]
\/l+n2—2nCos[§]

nez2i-  (*+ Repulsive Potential «)
bRepulsive =b”2 /. bSol /.n-> 1/n /I FullSimplify /I Sqrt // PowerExpand

out[21]= {b -

RS'in[%]
\/1+n2—2 nCos[g]

nezs- dbRep = D[bRepulsive , 8] // FullSimplify

Out[22]=

R (—2 (1+n?) Cos[%] +n(3+ Cos[G]))

out23]= -
4 (1 +n?-2n Cos[g])y2

bRepulsive
nes- integrand2 = dbRep ————— 2 5t S1in[6]
Sin[e]

7 R? (-2 (1+n?) cOs[f] +n(3+ cOs[e])) Sin[f]

Out[24]= =

2(l+ n?-2n Cos[%])2

nesi-  S2[08_] = Integrate [integrand2 , 6] // FullSimplify

T R? (l +n+n?-n (2 Cos[g] + Cos[e]))

Out[25]=

2n(1+n2—2nCos[§])
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Let' s find the limits for the integration
nee-  tmp2 = dbRep /. {R -» 1} // Numerator

7]
oues- 2 (1+n?) Cos[—] -n(3+Cos[a)
2

w7 max@2 = Solve[tmp2 == 0, 8] /. {C[1] » O}

1 A-1+n2 1 4/-1+n?
out27)= 6> 2ArcTan|—, -—— |}, 46 > 2 ArcTan|—, ——|;,
i [ -1 {em2areman[, ——]]

{9 52 ArcTan[n, - m]}’ {9 > 2 ArCTan[n’ 1-n? ]}}

nee- S2[0] - s2[0] /. max6 /I FullSimplify

nR? mR? " "
{ , 2,7'rR,7'rR}
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n n

neo- Plot[{integrand , integrand2} /. {n > 3/2, R~ 1},
{0, 0, ;t/2}, Ticks -» {Table[i m, {i, 0, 1, 1/8}], Automatic}]
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