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Part |: Drell-Yan Process

Our story beginsin the late 1960'sat CERN

History:

Discovery of Jy, Upsilon, W/Z, and “New Physics’ ?7?7?
Calculation of gq—u'uw intheParton Model

Scaling form of the cross section

Rapidity, longitudinal momentum, and x_
Comparison with data:

NLO QCD corrections essential (the K-factor)

o(pd)/o(pp) important for d-bar/ubar

W Rapidity Asymmetry important for slope of d/u at large x
Where arewe going?

P, Digtribution

W-mass measurement

Resummation of soft gluons




Brookhaven National Lab
Alternating Gradient Synchrotron

What isthe explanation???

In DIS, we have two choices for an interpretation:

lepton L

interaction

W
current

Conserved Current Interactions The Parton Model
What about Drell-Y an???

The Parton Model

An Early Experiment:

Discovery of the J/Psi Particle

The Goal: p+N—->W+X

They found: +N—->uu +
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Production of Intermediate Bosons in Strong Interactions*

L. M. Lederman and B, G, Pope?
Columbia University, New York, New Yok 10533
(Received 14 June 1971}

Several searches for the weak intermediate boson (W) have been carried out using the reaction
p +Z ~W +anything,
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very narrow width

TheProcess: p+Be—e'e X = long lifetime
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Experimental Observation of a Heavy Particle J4 !
J. 1. Aubert, U. Becker, P.J. Biggs, J. Burger, M. Chen, G. Everhart, P. Goldhagen .

J. Leong, T. McCorriston, T. G, Rhoades, M. Rohde, S8amuel C. C. Ting, and Sau Lan 1

Labovatory for Nuclear Science and Det of Physies, Is Istitute of
Cambridge, Massachusetis 02139 -
and
Y. Y. Lee .
Brookhaven Netional Labovaiovy, Upton, New Yevk 11973 LMy N
(Recelved 12 November 1574)
el

We roport the cbservation of a heavy particle Jf, with mass s - 3,1 GeV and width ap- " T ——— - d i
proximately zero. The observation was made from the reaction p + Be—e* 1 ¢™ +x by s it
measurlug the oe” mass spectrum with & procise paix spectromoter ot the Brookhaven
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This experiment is part of a large program to daily with a thin Al [oil. The beam spot




The November Revolution

related by crossing ...
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Drell-Yan e'e Production
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* 1139 Z—ee candidates

« 27370 W-sev candidates

. i o |nela11, E, & E, 25 GeV
. - « |nelel1, Ep25 GeV,
-’I- ltr!unl:k mt:‘h rcquite:;c + o(W)=16%
i A + 8(Z)~8%, bkgd ~ 18% + bkgd ~ 3% QCD, ~15% T
! ? . \"‘ O(W)BF(W — ev) - 3054 +100(N ) + 86(sys) + 305(lumi) pb
PE T % e (O(Z)Br{(Z — ece) - 294 +11(N,) + 8(sys) + 29(lumi) pb
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Mor e Discoverieswith Drell-Yan The Future of Dréll-Yan
Where do we find
1974: The JPs (charm) discovery p+N — Jy .
New Physics??
... 1976 Nobel Prize
1977: The Upsilon (bottom) discovery ptN = Y * New Higgs Bosons
* NewW'or Z'
_ _ e SUSY
1983: The W and Z discovery p+p— W/Z
e ... unknown...

... 1984 Nobd Prize




. Search in Drell-Yan Spectrum x\

e High Mass Dileptons
» glectrons & muons used

e Sensitive to Z' and Randall-Sundrum Graviton

e No excess observed
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First, we'll compute

the partonic G in the

partonic CMS

et's

Calculate

+

Let'scompute the Born process: g+g—e +e
_iguv
u(p,) o +ie u(p,)

v(p,) leQy” ey’

Gathering factors and contracting g+, we obtain:
2

“IM=iQ % (Vv ulp)] (0(py)y, v(p.)

Squaring, and averaging over spin and color, ....

2 2
_ 4
|M|2=(%) 3<%) Q?%Tr [ey" By | Tr [y, Py ]




Let'swork out some parton level kinematics

... and put it together to find the cross section

NG - 1 3 In the partonic
P = > (100,+1) do =~ — [M[" dr CMS system
V3
p, = — (100,-1) d’p d’p dcos(0
% ar = 33 34 (2")46(p1+p2_p3_ Ps) = )
V8 : (2m)’2E, (2m)°2E, 167
= (1,+sin(6),0,+cos(0))
i Recall,
S , _ _
pi=p;=pi=p;=0 == (1,—sin(6),0,~cos(6)) t = ;(l—cos(e)) and 0 = 7@(1+cos(9))
Defining the Mandel stam variables ... S0, the differential cross section is....
do 2 om 1 2
" . 3 = Q a”— = |1+cos’(0
S=(P1+Po)° = (Ps+p)’ t=- %(1—cos(9)) dcos(@) 6 S< @)
t=(p,—ps)*=(p,~ Ps)’ s ( ) and the total crosssectionis
a=(p,—p 2_ p,— P 2 0 =— = (1+cos(6) _ 2 R
Py~ Pa) = (P2~ Py 2 o = Qizo( fdcos ) (1+cos’(6)) = 4g§(x Q = o,
We'll now compute the matrix element M Some Homework:
Manipulating the traces, wefind ... #1) Show:
Tr [ By piy’ | Tr [Bsy, Py, | dp  d'p 2
uov uov uv uov uov uv 3 - 4(21T)6(p_m)
= 4| PPy + PPy — 0" (P o) | X 4] PSP+ Py — 0" (Ps )| (2m)°2E  (2m)
225[(p1'pa)(pz'p4)+(p1'p4)(p2'pa)} - o o
_ 23 [f2+ 02] Thisrelation is often useful as the RHSis manifestly Lorentz invariant
Where we have used: N
§:2(p1'p2):2(p3'p4>
pl=pi=p’=p2=0 U1=2(py" Ps)=2(P;" Ps) #2) Show that the 2-body phase space can be expressed as:
0=2(p, - Ps)=2(P," Ps) o RE d
Putting all the pieces together, we have: dr = Ps Ps (2m)" 8 (py+P,— Ps—Ps) = cos(d)
_ (2m)’2E, (2m)°2E, 16m
o 252 [ §242 ' q°=(p,+p,)’=
IMP=Q a® =——— — with g2
3 S X = E Note, we are working with massless partons, and 6 isin the partonic CMSframe




Some M ore Homework:

#3) Let'swork out the general 2—2 kinematics for general masses.

a) Start with the incoming particles.
p Show that these can be written in the general form:
3

p, = (E;,0,0,4p) pi=

p, = (E;,0,0,—p)  p=
... with the following definitions:
P,

sxmiFm’ A5, mym)
23 P 213

A(a,b,c) = Ja’+b*+c’—2(ab+bc+ca)

El,2 =

Note that A(a,b,c) is symmetric with respect to its arguments,
and involves the only invariants of the initial state: s, m?, m2

b) Next, compute the general form for the final state particles, p, and p,. Do this by first
aligning p, and p, along the z-axis (as p, and p, are), and then rotate about the y-axis by angle 6.

Next, we'll compute
the hadronic CM S

What doesthe angular dependencetell us?

Kinematicsin the Hadronic Frame

Observe, the angular dependence:  q+g—e” +e”

do

Toos(@) (1+cos(0))

_ 02,20
_QI(XG

wlk

Characteristic of scattering of spin ¥z constitutients by a spin 1 vector
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Note, for the photon, the mirror image of the above is also valid; hence the s;c/?ﬁmetric distribution.

The W has V-A couplings, so we'll find: (1+cosb)?

Hadronic
Cross
section

P, = £25 (1,00,+1) Pi=0

P, = % (1,00,—1) P5=0
5.
s s

Therefore ( T=XX=

Fractional energy? between
partonic and hadronic system

q(Xy)Tq(x,) + -5
Parton Partonic
distribution Cross

functions section




Scaling form of the Drell-Yan Cross Section

N 4o’
Using: G, = —g—Qf and 5(Q2—§)=§5(x2—%)
1 1

we can write the cross section in the scaling form:

4d_0' _ 41 o’ 21 %
el ZQf % T a0 AT/ +aeaa(rx)]

~100¢ NoticetheRHSisa
E g function of only 1, not Q.
210 ﬁ%t e B : :
o e fﬁ ?: t ‘f, This quantity should
2 A JFTQ £> lie on auniversal
3 1t T, scaling curve,
(:,,'i | I A
= i , | . Cf., DIS casg,
01 0.2 03 & scattering of
JT=m/fE point-like constituents

S0, we're ready to

compare with data

(or so wethink...)

Longitudinal Momentum Distributions

Let's compar e data and theory

Partonic CMS has longitudinal momentum w.r.t. the hadron frame

P=(P1+P.)=(E,00,p.)
Vs

P=X% P, P, = %P, E12=_2(X1+X2)
ﬁ.{—
_Js _ s
Py, pL__z(Xl_XZ) = 5%
X. isa measure of the longitudinal momentum
The rapidity is defined as: y=Ln Ep+p.| 1 In{—l}
X2 = \/?eiy 2 Ep—p 2 X2

dx,dx, = drdy dQ’dx; = dydt s VX2 +4T

do 41 o’ 1

i A 9Q° Viiar r% Qa(x)a(T/X,)+T(x,)q(T/ X))

SCALING FORM OF THE CROSS—SECTION

_15 Table 1.2: Experimental K-factors.
10 T T T T T —3
? E \ ,-P'V f+ X E Experiment Interaction | Beam Momentum | K = Omeas./0DY
< C ] ,
" E288 [Kap 78] | p Pt 300/400 GeV ~17
& L J
"E _3 WA39  [Cor 80] Tt W 39.5 GeV ~25
L0 |l =
c 3 E439  [Smi 81] W 400 GeV 1.6+0.3
S S i
_ ; . y
. ? L (p- p)Pt 150 GeV 23404
=% - B
- " p Pt 400 GeV 3.1+£05+03
o m32] have” Trell-Yan |
F E NA3 [Bad 83] | «t Pt 200 GeV 23405
u : = Pt 150 GeV 2.49 40,37
- E£288 4 = Pt 280 GeV 2924033
-33 O vs=19.4 GCe
107 o e NA10 [Bet 85 | = W 194 GeV ~2.77+0.12
5 A vVs=23.8 Gew 3
C 3 E326 Gre 85 - W 225 GeV 2.70 £0.08 £0.40
L 0 vs=27.4 Gev j [Gre 85] i o e
E i\ - E537  [Ana 8§] W 125 GeV 2.45+0.12+£0.20
w073 L i E615 [Con89] | n= W 252 GeV 1.78 £0.06
a.1 0.2 3 0.4 05
M/‘ /¢‘ ~T J. C. Webb, Measurement of continuum dimuon productionin
/_g 800-GeV/c proton nucleon collisions, arXiv:hep-ex/0301031.




Oo00ps,
we need the
QCD corrections

S 21TO(S/3
—— () +..=7= e

Drell-Y an can give us unique and
detailed information about PDF's.

We'll now examine two examples:
1) Ratio of pp/pd cross section

2) W Rapidity Asymmetry

Excellent agreement between data and theory

M3d’o/dx.dM (nb/GeV*/nucleon)

5 B8 B B B8 B B 8B B B8
S0 !
““ W
M3d?o/dx.dM (nb/GeV%/nucleon)
3 3
T T T T T T T T T T T T T T

-

p + Cu at 800 GeV

E605 (p Cu—p ' X) pag = 800 GeV

p+ d at 800 GeV

E772(pd —u'W X) pag = 800 GeV

02 03 04
| \/T
Vt 03 04 05

pp & pN processes sensitive to
anti-quark distributions

A.D. Martin, R. G. Roberts, W. J. Stirling and R. S. Thorne,
Eur. Phys. J. C23, 73 (2002);

Eur. Phys. J. C14, 133 (2000);

Eur. Phys. J. C4, 463 (1998)

staton .
[
ryogeric Target -
i I L
o ranic.
&1 et
SoGev | - Station 3 - :
s 12 Analyzin N3 Ay 0 ;Fermllab E866 - Drell-Yan
) Nas| CTEQMM
2r
o : 18-

A measurement of d(z)/a(z)
Antiquark asymmetry in the Nucleon Sea
FNAL E866/NuSea

ACU, ANL, FNAL, GSU, IIT, LANL, LSU,
NMSU, UNM, ORNL, TAMU, Valpo.

800 GeVp+pandp+d— pp~ X

F - 16F +
y - S 14f = oI S
o0 © E N MRsT
3L = 12F h
2L i e
0.8F

3 061 +0.032 Systematic error not shown

I N I 1 I 04:””\"H\HH\HH\HH\HH\HH
2 4 6 8 10 12 14 16 "0 005 01 015 02 025 03 0.35

DiMuon Mass (GeV) X




Cross section ratio of pp vs. pd

E8B66 required significant changesin the hi-x sea distributions

ued
Obtain the neutron PDF viaisospin symmetry: god

w4 1 -
Inthelimitxl>>x2: o chu(xl)u(xz)+9d(xl)d(xz)

0 o 2 (x,)(x,)+ £ d(x,)U(x,)

9 9
For the ratio we have:
1d,
o 1+=— _ _
CARMURE S W oV A R O PP
20" 2 ( 143, 0,/ 2\ g
4u, 0,
As promised, this provides o™ 1 d
information about the — ~ _(1+_2>
sea-quark distributions 20 2 U,

EXERCISE: Verify the above.

13 — 2.25 -
12 = 2
11 } RS 1.75 E
C N 15
1 O N -
a r - _ AN 125 —
b r — e T =
S 09 s g
8.0 C 1
F — CTEQSM --- CTEQ4M o
8 L ® EB866/NuSea
08 - MRST  — - MRS(12) 075 - o Raet
Lo GRV98 E — CTEQSM - - CTEQaM
0.7 —— - CTEQSM (d=1) 05 ---MRST  — - MRS(r2)
. F GRV98 .
0.6 — L ess than 1% systematic 0.25 — Systematic Uncertainty
C uncertainty not shown c I ‘ ‘ ‘ ‘ ‘ ﬂn‘
0_57H\‘\\\\‘HH‘HH‘HH‘HH‘HH 0 L
0 005 01 015 02 025 03 035 0 005 01 015 02 025 03 035

X
X,

With increased flexibility in the parameterization of the
sea-quark distributions, good fits are obtained
H.L.Lai, eta} [CTEQ Collaboration], Global

{QCD} analysis of parton structure of the nucleon:
CTEQS parton distributions, EPJ C12, 375 (2000)

E.A. Hawker, et a. [FNAL E866/NuSea Collaboration], Measurement of the
light antiquark flavor asymmetry in the nucleon sea, PRL 80, 3715 (1998)

Doesthe theory match the data???

d 3 [ .
o 1 (1+$) , [Fermilab E866 - Drell-Yan
pp L
20 e U2 2F NA 51 CTEQ4M
1.8+
1.3Fermilab E866 - Drell-Yan r +
T 16F
2140 +
11+ +++ ©
& 12F
E; o — 1 B
09f ‘ r Do
- CTEQ4M (d- 0= 0) 08}
o8r 19 Systematic error not shown 0.6 +0.032 Systematic error not shown
0.7 gl e e SR D S R
0 005 01 0.15X20.2 025 03 035 0.4O 005 01 015 02 025 03 035
Implies R<1 for large x: X

a < U E.A. Hawker, et a. [FNAL E866/NuSea Collaboration], Measurement of the
light antiquark flavor asymmetry in the nucleon sea, PRL 80, 3715 (1998)

Next ...

2) W Rapidity Asymmetry




WheredotheW'sand Z's come from ???

Charged Lepton Asymmetry

0.25
do 27T Ge %‘ 3 CDF 1992- 1995 110pbter
d—(W = Z |qu| [ a(Xp) + A(Xp) A(Xa )] Unfortunately, E 02 : ( ,p - (L;LT)E .30
y flavour decomposition of W cross sections we dont measure the W < O 15 E - & RESS0S
— 100 01 F <_ﬁ CTE -3M
U(X ) d(Xb) x| directly since W—ev. E 005 - ves
a~04— ) ] © o MRSRZ (DYRAD)
. < Still the lepton contains  -0.05 £ MRS-R2 (DY RAD)(dlu Modified) ‘
proton Wy EliEeien B important information 01 | MRST (DYRAD) A
E 0 B -0.15 — ’\F/iAbe,aal. [$t'>1FICouaborhation],PRL 81, 575&/(%)998) .
For anti-proton: - 02 - prbed mpatipolisens, o
P — % & 0 o5 15 2
u(Xx)=u(x) d(x)=d(x) : « | Lepton Repidity |
Therefore g L ca, < < —
8 do ") do = d > u
d o 21 G d_y N d_y ~<gunnmmmn
— (W) ~ = =Z [u(x,) d(x Aly) = 3
o W) ~ 5 75 [utk) dx)] () do T do AN W
d o B 2 T GF 01 . : L dy dy ~agunnmm ~aguinmmmm
B W)~ () u(x) L V< -
dy 3 \/E A.D.Martin,R. G. Roberts_w.NJ,ssuglg\én)a R. S, Thome, V (1+COS(9)2 e
Eur. Phys. J. C23, 73 (2002); Eur. Phys. J. C4, 463 (1998)
A bit of calculation d/u Ratio at High-x
— 1 LR I L L B B B B B L
do do . - ]
u(Xa) d(Xb) d_ (W+ ) - d_ (W ) 0.9 Dotted — With Nuc. Cor. and d/u Forced to 0.2 3
I Q . A( y) = d y d y r Dashed — With Nuc. Cor. and CTEQS Parameterization :
pl’OtOn W" anti -pl‘OtOﬂ d_; (W+) + d_s- (W_) The form of the 08 7 Solid — CTEQ5M (No Nuc., Cor.) 7
d/u ratio at large x 0.7 |\ =
With the previous approximation, as afunction of o os | (eme0ce ]
U(Xa)d(Xb>—d(Xa)U<Xb) _ Rdu(xb)_Rdu<Xa) E 05 I B
(%) %) (XU 0] Ra(%0) RaXa) resisisicn AN ]
= d<X) © | E W Asymmetry and mspuw?&n | EO ]
where  Ru(X) = u(x) 2) Nuclear Corrections 03 | waewcusna | E
) X12 = € =Xy (1Y) 02 [ E
We can make Taylor expansions: B | osomeony L e ]
Rdu(lez) ~ Rdu(Xo) + yXO R' du( \/;) 0.1 ? Nuclear Cor. Large 7;
. R 4u(Xo) 0 i b2 03 04 08 06 07 08 08 1
Thus, the asymmetry is. Aly) = —yX, Ry (%) Parton x
u

EXERCISE: Verify the above.

S. Kuhlmann, et a., Large-x parton distributions, PL B476, 291 (2000)




End of Part |: Where have we been???

Part I1: W Boson Production as an example

History:

Discovery of J, Upsilon, W/Z, and “New Physics’” ?7?
Calculation of qq—u'u intheParton Model

Scaling form of the cross section

Rapidity, longitudinal momentum, and x_
Comparison with data:

NLO QCD corrections essentia (the K-factor)

o(pd)/o(pp) important for d-bar/ubar

W Rapidity Asymmetry important for slope of d/u at large x
Where arewe going?

P, Distribution

W-mass measurement

Resummation of soft gluons

Finding the W Boson Mass:
The Jacobian Peak, and the W Boson P,

Multiple Soft Gluon Emissions
Single Hard Gluon Emission
Road map of Resummation
Summing 2 logs per loop: multi-scale problem (Q,q,)
Correlated Gluon Emission
Non-Perturbative physics at small d.
Transverse Mass Distribution:
Improvement over P_ distribution

What can we expect in future?
Tevatron Run Il
LHC

Drell-Yan Process:
Part |l

Drell-Yan
process

Fred Olness
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beam
proton
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Source Project

Side Note: From pp—Y/Z/W, we can obtain pp—y/Z/\W—l*-

Schematically:
da(qq—»l*l’g) = dO'(qq—>y*g) X do'(y*—>|+|7)

_W\,< W\:®'VV\4<

R 111 1221

For example:

do

d - x
—=(ag-1"17g) = —r(ad-y"9) X

dQ? dt

X
3mrQ?




Part I1: W Boson Production as an example

The Jacobian Peak

How do we measur e the W-boson mass?

u+d-W"—e'y
et ¢ Can't measure W directly
u * Can't measure v directly
> ol 6 * Can't measure longitudinal momentum
v G

We can measure the P, of the lepton

How can we use thisto extract the W-M ass???

Now that we've got the picture, here'sthe math ... (inthe W CMSframe)

> 8§ ., 402 dcosf 2 1
Pr=Z9n0 cosO = 1—% =

So we discover the P, distribution has a singularity at cos9=0, or 6=n/2

do do dcoso do 1
dp?  dcos® = dp? dcosf ~ cosf r e

BUT !l

_ Measuring the Jacobian
., e P peak is complicated if the

singularity!!!

dN/dp.(e)

T T e W boson hasfinite P..
30 35 40 45 50 U
pr(e) (GeV)

The Jacobian Peak

Suppose lepton distribution isuniformin 6

The dependence is actually (1+cos0)?, but we'll take care of that |ater

What is the distribution in P.?

Number of Events

=
—
o

transverse direction c
<
CD+
o

Min
I:)T

beam direction
——

Wefind apeak at P.,™ =M, /2

1) The W-mass is important
fundamental quantity of the
Standard Model

2) P, Distribution is important
for measuring the W-mass




The W-Massisan important fundamental quantity

| x*INexp = 0.4/4
80.360 +/- 0.370——— @+ UA2 (W — ev)

o | b Corrn o What givesthe W

80.470 +/- 0.089

80.433 +/- 0.079 @ CDF combined

80.350 +/- 0.270+— @+ DO(Run 1A, W — ev)

80.498 +/- 0.095 @1 DO(Run 1B, W — ev)

80.482 +/- 0,091 '@~ DO combined P m
3 | | | | | |

80.452 +/- 0.062 @1 Hadron Collider Average

80.427 +/- 0.046 '@  LEPII (ee > WW)

80.436 +/- 0.037 ® World Average

79.5 79.7 79.9 80.1 80.3 80.5 80.7 80.9 81.1 81.3 815
Mw (GeV)

What about theintrinsic k. of the partons?

TheW-Massisan important fundamental quantity
N i - : d’o ~p
< 806 Assume a Gaussian form: S99 e T
3 I d? 0
Q I Py
T2 805 |
E r Muon pair production, |JV collisions
[ Er. Ps=400 GeV, B<M<7 GeV
80.4 .
: - ., (Ky) = 760 MeV
80.3 - .
[ 7 : o a problems
- O 2 b Yo
80.2 ) \Ge\l\ | - s /
i \N"‘? - [ agreement i :
80.1 QOJ% . =g l
[ Y\ B LEP1,SLD,vN data 1 b i
L M M contours 68% CL I 11
130 140 150 160 170 180 190 200 . | W ITTIPOTE T I wall
T.Affolder, et al. [CDF Collaboration], PRD64, 052001 (2001) (GeV /C ) 0 ! i “:(_3‘.5_| !

Measurement of the W boson mass with the Collider Detector at Fermilab, top




For high P_, we need a hard parton emission

4 ——NAyZIW 103

% (5] 3

R209 at the ISR, 1982
At

A — . — COMPTON TERM
Tane o1 = == = ANNHILATION TERM -

— . 0CD CONVOLUTED
WITH GAUSSIAN

4 — ¥y o

annihilation

q _'\N\'Y/Z/W Gaussian

e &
g¥ETY < Perturbative =
Compton 1 q
P ]
Combination of Gaussian o8 1 . : _
& QCD corrections LR L

Road map for
Resummation

AFTER

BEFORE

The complete P, spectrum for the W boson

NLO P, distribution for the W boson

> : o

8 Perturbative contributions
r +power corrections

120 b ;"

Q L

<]

5 L

> 100 |-

el L

The full P, spectrum 80 1

for the W-boson I
showing the different 60 |
theoretical regions
40 | pp— (Wt = eve) X

CTEQ6M

20 Perturbative
physics dominates

0 [P oo llnonnilnnnnllnnns
O% 5 10 15 20 25 30
Q;, GeV

Nonperturbative
dynamics (“intrinsic kr")

InthelimitP, — 0

do ( do ) A Ins/p?
2 ~ X 2
a dt dydp; d7dy /eom 3m Pr

Y 9
do o / finite singular

————— dpf = + O(aty)

d dydp? dtdy

q — VW

Born

do
— 27 g = x ] 1-
deydp-f— Pr (dey)Born J;
Pr

2 S effect of gluon
—In°*= ! «— emission
Born
assume this
20 / exponentiates
In =
pPr

N

ag

Parisi & Petronzio, NP B154, 427 (1979) ( d T dy Born
Dokshitzer, D'yakanov, Troyan, Phy. Rep. 58, 271 (1980)




Resummation of soft gluons: Step #1

1) We summed only the leading logarithmic singularity

. L . . Sudakov
Differentiating the previous expression for d°c/dt dy / Form Factor

do do 4x, Ins/p? 20, 5 S
>~ X >— X expy — -—In"=
dT dydp; d7dy /eom 3m Pr 3m Pr

finiteat p.=0

We just resummed (exponentiated) an infinite series of soft gluon emissions

2,3
—o<L2 2 O(L O(L

Sy

I've skipped over some details ..

Parisi & Petronzio, NP B154, 427 (1979)
Dokshitzer, D'yakanov, Troyan, Phy. Rep. 58, 271 (1980)

Curci, Greco, Srivastava, PRL 43, 834 (1979); NP B159, 451 (1979)
Jeff Owens, 2000 CTEQ Summer School Lectures

we resum
these terms
do-2 ~ ‘XL{1+(xL +aL +. } / we miss
qu qT \ \ \ /theseterms
L= ins O(SZL{ ol + &l + &3L° +}
pr Or

The terms we are missing are suppressed by oL, not o

do oL eas(L2+L>

27 A
dor o theseterms
| .
%~ S fad(Ly (UL oL L+ ] et
dgr Or
q_lz{ a2(L'+1) + od(L°+ L% + ad(LP+LY) + ..
2

Now, the terms we are missing are suppressed only by o

We skipped over afew details...

2) We assumed exponentiation; proof isnon-trivial

1) We summed only the |leading logarithmic singularity, o, L.,

WEe'll need to do better to ensure convergence of perturbation series

2) We assumed exponentiation; proof of thisis non-trivial.
The existence of two scales (Q,p,)=(Q.q,) yields 2 logs per loop

3) Gluon emission was assumed to be uncorrelated.
This |leads to too strong a suppression at P, =0.

Will need to impose momentum conservation for P,.

4) Inthe limit P, — O, terms of order o, (u=P,) — <o;
Must handle this Non-Perturbative region.

Review where the |logs come from

Review one-scale problem (Q)

resummation via RGE

Review two-scale problem (Q,q,)

resummation via RGE+ Gauge Invariance




Where do the

L ogs come from?

Drelly-Yan at 2 L oops:

218 Sterman et 2l Handbook of parturbative QCD
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lstl—z?
R

HZ 3+l

Cy (-_.
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1
A B2P —T0LRY —60Z(3 )+ i i

1
A

HERCTASS M f }
i

o°
M

[
+HaypCp (2107 :g l - 3in

% [ 4 —16602) )90 z) — Lk i) In [

i
+€,6, —L4iizin?
|

SRz WP 320120 B0z [ 565130+ L2y — 4 i)

+ab {[@m {2+ 4%500z) JIn? l—Q—Iﬂwm 11— 962, (21 —| 128+ 645023 [0z} Tn %1

A+ 128860,02) — 1284020+ 256030 [2)+ 2565{ 3190, {z)

+ED (21— 2D, ir)— [ -ﬂggmmnrz:J_

| P
| o2 i . 2
+n,Cp I[‘?j’)n(ZJln {Ma ‘ | [ fihia)— S50z1]In Lﬁf

(7.14)
Two mass scales: { Q%2,M?}. Logarithms!!!
Total Cross Section: o(e'e) at 3 Loops Renormalization Group Equation
ST More Differential Quantities = More Mass Scales = More Logs!!!
s1Q?= o’t,} 1+ 'Q r;c,1+{ iQ J] i—c,% % +c,e, '—ig—mgts) — O T =22+ 162031) , )
’ ' do do z
. —2~Ing2 —2~Ing2 andlnq—T2
+ [“‘ﬁ ] ] ci l—ﬁ ~CHC (= 127— $724031-FB805I51) dQ H dQ = H
~ 0 EE.DS?* 10948 a4 4 fmj How do we resum logs? Use the Renormalization Group Equation
CTi (=29 LK) N +CC vy | B T e ] For a physical observable R: u @R _ 0
4—812. 1216 11 4 [2 176 d“
Hee A s é‘”] 3, G Ty +{sz2\ 16 {% Ik | s Using the chain rule;
.0 2
0 2 00g(1) 0 2
Aew. Menl. Prigs., Vul. B7, Na. 1, January 1905 u _+ % > > R(u (Xs(u )) = O
6;1 ou o g(u”)
One mass scale: Q2. No logarithms!!! N e’ (O
Q°\ _ ° dx
Blaw)) soluion= m(Z) = T 52
H o (uz)




Renormalization Group Equation: OVER SIMPLIFIED!

3) We assumed gluon emission was uncorrelated

{uz 62+ B (og(n)) 0 }R(uz‘as(uz)) =0
ou

t f

If we expand R in powers of o, and we know 3,
we then know p dependence of R.
R(i,Qas(1?)) = Ry+as(u’) R|In(Qu’)+c)]
+o2(u?) Ry IN%(Q¥1?) +In(Q% u?) +c, | +O(e(1?)

Since u is arbitrary, choose u=Q.

R(Q.Q.x,(Q%) = Ry+ay(Q%) R[0+c,|+aZ(Q%) R,[0+0+c,|+..

We just summed the logs

I
3m p?

do Ins/p? 20,
7 =~ 5 X expy —
d dy dp; Pr

[ ]
This leads to too strong a suppression at P, =0. Kr g
Need to impose momentum conservation for P,. 'Y K
-,
T1

} >

A particle can receive finite k. kicks,
yet still have P,=0

A convenient way to impose transverse momentum conservation
isinimpact parameter space (b-space) viathe following relation:

5% L ko-p ) = =L [atbe "M [T e
i-1 (2m) i:1

Two-Scale Problems

4) We encounter Non-Perturbative Physics

For R(u,Q,0)), we could resum In(Q*/u?) by taking Q=p.
What about R(u,Q,q,,0.); how do we resum In(Q*/u?) and In(q,*/u?).
Are we stuck? Can't have n>=Q* and p?=q,” at the same time!

Solution: Use Gauge Invariance; cast in similar form to RGE

2

uoou

Use axial-gauge with axial vector &. Q? (p-£€)°
This enters the cross section in the form: (Eep). 7\ X+~ 2>

d_‘fzo RGE allows usto vary u to resum logs

du®

do
d(p-&)°

It is covenient to transform to impact parameter
space (b-space) to implement this mechanism

=0 Gaugeinvariance allowsusto vary (Sep) to resum logs

The details will fill multiple lectures:
See Sterman TASI 1995; Soper CTEQ 1995

~Q?

S(b,Q)=‘ & {A(txs(uz)) In(gj)+ B((xs(uz))}
Cud ¥ g

ash —seo, 01 (~1/b) —eo. PROBLEM!!!

Solution: Use a Non-Perturbative Sudakov form factor (S) in the
region of large b (small q,)

Fb) ~ & - e« e
with b b O =1
b* = T 0.8
V1+b*/bE,,
Note, asb — o, b, - b__.
0.5 1 1.5 2 b




A Brief (but incomplete) History of Non-Perturbative Corrections

What do we get for the cross section

Original CSS:  Sia(b) = hy(b,E,)+h,(b,E,) +hy(b)InQ?
J. Collins and D. Soper, Nucl.Phys. B193 381 (1981);
erratum: B213 545 (1983); J. Collins, D. Soper, and G. Sterman, Nucl. Phys. B250 199 (1985).
Davies, Webber, and Stirling (DWS):  Ste(b) = b?g,+0,In(b,m Q?)]

C. Davies and W.J. Stirling, Nucl. Phys. B244 337 (1984);
C. Davies, B. Webber, and W.J. Stirling, Nucl. Phys. B256 413 (1985).

Ladinsky and Yuan (LY): Sy (b) = g,b[b+0;In(1008,,)|+9,b’In(b,, Q)

G.A. Ladinsky and C.P. Yuan, Phys. Rev. D50 4239 (1994);
F. Landry, R. Brock, G.A. Ladinsky, and C.P.Yuan, Phys. Rev. D63 013004 (2001).

“BLNY™:  SE"(b) = b[g,+9,0:In(1008,&,) +0,In(by Q)|

F. Landry, “Inclusion of Tevatron Z Data into Global Non-Perturbative QCD Fitting”, Ph.D. Thesis, Michigan State University, 2001.
F. Landry, R. Brock, P. Nadolsky, and C.P.Yuan, PRD67, 073016 (2003)

‘o; resummation”: V(g ) = 1-¢% (not in b-space)

R.K. Ellis, Sinisa Veseli, Nucl.Phys. B511 (1998) 649-669
R.K. Ellis, D.A. Ross, S. Veseli, Nucl.Phys. B503 (1997) 309-338
Functional Extrapolation:
J. Qui, X. Zhang, PRD63, 114011 (2001); E. Berger, J. Qiu, PRD67, 034023 (2003)
Analytical Continuation:

A. Kulesza, G. Sterman, W. vogelsang, PRD66, 014011 (2002)

e}

do 1 2, ibap —
= d’b e W(b, e
dydQ*dg? (2n)2{ (0.Q)

~S(b, Q)+ Sp(b.Q)

with
~q? duz Q2
~-S(b,Q = - [ T Aln pe + B

~1/b?

where we have resummed the soft gluon contributions

P

I've left out A LOT of material

Recap: Wher e have we been???

Putting it all together: 6., =0 +G .y O

RESUM ASYM

1) We now summed the two leading logarithmic singularities, o, (L*+L).

2) We still assumed exponentiation; but sketched ingredients of proof.
The existence of two scales (Q,p,)=(Q.q,) yields 2 logs per loop

Use Renormalization Group + Gauge Invariance
Transformation to b-space

3) Gluon emission was assumed to be uncorrelated.
Impose momentum conservation for P,. (In b-space)

4) Introduced Non-Perturbative function for small ¢, (large b) region.

Let's expand out the resummed expression:

P
e A P AL P
dar Or Or

Compare the above with the perturbative and asymptotic results:

A0 em ~ [l + a2(LP+L%+ 0+0) + a(L*+LY+...]
Ao ~ (&l + «2(L°+L%+L'+1) + «}(0+0)}
A0 wm ~ [l + aZ(LP+L%+ 0+0) + «}(0+0)]

Note that ¢ removes overlap between ¢ and o

ASYM RESUM PERT"

We expect:

c isagood representation for g, ~ 0

isagood representation for g, ~ M,

RESUM

GPERT




Putting it all together: 6. . =0

+o GASYM

RESUM PERT _

Let'scomparewith somereal results

Q™= © +0

TOT RESUM Y

PERT ~ CASYM

c forg, ~0

RESUM
o forg, ~M,,

PERT

cross section do/dq,

transverse momentum a;

WEell look at Z data where we can measure both leptons for Z—e'e

DO Z Data CDF Z Run 1
700 T 800 r = =
Dot Data
600 Normalized LY Function Fit ] 700 | e Mormialized LY Function Fit ]
= =Normalized 2-Parameter Fit === =Mormalized 2-Paramater Fit
= mmmn Normalized Gauss 1 Fit === = =Mormalized Gauss 1 Fit
600
500 4
. 500
2|y 400 ] .g‘g
— — 400
~ 300 bl =]
b ‘-‘.— t‘_,a
= 300
200 4
200
100 ] 100
o I I I 0 L L L
0 5 10 15 20 o 5 10 15 20

P_(GeV) P_{(GeV)

different S (b,Q) functionsyield difference at small q,.

Putting it all together:

9

=0

+0 (&

TOT_ JRESUM __ JPERT _JASYM
> - GRESUM for qT o
3 Perturbative contributions
+ 1t ==
}a 120 power corrections TOT GPERT for qT M w
g
o
> 100
°
N
—
80 o
RS
©
60 ho)
c
o
40 pp > (Wt = aw)X =
CTEQ6M g
20 Perturbative 8;
physics dominates
o
: &)
o) 5 10 15 20 25 30
\ Qr, GeV

onperturbative
knamics ("intrinsic kr")
Extra power of g,

do/dg, *

transverse momentum a;

GTOT_ GRESUM +GPERT _GASYM

Let's return
to the

measurement
of M,




Transverse Mass Distribution

We can measure do/dp, and look for the Jacobian peak.

However, there is another variable that is relatively insensitive to p (W).

Transverse Mass Mi(e,v) = (|59T|+|5VT|)2 - (f’g*‘f’n)z
M2(e,v) = ([Bd+[B.I) — (PetB,)

e
In the limit of vanishing longitudinal momentum, M ~ M. T

M_ isinvariant under longitudinal boosts. A
Y

M. can also be expressed as: MZ(e,v) = 2||39T||'va|(1—cosA ¢ev)

Invariant Mass

For small valuesof P%, M_isinvariant to leading order.

Exercise:
a) Verify the above definitions of M are=.
b) For p, = +p*+p,“/12 and p = -p*+p */2; verify M_ isinvariant to leading order in p,*.

The Future;

Tevatron Runll ... happening now

LHC ... happening soon

Compare P, and Transverse Mass Distribution

Transverse Mass Distribution and M, M easur ement

M, distribution is
P_(GeV) much |ess sensitive
to P, of W

dN/dp(e)

Still, we need P,

"-._.“ distribution of W to
T Testmasess  eXtract massand
I3 40 45 30 width with precision

PDF and p, (W)
uncertainties will need
to be controlled:

currently uncertainty:
~10-15 & 5-10 MeV/c?

dN/dm,

I T T T T T B - L L 1t =1 i
S5 60 65 70 75 80 85 00 o5 oondticdpredsioninRunl
will be miniscule...placing an

my. (GeV)  enormous burden on control
of modeling uncertainties.

Combined World
Measurements of M,

Transverse Mass
Distribution from CDF

g

© x?INexp = 0.4/4
3 80.360 +/- 0.370——— @+ UA2 (W — ev)
g 80.410+/- 0180 @ —ICDF(Run 1A, W — ev,uv)
£ 80.470 +/- 0.089 1@ CDF(Run 1B, W — ev,uv)

80.433 +/- 0.079 - CDF combined

80.350 +/- 0.270 —— @ DO(RuN 1A, W — ev)

80.498 +/- 0.095 H-@— DO(Run 1B, W — ev)
19 80.482 +/- 0.091 @ DO combined

80.452 +/- 0.062 FH Hadron Collider Average
0 80.427 +/- 0.046 FQ% LEPII (ee—> WW)

80.436 +/- 0.037 M World Average

Lo b b b bt b b b T 1y 1|
795 79.7 79.9 80.1 80.3 80.5 80.7 80.9 81.1 813 815
20 Mw (GeV)

.
110
Transverse Mass (Gev/cz)

T.Affolder, et al. [CDF Collaboration], PRD64, 052001 (2001)
Measurement of the W boson mass with the Collider Detector at Fermilab,




Preliminary )
rinll - Electroweak Physics

measurements o
High priority measurements
@ W—ev cross-section
dots: Data
Histoeitami e DﬂRunZPrehmmary .
i S @ Z—e*e cross-section

3

¥,

DO Run Il Preliminary

= [ | Number of Entries: 604
2 gol | Peak Mass: 90.8 +- 0.2 GeV

& [ | Width: 36+ 0.2 GeV

E 8 8 5 &

0 20 40 60 80 100 120

diEM Invariant mass (GeV)

. & B & &

gl

Part Il1; Dréell-Yan Process: Where have we been???

Finding the W Boson Mass:

The Jacobian Peak, and the W Boson P,

Multiple Soft Gluon Emissions
Single Hard Gluon Emission

Road map of Resummation

Summing 2 logs per loop: multi-scale problem (Q,q,)

Correlated Gluon Emission
Non-Perturbative physics at small d.

Transverse Mass Distribution:

Improvement over P_ distribution

What can we expect in future?

e o Tevatron Run |1
Yuri Gershtein DO Results from Run 2: Wine & Cheese, July 26, 2002 13 L H C
The W-Massisan important fundamental quantity Thanksto ...
<
% 80.6 Jeff Owens
O
2 805 Chip Brock
= C.P. Yuan
4
80 , Pavel Nadolsky
80.3 - Randy Scalise
s \8;\ Wu-Ki Tung
Tl fﬁf’@e\l Steve Kuhlmann
801} \'\'\Q’Q"E}h E== LEPLSLD,vN dat Dave Soper
L \Y alta
L M M contours 68% CL and my other CTEQ COIIeagueS
130 140 150 160 170 180 190 200
T.Affolder, et al. [CDF Collaboration], PRD64, 052001 (2001) (G eV /C ) Open Offlce org and the many web pages where | borrowed my figures %

Measurement of the W boson mass with the Collider Detector at Fermilab, top

Source Project ~ —




2003 CTEQ Summer School

Drell-Y an Process
Lecture #3

Fred Olness
(SMU)

For lecture 3, we will examineaNLO DY
calculation. We will be using the notes from
C.P. Yuan (beautifully typeset by Qing-
Hong Cao), and supplement this with
examples from FeynCalc and CompHEP

The sample files used will be posted after
the school. In the meantime, refer to the
attached lecture, and Mathematica
notebooks of FeynArts and FeynCalc
sample cal culations which are on the web at
cteg.org under the Miscellaneous heading.

A NLO Calculation of pQCD:
Total Cross Section of PP > W+4+ X

C.—P. Yuan

Michigan State University
CTEQ Summer School, June 2002

Outline

Parton Model

Born Cross Section

Factorization Theorem

How to organize a NLO calculation of pQCD
Feynman rules and Feynman diagrams

" Cut diagram” notation

Immediate Problems (Singularities)
Dimensional Regularization

Virtual Corrections

Real Emission Contribuation

Perturbative Parton Distribution Functions
Summary of NLO [O(as)] Corrections

@Noo s wydy e

References:

C.P. Yuan, 2002
Chip Brock, 2001
Jeff Owens, 2000

Ellis, Webber, Stirling
Rick Field; Perturbative QCD
CTEQ Handbook
CTEQ Pedagogical Page:
CTEQ L ectures:

Barger & Phillips, 2™ Edition

calculate

Now turn off your computer and go out and play-

Attention
Y ou have reached the very last page of the internet.
We hope you enjoyed your browsing.

OpenOfficeorg
Source Project

o
—




Born Cross Section

_ 1 d3q
Tgq = M\Si‘wmé (@m)*6* (p1+p2—q) - IMP?

HH HH /uH
MP=(53)Ga) X
~ =7 = <7 spin \um

color
average color and spin

9w

ﬁ Or, —iM =7v(p>) /\IQ:W (1 —v5)u(p1)

" Cut-diagram’ notation

2 ok

Tr [ p1yuPr p27"Pr] (—1)

=Trlbm b0 Pl (-1) PLPL =Py =2(1- 1)

=(=2)Tr[p1 p2PL] (-1) v b2t = =2 o
HTB.W.»@TEXIC Tr(f1 p2) =4 (p1-p2)
=+2s Tr (1 pavs) =0
Tr[Izx3] =3 A mﬁsn_lﬁmvnln m:n?lﬁ»lOV
g 2
= = A,\Fmv (+28)(3) =3¢} 3

y%@: +S\® \%%&o& +E\®m+ ?»\imv

=5 (¢ )

where M is the mass of W-boson.

Thus,
~ 1 _ 1 11 _
Geg = > (2m)-6 A.w - »inv - AWV Am Mv Qm\w
; : 2
S Pr —%y Py Pr=3(1-) mmem (5 - m2)
N g2 (1-7)
" by Hmw
= Tﬂ@v Tr [ 1P prwPr] - (g™ + k) - Tr Isxs
i F=M2/5, 5= 1225 for
Doesn’t contribute for m, = 0, Color S=(PL+P)? and P2=P2=0
due to Ward identity
Parton Model
Appendices:
A. ~y-matrices in n dimensions
Thh!'—W+X =

Some integrals and " special functions”
Angular integrals in n dimensions

Two-particle phase space in n dimensions

= 9 0

Explicit Calculations

A few references can be found in
" Handbook of pQCD”
on website

http://www.phys.psu.edu/~ cteq/

Opp! —W+X = \\\M xow &HJ&HN ﬁ%\\: AH.HV Q.,?E%\\\t\ A.&.Mv + AHJ I &wvw

Partonic ”Born”
Cross Section of ff — W+

The probablility of finding a ”parton” f with
fraction x; of the hadron A momentum




Feynman Rules

e Quark Propagator

Take m=0in
our calculation
P i
i 3.8 pomitic ¥
(ij=1.2,3)
e Gluon Propagator
STTTET Com)s,,
v,a 1, b k2+ie
(a,b=1,2...,8)
e Quark-W Vertex
i,
Wy id% Aﬁbmp umt.
5B

— _e ;
Jw = G weak coupling

e Quark-Gluon Vertex

1,
Cs b
e} —ig (te) ;i (Vu) ga
5B )
t. is the SU(N)nxn generator
e Quark Color Generators
:E»L = i fapcte
N2-1 4
2 — = = — =
Muwlaifz Or="gy—=3. (W=3)

¢
HQAM_WWV =NCp
¢

Feynman Diagrams

e Born level al® (ad") Born

2

e NLO: Cv virtual corrections (gq')yirt

v;w;wgm;

e NLO: AQ,MCV real emission diagrams (qq¢'),ecal

2

e NLO: AQ,MCV real emission diagrams (¢G),cal
2

e NLO: AQMCV real emission diagrams (G¢),ea

>

Factorization Theorem

o = Tig g derdws Gign (@, Q°) Hi A%aﬂv bjn (w2, Q)

Nonperturbative, IRS, Calculable
but universal, in pQCD
hence, measurable

Procedure:

(1) Compute oy in pQCD with k,I partons
(not h, ' hadron)

2
o =) \oH da1dz: ¢k, Q%) Hij A®|v oip (72, Q%)
%,J

r1T2S
(2) Compute ®i/ks $j1 In PQCD

(3) Extract H;; in pQCD

H;; IRS = H;; indepent of k,1
= same H;; with (k — h,l — }/)

(4) Use Hyj in the above equation with ¢; 5, ¢,/

Extracting E&. in pQCD

e Expansions in as:

1 I -
m= £ (5
bigk (@) = +MA )" o

(as = 0 = Parton k “ stays itself ")

e Consequences:

msmov — Q.SMS = “Born” [ suppress "A" from now on
1 _ (1)
Hj;" =g — a &S ﬁ\s QE

Computed from
Feynman diagrams
(process dependent )

Computed from

the definition of

perturbative parton

distribution function

( process independent,
scheme dependent)




Immediate problems (Singularities)

e Ultraviolet singularity

(uv) 0

k
o -/ Ty T

e Infrared singularities

(IR) 2
\ '3
P

as k* — 0 (soft divergence)
or k* || p* (collinear divergence)

(Similar singularities also exist in virtual diagrams.)

e Solutions
Compute H;; in pQCD in n = 4 — 2¢ dimensions

(dimensional regularization)

(1) n# 4 = UV & IR divergences appear as w poles
in QSV (Feynman diagram calculation)

(2) Hij is IR safe = no L in Hy;
(H;j is UV safe after " renormalization™.)

Dimensional Reqularization
(Revisit the Born Cross Section in n dimensions)

n  cn T2
\ o Js (@) 6" (p1 +p2 — q) - [m]

)(3-2)

W=
DO —
DO

In n-dim, the polarization degree of freedom
is (2) for a quark, and (n-2) for a gluon.

e Using the ZmZmim prescription:

Tr[p1vuPr p27"Pr] (=1)
=Tr[prv. p2v*Pr](-1)
=(2)A -&e)Ir[f p2PL](-1)

Y b2 =—2(1—¢€) p2

= vaﬁlmv.w.ﬁﬁ.ﬁv (-1)

=2(1-¢)s

e In n dimensions
>§ __T

2
e HMWQE 1—-¢)-6(1—7)

In ” Cut-diagram” notation

e (49")Born
o (aq)virt
s g@vﬁ &V;
o (49)real
PR
* (@@)real

IHCH

° AQMV%@&
Same as (¢G),.q after replacing q by ¢

Feynman rules for cut-diagrams

quark line

ﬁ“ (282 = m2) (4 + m)3uy
8(p® — m*)8(po)

e gluon line

(2m)6* (k) (=) dap

e W-boson line
% (2m)0+(q* = M?)(~gyu + %)
v I3
Doesn’t contribute for mj; =0
because of Ward identity
[ ]
//§ §\
VAR AN
%51 —5)  —i%yu5(1 =)
°
P P
i(p+m —i(pHm
PP tie pPP=m?—ie




Virtual Corrections (qq') it
(in Feynman Gauge )

£ =0

and % poles cancel when eyy = —efr = ¢

= cancel = Electroweak coupling is not

renormalized by QCD interactions
at one-loop order
(Ward identity,
a renormalizable theory)
poles remain

ﬁmsw is free of ultraviolent singularity.
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—2: soft or collinear singularities

Cp: color factor
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Real Emission Contribution (qq’),cq
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e In the soft limit, 7 » 1 (7 =12),
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Strong Coupling g in n dimensions

e In n dimensions
\&:Hh
n . 1 v a7 M
Iy\& @i P — GG + gty G + -

The dimension in

Since T&Q& ~pu", so
[g] ~ p2 7t n=4-—2e
= tm
= g has a dimension in mass when € # 0

= Feynman rules should read g — guf

Calculations

e Tools needed for a NLO calculation
are collected in Appendices A-D

e The detailed calculation for each

subprocess can be found in Appendices E

e In the following, I shall summarize

the result for each subprocess




Perturbative PDF
e In MS-scheme (modified minimal subtraction)

6D () = 61 @HHm?ﬁi& PO, (2)

e\m a/a e 2
—-11
by)0 () =050 () = — P, (2)

where the splitting kernel for

1 2
PRy =0p (S EE

s

_ 1427 3,4 _

=Cp G|Nv++%ﬁ 2)

and for
1
Py () = 5 (2 + (1 -2)?)

Note: The _uo_m part in the MS scheme is
=lare )y =Lt inan —yp

w

Find mE (in the S scheme)

Ky
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Qmwv ”QASATMHQA.\.V _H_: At v IM.TQ@I_:?..H—

+9% 1+7 _3+m?+%v Aﬁv++ﬁaﬂ~\av2p\3$

e Take off the factor A@Mv

1) 2y — (D (1) _(0)
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N
=oO. ﬁ ES;? v
H+q>.m In(1—7) 2 -
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where
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e pQCD prediction

O = M \QS&S@Q: T, v Tevmﬁ \3_ B ?N, tnv

f=aq
a (1) 8
+ Mu\%iams\s o1, 1°) — Hip ()| dm (w2, 1%)
f=a7
Qs A:mv 1) = 2
+ M \&E&e»&b: a1, 1) ——Hg ()| dam (2, 82) + (21 ¢ 22)
f=aq

(a7),;,; + (97) 0 @t NLO
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Where we have used

-2,

11 Ac

All the soft singularities (%,2) cancel in o

= K LN theorem

(Kinoshita-Lee-Navenberg)

qmv ~ + finite (terms)

Collinear Singularity

Factorization Theorem

e Perturbative PDF
¢0) = 6ud (1 — 2)

ik T
can be calculated from the definition of PDF.
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Finite Divergent




Appendix A
v-matrices in n dimensions

e Dirac algebra

{2 =AY At =2

E\VT”HVM“...VS\ .QE\”&@‘Q.QAHV‘HM...V‘HV
9" g =n
T:QJ+ =0 (Naive-y®prescription)

e Matrix identities

n=4-—2¢

Yu =21 —¢e) d
Y Py = 4a-b—2ed p
VA ==-2¢bd+2ecd Py

e Traces

Trid Fl=4(a"b)
Trid B¢ A)=4{(a-b)(c-d) = (a-c) (b-d) + (a-d) (b- )}
Trlys d Bl =0

Appendix B
Some integrals and ” special functions”

e The " Gamma function”

r(z)= ,\ dez®le™®  (Re(z) > 0)
0

r(z)

1AN\HVHNIH

(for all z)

L

= Poles in (z)

F(n) = (n—1)! A

1 2
Jau”frm?lwv +o

(ye = 0.5772---, Euler constant)

ﬂﬁ|mvn|mﬂAmvHH+m>‘n+wmm

w2 2 3
>\t +0(<)
2
:H|$13+$HH+%W+QA%V
=Nz —einz g s
e The "Beta function”

F(@)r e
I (a+p)

1 )
mAPBH\ %%LC\SuLH\ dyy* ' (1+y) 7
4] 0

B (e, ) =

H
= m\ de (sin6)2°~! (cos )21
0

Find H Y (in the MS scheme)

e Take off the factor A$v

s

n >m
ACH AOV.W. NNUAC )|“_._|A“_.|mv _jg A“_.|q.v
¢ =7 g ﬁ aee (1) | = 1G|mmv+ anp?7

+

N W

.IlW%w

HY (7) =0 - [/QsD ]

a7 T7G
= % ﬁ&w@ (7) T AWlMV +in Aﬁi
3127}
e Similarly,
HE =03 = 612077 |
= H®

Note: If we choose the renormalization scale tm = M?,
then In Aﬁv =0

w

Summary

. &Eiﬁt& depends on scheme (MS,DIS,...)

= H;; scheme dependent

e Evolution equations allow us to perdict

¢?—dependent of ¢(z,q?)

e [Essentially identical procedure for
hh! — jets, inclusive QQ,...
But, when the Born level process involves
strong interaction (eg. qg — tt),
it is also necessary to renormalize the
strong coupling as, etc, to eliminate

ultraviolate singularities




Appendix C
Angular integrals in n dimensions

e In n dimensions

\&:e”\ﬂzwpgbﬁlu

L ™ L 27
\%:H\ %:Lﬂ:i?L\ %:-%5?»?-».:\ %35&\ de
0 0 0 0
2
U\&DHH,\ do — Q) =27
0
™
\,&Dn”\ Rmummjmu\.kwy — Qo =47
0

™
\ dQ, = \ df,_1sin® 16, \ A1
0

2nril ()

Appendix D
Two-particle phase space in n dimensions

[ )
\ dkd \ g - (2m)" " (p k)
q = a —q-
PS:(p) (em"” J\s (2m)"~ JS
with k# = Q@o& , etc.
—1 =
Use q \aﬁ%ﬁ? —Q%), we get
2q0 .
[ ]
1 a1k
[, ardi= s 5t (0 k)2 - @)
PSa(p) (2m) 2ko
1 dk k3 _ -,
|%\4\%f&?|m§\m|© )
Use n =4 — 2¢ , then in the c.m. frame A@: = A,\W avv .
[ ]

Q. dk WH\Mm ™ 2_02
\ dk dg = ——3 \ [ do(sing)>=.5 A\Tﬁv
PS:(p) @m)29 ) avE o 23

Use new variables:

= Qp=—7-7" 2 =
r(n) NH@J@HWG.TﬁOmmvvaHmQINY
B 2 2
_ Ms.% L4
()
1 (4m ) \H —e
dkdq = _ d; 1-—
\aé =5 (&) “Fan |, wwa v
e "plus distribution”— to isolate W poles
e Feynman trick 1
Consider 173
1 . ) (1-2)
— H\ de——————— __ v ﬁ +
a 0 [az + b (1 — 2)] (1_)F=
1 (a+pB) H% 21 (1 —z)P !
a°b® — T (a) T (B) [az + b (1 — z)]*HF cancel
because

e n-dimension integrals
\&: gmv =0
Am?v

n
\&3 NSMV \&;NQN M2

dnl 1 (-1 r ?\WVAHVQT

m)" (2 = M2)° Q:c% M) \M2
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NS

Re[(-1)7]=1- am +0(e*)

1 1
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[---]14 is a distribution
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In the parton c.m. frame, the constituent cross section

G = >_>\__N (PS2)
25

1 11 50000
=% T 5 29,179, (L —¢) -
5 f aM?2
[a-o((-1) -4
t ts

{a(5) ra=57a iim\m aly (1 17

Cn)leo-

SMU

Fred Olness
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where y=1(14 cosf) Py
P, (
2
Using t=— AH — @v AH _ @v \ Um
: B
u = AH — @v y S
S
and
' r1+a)r(1+4)
dyy®(l—y) =T AT F)
\o yy* (1 -v) Gtatd
we get
S (0)%s (1) 1r(1-e) imﬁlwvm
0¢G = O - ﬁ WQTQT‘V _H - _lﬁlemvnT_j anpPr
3. _ 3,
totTogT W :
with .Kﬂ
H 3
PO,@ =[P+ -7 ~ ...Mp
0™ mw # of
7= 1%y OD.
Appendix E
Explicit Calculations ® consider the real emission process
¢ ; k
Consider XK,

p pk

ark Yu (o= F) ¥
(@m)" (k2 + i) ((p — k)* + ic)

&k [P (2=n) (b= k) L
|v\. Amq_.v:\o dz (2 2k - ap)? (I =k —zp)
I\ \ 2= A —2) p= /]

@m)" [12 + ie]
=[(x-3) 4]

1
Due to om:om__m.n_o:
of H and rw
TrickcA=A—-B+ B
IR div UV div.
1 1 n—4=2¢p

4 —n =2eyy

Define the Mandelstam variables

5= (p1+p2)°= 2p1-p2
= (p1—p3)?>=—2p1-p3
= (p2—p3)° = —2p>-p3

After averaging over colors and spins

11\ /11 wa
_E_MHA‘MAT%V (-1 ey ouey?
L A——
Spin
g2 2(1—¢)
.THI@AW WvlﬁuTML




Thereis arigorous factorization proof ...

Application of Factorization Formula at Next to Leading Order NLO)

Ingredients of Factorization

A formal proof was

Hard
Decompose into (t-channel) 2PI amplitudes: x}i::ﬁ[@ CongrUCtEd by
numer I .
c=23., C (K)V T + Non-leading — UL lB el
Collins, Soper, Sterman. Peu baxvchD World
Scientific (1989). Collin: eparatior
After reorganization of the infinite sum:
Parton Model Remainder
c=C[l-(1:2)K]*Z [1-K]* T+ C[1-(1-Z) K]* (1-2)T
arton Rovey
Nhere et 83" Didetbion Suppressed
Z: collinear
Pprojecti
Wilson Coefficient: Leading Order Next to Leading Order
Cl1-(1-2)K]t= C{’S CK - CZK +.. THOUGH
s H(c% @ @ EXPERIMENT
Wilson Coefficient: ! TO keep thl ngS
IR safe “hard” / /: \ q \ .
scattering cross section S mpl e, Iet scons del’
scattering
C Z K isthesubtraction

off a parton target.

Fred Olness 2003 CTEQ School Page 2

Basic Factorization Formula o=fewed +O(AYQ)

At First Order:

o'=f'ew’ed’+f’9w'®d’+ f’ew’ed %
o= f'ec’+w'+o’ed
Weused: f°=§ andd°=§ for a parton target. fo
Therefore: w'=0'-floc’-c’ed
——
1
Y c'®d!
Fred Olness 2003 CTEQ School Page 4

/L

fl

Application of Factorization Formulaat Leading Order (LO)

Application of Factorization Formulaat Next to Leading Order (NLO)

Basic Factorization Formula

o=fewed + O(A*/Q

Combined Result:

At Zeroth Order:

o= f’0w’ed® + O(AYQ) S A
Use f°=6 andd®°=6 for aparton target. fo f!

Therefore:
d’=1'9w’®d’=60w’®5=w’

Warning: Thistrivial result leads to many misconceptions at higher orders

Fred Olness 2003 CTEQ School Page 3

w0+w1=00+01—{f1®00+00® dl}

Y

TOT HC

%[

Heavy

Excitation EXCI tation

TOT =HE + HC —

Fred Olness 2003 CTEQ School Page 5




Splitting Kernel to o order

HOMEWORK PROBLEM: WILSON COEFFICIENTS

Fred Olness 2003 CTEQ School Page 6

Use the Basic Factorization Formula o=fewed + O(A’/Q)

At Second Order:

ocl=’@w’®d’+...
flew'®d’+....

Therefore:

w?=77?

* Compute w? at second order.
* Make a diagrammatic representation of each term.

Fred Olness 2003 CTEQ School Page 8

Splitting Kernel to o order

HOMEWORK PROBLEM: CONVOLUTIONS

X
1+x°
PY (x) = C
q<—q( ) F 1-x + 1-x
1 X

Fred Olness 2003 CTEQ School Page 7

Part 1) Show these 3 definitions are equivalent; work out the limits of integration.

f®g=f f(X)g(y)d(z—x=*y)dxdy
z, dx

feg=[ f(x)g(3)

fog=[ f(é)g(y)%

Part 2) Show convolutions are the “"natural" way to multiply probabilities.

If f represents the heads/tails probability distribution for asingle coin flip,
show that the distribution of 2 coinsis f@f and 3 coinsis f®&fdf.

fog= [ f(x)g(y)5(z—(x+y))dxdy
f(x)=%(6(1—x)+6(1+x))

BONUS: How many processes can you think of that don't factorize?

Fred Olness 2003 CTEQ School Page 9




KLN Theorem: cancellations of soft singularities

FN e
s e
N D
J 7 e

Fred Olness 2003 CTEQ School Page 10

b_

= y DGLAP equation
= Resums iterative
HE=f f(P-a)®c(a—c) splittings inside
- ; the proton
DGLAP Equation &; = = s 1P-_.;®.f; o
dlogpu 2m ’

Splitting Function

2
1 1 r W 2 MH’
Ppug = 1 +(1-x)"] + (—u2 )IX{l—x]| f

Fved (Hness 2003 CTHY Sehair] Page 12

M ass-| ndependent
Evolution.

Why isit valid?

Fred Olness 2003 CTEQ School Page 11

Effect of Heavy Quark Massin the Calculation

) LL'L‘,_>
/4:'_> -~
#
HE= [ f(P-a)80(a—c) suB= [ f(P~g)®'P(g—a)®a(a—c)
[ —

~ f(P>0)8'P(0-0)
valid near threshold (M, ~Q)

1P gplittings must match

In Summary:

Near threshold(M ,~Q), mass effects cancel between HE and SUB

Above threshold(M,,<<Q), mass effects can be ignored
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Effect of Heavy Quark Massin the Calculation is Trivial

- -
0.08 0.08

ive -----eeee- Massive  -----------
0.07 s HE ------ 0.07
006l Massless —— .7 006 Massless
005t e e Foos e
oos) Q=L0CEV 200 000000000 s
003 X= 0'05.&.;::3:"' 003} 3 210 GeV S
" 0 = 0.05
0.01 001
0 0
1 2 3 5 7 10 15 20 1 2 3 5 7 10 15 20
u GeV u GeV
HE= [ f(P»a)®0d(a—c) Y HC= [ f(P—g)®a(g—c)

: A

/ &
suB= [ f(P~g)®'P(g—a)®c(a—c)
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