SHO

ni1- Clear ["G'Loba'L‘ *"]

2= T= (1/2) mlvl? + (1/2) m2v2?;
T // Expand // Factor

Ooutf3)= % (ml v1? + m2 v22)

na= V= (1/2) k (x1-x2)2;

V // Expand

k x12 k x22
usl - kX1 X2
Out[5] 5 X1 X2 + 5
In[6]:= D[T, v1]
ouel= M1 v1
In[7]:= D[T, v2]
ou7l= M2 v2

ng= D[-V, x1] // Expand
outiel- -~k X1 + k x2

no= D[-V, x2] // Expand
ougl- k x1 -k x2

nfo= Tmat = {{ml1, 0}, {0, m2}};
Tmat // MatrixForm

Out[11]/MatrixForm=
(ml 0 )
0 m2

2= Vmat = {{k, —k}, {—k, k}};
Vmat // MatrixForm

Out[13)/MatrixForm=
ey

4= rule = {ml-»>m, m2 » m};

nisi-= mat = Vmat - Tmat w2 /. rule;
mat // MatrixForm

QOut[16])//MatrixForm=
( k-mw2 -k )
-k k-maw2

n17:- sol = Solve[Det[mat] == 0, w2]

out[17]= {{wz -0}, {wZ - zm_k}}
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e~ eql = mat .{a, b} ==0 // Thread
out[18]= {—bk+a <k—mw2> =0, -ak+b (k—me) = G)}

nH9= horm = a*r2+bA2 ==

oufi9) a% +b? =1
2o~ €gq2 = Join[eql, {norm}]

0out[20)= {fbk+a <k—mw2> =0, -ak+b (k—me) =0, aZ+b? = l}

nei- soll = Solve[eq2 /. sol[[1]], {a, b}] // Last

out[21]= {a - 1

b L}
NN Y
ne2- evl = {a, b} /. soll
o { L=, ]
nezs)- s012 = Solve[eq2 /. sol[[2]], {a, b}]

L))

L,be

out[23]= {{a - —f, b - f}, {a - \/27
4= €v2 = {a, b} /. Last[solz]

11
Out[24]= {\/27, \/?}

nes- eVecs = {evl, ev2};
eVecs // MatrixForm

QOut[26]//MatrixForm=

J 1
(ﬁ NGy
1 1
NN

ne7- eVecs.Vmat.Transpose[eVecs] // Simplify // MatrixForm

Qut[27]//MatrixForm=

nizs;- eVecs.Tmat.Transpose[eVecs] /. rule // Simplify // MatrixForm

Out[28]//MatrixForm=

(5 )
Look at motion

nzep- model = evIExp[Iwt] /. {w- Sqrt[w2]} /. sol[[1]]

1 L}
out[29]= {\/27,\/27



In[30]:=

out[30]=

In[31]:=

In[32]:=

out[32]=

In[33]:=

out[33]=

In[34]:=

out[34]=

In[35]:=

Out[35]=

In[36]:=

mode2 = ev2 Exp[Iwt] /. {w- Sqrt[w2]} /. sol[[2]]

i+/2
e

kot iv2 [kt
_e }
NNy

values = {k > 1, m> 1};

—

model /. values
{L L}
NN
model + {-1, 1}
1 1
{—l+\/2_,l+\/2_}

Plot[model +{-1, 1} /. values // Re, {t, 0, 10}

051
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Plot[mode2 +{-1, 1} /. values // Re, {t, 0, 10}

151

0.5F

10+t

doPlot[a_:1/2] :=Plot[a (model + {-1, 1} /. values) + (1-a) (mode2 +{-1, 1} /. values)

// Re, {t, 0, 10}]
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inzoi- doPlot[1 / 2]

151
1.0

05F
Out[39]=

-10r

Normal Coordinates:
1= nRule = {x1, x2} -> Transpose[eVecs].{nl, n2} // Thread

nl n2
Nl

n

nl , n2
V2 2

Outj41]= {Xl - , X2 >

infa2)= V
1 2
Ouzl= % k (x1-x2)

ns= V /. rule /. nRule // Simplify

ou43- k n22

4= nRule2 = {v1, v2} -> Transpose[eVecs].{nvl, nv2} // Thread

Oufasl- {vle nvl nv2 2 nvl nVZ}

NN N

nes- Vmat2 = {{0, 0}, {0, 2k}};
Vmat2 // MatrixForm

Out[46]//MatrixForm=

(o 2k)

0 2k

in@47:= T

oo ML viZ  m2v22
- 2 2

n4g;- T /. rule /. nRule2 // Expand

mnv12 . m nv22
2 2

Out[48]=



n4ol= Tmat2 = {{m, 0}, {0, m}};
Tmat2 // MatrixForm

QOut[50]//MatrixForm=
6 n
O m
1= mat2 = Vmat2 - Tmat2 w2,

mat2 // MatrixForm

QOut[52]//MatrixForm=
( -mw2 (0] )
0 2k-mw2

nis3- sol2 = Solve[Det[mat2] == 0, w2]

Out[53]= {{wz -0}, {w2 - 2m—k}}

nsa- eql = mat2 .{a, b} == 0 // Thread
Out[54]= {—a mw2 =0, b (2 k—ma)Z) = 0}

55 horm = ar2+bA2 ==

oussl- a2 +b? =1

nise- €q2 = Join[eql, {norm}]

oussl- {-amw2 =0, b (2k-mw2) =0, a® +b? =1}

ns7- soll = Solve[eq2 /. sol2[[1]], {a, b}] // Last
out[57}= {a -1,b- 0}

ins8- evl = {a, b} /. soll
ousgl= {1, O}

nse- sol2 = Solve[eq2 /. sol2[[2]], {a, b}]
out[59]= Ha -0, b- —l}, {a -0, b- l}}

o~ ev2 = {a, b} /. Last[sol2]
outeol= {0, 1}

net- eVecs = {evl, ev2};
eVecs // MatrixForm

QOut[62]//MatrixForm=

o 7

ne3- eVecs.Vmat2.Transpose[eVecs] // Simplify // MatrixForm
Out[63]/MatrixForm=
(o 2k]
0 2k

Taylor_Chii.nb | 5
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n4- eVecs.Tmat2.Transpose[eVecs] // Simplify // MatrixForm

Out[64]/MatrixForm=

o nl

SHO
Repeat with m2— o0, or m1-0

Problem #Taylor: p418

418 Chapter 11 Coupled Oscillators and Normal Modes

In[132]:= Exl ;2

equilibrium equilibrium

Figure 11.1  Two carts attached to fixed walls by the springs labeled k, and
ks, and to each other by k. The carts’ positions x; and x, are measured from
their respective equilibrium positions.

ni3z- Clear ["G'Loba'L‘ %"

1 1
In[134]:= = =mlvl? + —m2 V22;
2 2
T // Expand // Factor

out[135]= % (ml v1Z + m2 v22)

1 1
misel- V= — k1 x12 + — k2 (x1-x2)2+ 1 k3 x22;
2 2 2
V // Expand // Factor

Ou137]= % (K1 x1% + k2 x1% - 2 k2 x1 x2 + k2 x2? + k3 x22)

infisel= Tmat = {{ml1, 0}, {0, m2}};
Tmat // MatrixForm
Out[139]//MatrixForm=
(ml 0 )
0 m2
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inf140= Vmat = {{k1+ k2, —k2}, {—k2, k2 + k3}};

Vmat // MatrixForm

QOut[141]//MatrixForm=
( kl1+k2 -k2 )
-k2 k2 +k3

infa2)= rule = {m1->m, m2 - m, k1l -» k, k2 » k, k3 » k};

inf43:= Tmat = Tmat /. rule;
Tmat // MatrixForm

Out[144]/MatrixForm=
(& )
O m
n45j= Vmat = Vmat /. rule;

Vmat // MatrixForm

Out[146]//MatrixForm=
(%5 5%

in1477- mat = Vmat - Tmat w2}
mat // MatrixForm

QOut[148]//MatrixForm=
( 2k-mw2 -k )
-k 2k -mw2

a9 sol = Solve[Det[mat] == 0, w2]

v {{s2- &}, {s2- 34}

nis0- eql = mat .{a, b} ==0 // Thread
oupiso- {~-bk+a (2k-mw2) =0, ~ak+b (2k-mw2) =0}

ni51= horm = afr2+bArA2==1

oufisi= a2 +b% =1

5= eq2 = Join[eql, {norm}]

oursz- {-bk+a (2k-mw2) =0, ~ak+b (2k-mw2) =0, a* +b® = 1}
niss- soll = Solve[eq2 /. sol[[1]], {a, b}] // Last
Out[153]= {a% %’ b - f}

n154:- evl = {a, b} /. soll

o (=, )
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niiss)- s012 = Solve[eq2 /. sol[[2]]1, {a, b}]

Out[155]= {{a%—\/— b*f} { \/lzf’b%_f}}

n[i56]= €ev2 = {a, b} /. Last[solz]

Out[156]= {f, —%}

157 eVecs = {evl, ev2};
eVecs // MatrixForm

Out[158]//MatrixForm=
-1 -1
( NN
1 _ 1
N

59 eVecs.Vmat.Transpose[eVecs] // Simplify // MatrixForm

QOut[159)//MatrixForm=
(6 5x]
0 3k

nte0- eVecs.Tmat.Transpose[eVecs] // Simplify // MatrixForm

QOut[160]//MatrixForm=

(5 )
Look at motion

nier- model = ev1Exp[Iwt] /. {w- Sqrt[w2]} /. sol[[1]]
e " e "
V2T W2

niiez- mode2 = ev2 Exp[Iwt] /. {w- Sqrt[w2]} /. sol[[2]]

Out[161]=

i3 [kt i \F kot
out[162]= { £ \/27 y - \/2> }

inie3)= values = {k -1, m- 1}

inie4- model /. values

e {»\/ A/ }
u =
2 2

iniesj- model + {-1, 1}

i i |kt
m
e

NCY

Out[165]= {—l+ € , 1+

%‘ S‘Y
+



nies- Plot[model + {-1, 1} /. values // Re, {t, 0, 10}]

Out[166]=

In[167]:=

out[167]=

In[168]:=

In[169]:=

Out[169]=

15¢

10t

051

-10

-15¢

Plot[mode2 +{-1, 1} /. values //Re, {t, 0, 10}]

15¢

10

0.5

Taylor_Chi11l.nb | 9

doPlot[a_: 1/2] :=Plot[a (model + {-1, 1} /. values) + (1-a) (mode2 +{-1, 1} /. values)

// Re, {t, 0, 10}]
doPlot[1]
151

10

051
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70 doPlot[0]

15¢
10
0.5

out[170]=

ni71:= doPlot[1 / 2]

1.0

051

out[171]=

ini72- doPlot[1 / 4]

15¢

051

out[172]= . . . . .

Normal Coordinates:

ni73}= NRule = {x1, x2} -> Transpose[eVecs].{nl, n2} // Thread
nl n2 nl n2

\/27+\/2_,X2—>— —}

out[173]= {xl -

N
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In[174]:=

V'

2 2
k1l x1 +Lk2 (xl—x2)2+k3X2
2 2 2

out[174]=

ni7si= V. /. rule /. nRule // Simplify
1

Out[175]= 5 k (nl2 +3 n22>
ni76)= NRule2 = {v1l, v2} -> Transpose[eVecs].{nvl, nv2} // Thread
{vl N nvl nv2 2 nvl nVZ}

V2 A2 TN e

nir7- Vmat2 = {{k, 0}, {@, 3k}};
Vmat2 // MatrixForm

Out[178]//MatrixForm=

Out[176]=

(6 3%)

0 3k

n(179):= T

oo, MIVIZ | m2 v2?
- 2 2

infsoj= T/« rule /. nRule2 // Expand

mnv12 . m nv22
2 2

out[180]=

infigi]= Tmat2 = {{m, 0}, {0, m}};
Tmat2 // MatrixForm

Out[182]//MatrixForm=
(5 )
O m
infies= mat2 = Vmat2 - Tmat2 w2;

mat2 // MatrixForm

Out[184]//MatrixForm=
( k-mw2 0 )
(0] 3k-mw2

iniesj= sol2 = Solve[Det[mat2] == 0, w2]

o {fua+ 8}, {2 28]

nisel- eql = mat2 .{a, b} ==0 // Thread
Out[186]= {a (k—me) =0, b (3 k—mw2) == }

n87= horm = afr2+bAr2==1

ourier- a2 +b? =1

nies- €gq2 = Join[eql, {norm}]

oures- {@ (k-mw2) =0, b (3k-mw2) =0, a®+b? =1}
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nieor- soll = Solve[eq2 /. sol2[[1]], {a, b}] // Last
Out[189]= {a ->1,b- G)}

infe0)- evl = {a, b} /. soll
oufioo= {1, O}

nier- sol2 = Solve[eq2 /. sol2[[2]], {a, b}]
out[191]= Ha -0, b- ,1}, {a -0, b- l}}

n92]= ev2 = {a, b} /. Last[so'l.z]
ouf192= {@, 1}

nfe3- eVecs = {evl, ev2};
eVecs // MatrixForm

Out[194]//MatrixForm=
(3 1)
01
nos- eVecs.Vmat2.Transpose[eVecs] // Simplify // MatrixForm

QOut[195]//MatrixForm=
(6 5x]
0 3k

noe- eVecs.Tmat2.Transpose[eVecs] // Simplify // MatrixForm

QOut[196]//MatrixForm=

o nl

Problem #Taylor: p418

432 Chapter 11 Coupled Oscillators and Normal Modes

In[197]:=

Figure 11.9 A double pendulum. The velocity of m,, is the vector sum
of the two velocities shown, separated by an angle ¢, — ¢;.

276 Clear ["G'Loba'L‘ *"



7= T = % (ml+m2) L12 d¢1? + % m2 L22 d¢22 + m2 L1 L2 dol dg2
T // Expand // Factor

Out[278]= % (d¢12 L1%2 ml + dgpl? L12 m2 + 2 d¢l dg2 L1 L2 m2 + dp2? L22 mz)

In[279]:= V=

N =

(mL+m2) gLll? + ingszpz2 ;
V // Expand // Factor

Outz80}= % g (L1ml 1% + L1 m2 ¢1% + L2 m2 $22)

inesi]= rules = {(mlL->m, m2->m, L1 >L, L2 > L};

nes2-= T /. rules // Factor

Ou[282)- % (2 dp1? + 2 dp1 d2 + dp22) L>m

nes3-= V /. rules // Factor

Out[283]= % gLm (2 (1512 + ¢22>

nesa- Tmat = {{2, 1}, {1, 1}};
Tmat // MatrixForm

Out[285]//MatrixForm=
1)
11
nessl- Vmat = {{2, 0}, {0, 1}};

Vmat // MatrixForm

QOut[287]//MatrixForm=

o1

iness]= mat = Vmat - Tmat w2}
mat // MatrixForm

QOut[289]//MatrixForm=
( 2-2w2 -w2 )
-w2 1-w2

in2ooi= SOl = Solve[Det[mat] == 0, w2]

Out[290]= HwZaZ—\/Z_}, {w2a2+\/27}}

neer- eql = mat .{a, b} ==0 // Thread
oupet- {@ (2-2w2) ~bw2 =0, b (1-w2)-aw2 =0}

n2o2]= horm = ar2+bA2 ==

oupezl= a2 +b? =1

Taylor_Ch11.nb

| 13
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in2o3- €q2 = Join[eql, {norm}]
oues- {@ (2-2w2) ~bw2 =0, b (1-w2) -aw2 =0, a*>+b* =1}
neosi- soll = Solve[eq2 /. sol[[1]], {a, b}] // Last // FullSimplify

2

out[294]= {a - %, b - 5 }
In29s- evl = {a, b} /. soll

Out[295]= {% , J% }

nzeel- s012 = Solve[eq2 /. sol[[2]]1, {a, b}] // Fullsimplify

out[296]= {{aa—%, b %}, {a%%, ba\/% }}

In[297]= €eV2 = {a, b} /. Last[so'l.z]

e (.- [2)

ineoe)- eVecs = {evl, ev2};
eVecs // MatrixForm

QOut[299]//MatrixForm=

nzoo;- eVecs.Vmat.Transpose[eVecs] // Simplify // MatrixForm

QOut[300]//MatrixForm=

4
3 0
0 4

3

nzoi]- eVecs.Tmat.Transpose[eVecs] // Simplify // MatrixForm

Out[301]//MatrixForm=

e

Look at motion

nzoz- model = ev1Exp[Iwt] /. {w- Sqrt[w2]} /. sol[[1]]

Out[302]= {%, J% eﬂ\/ﬁt}



In[303]:=

Out[303]=

In[304]:=

Out[304]=

In[305]:=

Out[305]=

In[306]:=

Out[306]=

In[307]:=

out[307]=

nisos- doPlot[a_: 1/2] :=Plot[a (model +{-1, 1}) + (1-a) (mode2 +{-1, 1})

mode2 = ev2 Exp[Iwt] /. {w - Sqrt[w2]} /. sol[[2]]

(el e, ﬁ o )

model

ei V22 ¢ i4/2-4/2 t
{T’ﬁ@ vt

model + {-1, 1}

{_l+<eiiv\2/3_\/7t’l+\/% ei 22 t}

Plot[model +{-1, 1} // Re, {t, 0, 10}]
2.0

15

1.0

Plot[mode2 +{-1, 1} // Re, {t, 0, 10}]
2.0

15

1.0

// Re, {t, 0, 10}]

Taylor_Ch11.nb
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ingog)= doPlot[1]
20

15

1.0

0.5

Out[309]=

inz1op= doPlot[0]
20

15

1.0

Out[310]=

nai1:= doPlot[1/ 2]

out[311]=
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nziz- doPlot[1/ 4]
2.0

15

1.0

out[312]=




