Problem #1)

Clear ["G'I.obal‘ %"
1
= =mb"2 (del”2+de2~2 + de3"2)
2
1. 2 2 2
b (del +de2 +de3)m
2

= 1 kb2 ((el-62)"2+ (62-63)"2+ (63-61)"~2) // Expand
2

b2 kel? —bZkele2+b?2ke22 -b?2keole3-b2ke2e3+b?ke3?

D[T, del]
b2 delm

Tmat =mb~"2 DiagonalMatrix[{l, 1, 1}] ;
Tmat // MatrixForm

b2m ©0 0
O bZm 0
0 0 bZm
D[V, 61]

2b2kel-b?2ke2-b2ke3

Vmat - kb~2{{2, -1, -1}, {-1, 2, -1}, {-1, -1, 2}};
Vmat // MatrixForm
2b2k -b2k -b%2k
“b2k 2b2k -bZk
-b2k -b2k 2b%k

mat = Vmat - Tmat w2;
mat // MatrixForm

2b2k-b%mw2 -b? k -b? k
-b? k 2b2k-b2mw2 -b? k
-b? k -b? k 2b2k-b2mw2

sol = Solve[Det[mat] ==0, w2]

{{2>0}, {025 3m—k}, w2 -"m—k}}
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eql =mat .{a, b, ¢} ==0 // Thread;
eql // Column

“b3k-b2ck+a (2|o2 kszme) =0
—ab2k-b2ck+b (2b2 kszmwz) =0
—ab2k-b3k+c (2b2 kszme) -0

norm = a*2+b"2+c"2 ==
a2ib2+c? =1

eq2=Join[eq1, {norm}];

eq2 // Column
—b3k—b2ck+a(2b2k—b2mw2) -0
7ab2kfb2ck+b(2b2kfb2mw2) =0
7ab2kfb3k+c(2b2kfb2mw2) =0

a2+b2+c?==1

soll = Solve[eq2 /. sol[[1]], {a, b, c}] // Last

Solve: Equations may not give solutions for all "solve" variables.

1 1 1
{a - , b , C—> }
/3 /3 V3
evl={a, b, c} /.soll

{1 1 1}
NERERNE)

sol2 = Solve[eq2 /. sol[[2]], {a, b, c}] /.a->0

Solve: Equations may not give solutions for all "solve" variables.

{{be@, Ce—l}, {be@, C—>1}, {be—i, Cei}, {bei, Ce—i}}

N
ev2={a, b, c} /. Last[sol2]

o L2

V2o 2

ev2={a, b, c} /. Last[sol2] /.a->0
fo, 1 7L}
V2 A2
eVecs = Orthogonalize[{evl, ev2, {1, 2, 3}}] // Simplify

2

1 1 1 1 1 1 1
H et DS
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(» a cross check for Chris )
Transpose[eVecs] == Inverse[eVecs]
eVecs.Transpose|eVecs]

True
{{1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

Vdiag = eVecs.Vmat.Transpose[eVecs] // Simplify ;
Vdiag // MatrixForm

0 0 0
0 3b2k 0
O 0 3b’k

Tdiag = eVecs.Tmat.Transpose[eVecs] // Simplify;
Tdiag // MatrixForm

b2m © 0
O b2m 0O
0 O bZm

Problem #2)

Clear ["Global‘ *"

T-= l mv2 + l Ibar wBar”"2;

2 2
2
wBar = — (dxl—dx2) ;
L
Ibar = 1 mL"~2;
12

v2 = dx172 + dx272;
T // Expand // Factor

1
= (2 dx12 - dx1 dx2 + 2 dxzz) m
3

V= lmg (x1+x2) + lk (x1"2+x272) // Expand
2 2

gmxl kx12 gmx2 kx22
+ + +
2 2 2 2

D[T, dx1] // Expand
4dxlm dx2m
3 3
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D[T, dx2] // Expand
dxlm 4dx2m

+

3 3

Tmat - 2{{2, ~1/2}, {-1/2, 2}};

Tmat // MatrixForm

an
3

[_m 2
6

D[V, x1]
ﬂ +kx1
2

= o=

“|

D[V, x2]
ﬂ + kx2
2

Vmat = E{{l, 0}, {6, 1}};

Vmat // MatrixForm

k 0
k
2

mat = Vmat - Tmat w2;
mat // MatrixForm

kK  2mw2 mw2
2 3 6

mw?2 k  2mw2
6 2 3

sol = Solve[Det[mat] == 0, w2]

{fuz> 22}, fu2 2}

m
eql =mat .{a, b} ==0 // Thread
bmaw2 k 2mw2 amw2 k 2mw2
{ +a(—— )::0, +b(
6 2 3 6

norm = a”*2+b”"2 ==
a?+b? =1
eq2 = Join[eql, {norm} ]

k_2mw2) 0 amw2+b(k 2mw?
2 3 6

bmaw2
{ 2 3

6

+a ::0,a2+b2::1}

== ’
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Solve[eq2 /. sol[[1]], {a, b}]

V2 V2 V2 V2
soll = Solve[eq2 /. sol[[1]], {a, b}] // Last
{aa L, be—i}

V2 V2

evl= {a, b} /. soll
1 1
{\/?’ \/2_}
sol2 = Solve[eq2 /. sol[[2]], {a, b}]

(fo- b o me 1)

ev2 = {a, b} /. Last[sol2]
(— —]
V22

eVecs = {evl, ev2}

() i =

eVecs.Vmat.Transpose[eVecs] // Simplify // MatrixForm

kK @
2
0&

2

eVecs.Tmat.Transpose[eVecs]| // Simplify // MatrixForm

(5_"1@
6

Oﬂ
2

Part B Look at motion

values = {k> 1, m~ 1};

sol

ffuz 22}, fu2 2}

m
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model = ev1Exp[Iwt] /. {w- Sqrt[w2]} /. sol[[1]]
= a5
mode2 = ev2Exp[Iwt] /. {w~ Sqrt[w2]} /. sol[[2]]

g
vz

model + {-1, 1} /. values

Plot[model + {—1, 1} /. values // Re, {t, 0, 10}]

Plot[mode2 +{-1, 1} /. values //Re, {t, 0, 10}]

{xl, x2} == eVecs.{nl, nZ}

{xl, x2} {

nl n2 nl n2 }

VI N2 Az Az
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{x1, x2} == eVecs.{n1, n2} /. {n1-51/2,n2-51/2}

1
{x1, x2} - {o, \/T}

mix[a_] :=amodel + (1-a) mode2 /. values //Re
mix[1/2] /. {t>@} // Simplify
{L, o}

V2

doPlot[a_: 1/2] := Plot[a (model + {-1, 1} /. values) + (1-a) (mode2 + {-1, 1} /. values)
/7 Re, {t, 0, 10}]

doPlot[1 /2]

Problem #3)

Clear["Global "

= lmvl"2+lmv2"2
2 2

mvl2 mv22
+

2 2

-1 K xar2 . 2K (x1-x2)~2 // Expand
2 2

5 k x12
2

-2k x1x2+kx22

D[T, v1]

mvl
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Tmat = m DiagonalMatrix[{1, 1}];
Tmat // MatrixForm
(% )
Om
D[V, x1]
5kx1-2kx2

D[V, x2]
-2kx1+2kx2

Vmat = k {{5, -2}, {-2, 2}};
Vmat // MatrixForm

(5k —2k)

-2k 2k

mat = Vmat - Tmat w2;

mat // MatrixForm

(5k—mw2 -2k )
-2k 2k-mw2

sol = Solve[Det[mat] ==0, wZ]

({25, (o2 =)

m m

eql =mat .{a, b} == 0 // Thread;
eql // Column

~2bk+a (Sk-mw2) =0

-2ak+b (2k-mw2) =

norm = a”2+b"2==1
aZ+b? =1

eq2 = Join[eql, {norm}];
eq2 // Column

2bk+a (Sk-mw2) =

-2ak+b (2k-mw2) =0
aZ+b? =1

soll = Solve[eq2 /. sol[[1]], {a, b}] // Last

{aei,bei}

A5 A5
evl = {a, b} /. soll

1 2
=2
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sol2 = Solve[eq2 /. sol[[2]], {a, b}]

ev2 = {a, b} /. Last[sol2]
5
NGNS

eVecs = {evl, ev2} // Simplify

1 2 2 1
e bl )
eVecs.eVecs
({1, 0}, {0, 1}]

Vdiag = eVecs.Vmat.Transpose [eVecs] // Simplify ;
Vdiag // MatrixForm
o 6k

0 6k

Tdiag = eVecs.Tmat.Transpose[eVecs]| // Simplify;
Tdiag // MatrixForm

50l

Problem #4)

Clear ["Global‘ *"]

1 1
==mvl~2+=m (vl+Lde)~2 // Expand
2 2

1
~de?LZm+doLmvl +mvl?
2

1
V=mgL (1-Cos[e]) + —kx?// Expand
2

2

k
gLm+ X -gLmCos[e]

Series[Cos[e], {e, 0, 2}] // Normal
92
2

1-
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e? N
V=V /. {C05[e] ->1- —} // Simplify
2

1 (kx2+ngez)
2
D[T, v1]

doLm+2mvl

D[T, de]

delZm+Lmvl

Tmat =m{ {2, L}, {L, 1?}};
Tmat // MatrixForm
(Zm Lm)

Lm L2m
D[V, x]
k x

D[V, 6]
gLme

Vmat = {{k, 0}, {0, gLm}};
Vmat // MatrixForm

(6 gim)

O gLm

mat = Vmat - Tmat w2;
mat // MatrixForm

(k—2mw2 -Lmw2 )
-Lmw2 gLm-L2mw2

rulesl - Solve[ﬁ % K] [[2]]

k=%

mat = mat //. rulesl // Simplify;
mat // MatrixForm

m(g-2Lw2 _Lmaw2
L
-Lmw2 Lm(g-Lw2)

sol = Solve[Det[mat] == 0, w2] // Simplify

(CRR LI L PR ALIL)
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eql =mat .{a, b} ==0 // Thread;
eql // Column

—bme2+M:0
—almw2+blm(g-Lw2) =0
norm = a*~2+b"2==1
aZib? =1

eq2 = Join[eql, {norm}];
eq2 // Column

blmw2. 2ME2E2L g

-almw2+blm(g-Lw2) =0

a2 +b?2 =1

soll = Solve[eq2 /. sol[[1]], {a, b}][[1]] // Simplify

{a% ]1\/27(71+\E)L o P2 }
(—3+\/5_)J—2—(3+\/57)L2 J—Z—(3+\/57)L2

evl = {a, b} /. soll

iV2 (-1+45)L i
{ -
(73+V5’) J2(3+V5’) L2 Jz aﬁ) L2

sol2 = Solve[eq2 /. sol[[2]], {a, b}][[1]] // Simplify

J

{a% (_2+ﬁ) (3+ﬁ) 7+3+/5 L,b+ \7:345 }
2J7+3ﬁ+(3+v5_) L2 J7+3J5_+(3+v5’) L2

ev2 = {a, b} /. sol2
{(—2+\/57) (3+\/5_) \J7+34/5 L i \7+3/5
2\/7+3\/§+(3+\/§)L2 \/7+3ﬁ+(3+ﬁ)L2

J
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eVecs = {evl, ev2} // Simplify

(—ER e
(_3+J5_)J_2_(3+J5_) L2 \/—2—(3+\/57)L2

(72+\/57) (3+\/57) \/7+3\/5_L ) 4/7+3\/57
2J7+3V5’+(3+J5_) L2 J7+3\/5’+(3+\/5’) L2

{ J}

eVecs.eVecs // FullSimplify

{{L 2L i ]'l(fl+\/5_) (71+\/57)L+ i }
3-+5 +212 2\/1L2(3+L2) 3-+5 +212 \/1L2(3+L2)

{_ [ZL [jL (3+\/5_+2L2) " (1+J5_) J—I—Lz (3+L2) ])/
1 1(71+ﬁ)|_

-3+ - 2 * * ) ' _
T ). o

Vdiag = eVecs.Vmat.Transpose[eVecs] // FullSimplify ;
Vdiag // MatrixForm

K4 —2ki2glm il (-kL+gm)

2+[3+ﬁ] L2 117 (3.2
L kLan) L((3+ﬁ)ku(7+3ﬁ]gm]
112 (3.2 7.34/5 + [3ﬁj L2

Vdiag = eVecs.Vmat.Transpose[eVecs] /. rulesl // FullSimplify ;
Vdiag // MatrixForm

5+\/? gLm
2 o5 |1
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Tdiag = eVecs.Tmat.Transpose[eVecs] /. rulesl // FullSimplify ;
Tdiag // MatrixForm

2 5+2\/? L2m o
2+ (aﬁ) L2

0 (5+ S]Lzm

135 (2 |0




