Problem #1)

Problem 1: (30 Pts) Consider the below matrices. Can these represent rotations of a solid object???
a) If yes, what is the rotation angle???
b) If not, clearly explain why they can NOT be rotations?

[ cosf  +sinf [ cos@ +sinf . @ +% (=1 0
s My = (— sinf  cosf > M = (—I—sinﬁ cos > M; = (é @ My = 0 -1
1 0 0 -1 0
Ms=10 cosf +sinf| Mg=| 0 -1 0 | M;= (g g Mg = (3 2)
0 —sinf cosf 0 0 -1 2
ANSWERS :

M1: Yes, rotation by 8

M2: No, need one negative and one positive Sin@ term
M3: Yes, rotation by 30 Degrees

M4: Yes, rotation by 180 Degrees

M5: Yes 3-D rotation about the x-axis by 6

M6: No, this flips all axes. (This is a parity transformation.)
M7: No, this will stretch the axes.

M8: No, this will stretch x-axis and compress y-axis

Problem #2)

ni- Clear["Global® ']

4 0 0
11 3
nEl= m= 0 PR H
3 11
0 - —
2 2
i 3
2 2
nE= M2 = H
" ( ERTY ]’
2 2

n#- one = DiagonalMatrix [{1, 1, 1}];
ns- Det[m - A one]

ousle 112 -T2 A+ 15 A2 - A3

ne- SOl = Solve[Det[m - Aone] == 0, A]
o A > 4}, (A > 4}, (Ao T}



2 | ex3.nb

n7- Eigenvalues [m]

our- {7, 4, 4}

ne- Eigenvalues [m2]

ougl- {7, 4}

no- eqs = (m —Aone).{a, b, c} == 0 // Thread

3c 11 3b 11
out[9= {a(4—/\)== 0, T-‘-b(?_/\):: 0, 7+C(?—/\)== }

niop=  SOL[[1]]
oufio-  {A » 4}

mi1- soll = Solve[eqs /. sol[[1]], {a, b, c}I[1]]
Solve : Equations may not give solutions for all "solve " variables .

ouriil- {C » -b}

miz- vl ={a, by, c} /. soll
ouriz- {a, b, —b}

miz- vl={a, b, c} /.s0ll /.{a>1, b-> 0}
ouprz- {1, 0, O}

nia=  SOL[[3]]
ourta- {A > T}

nis- sol3 = Solve[eqs /. sol[[3]], {a, b, c}I[1]]
Solve : Equations may not give solutions for all "solve " variables .

ouis- {@a » 0, ¢ > b}

nie- v3 ={a, by, ¢} /. sol3
ourie- {0, b, b}

mi7- v3 ={a, by, c} /.s0l3 /.{b-> 1}
oui7- {0, 1, 1}

nigl- V2 = Cross[vl, v3]

ourrg- {0, -1, 1}

nie- {@a, by c} /.soll /.{a-»> 0, b-> -1}
ourrg- {0, -1, 1}

In[20]:= {Vl, V2, V3}
oupo- {{1, 0, 0}, {0, -1, 1}, {06, 1, 1}}
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Problem #3)

nei- Clear["Global™ ="]

43 43
- m={{—, 0, 1/2}, {1/2, 0, -—}, 0,1, 0}};
2 2

one = DiagonalMatrix [{1, 1, 1}];
m /| MatrixForm

QOut[24]//MatrixForm=

EVER Y
2 2
1o s
2 2
o 1 o0

nesi- mM.Transpose [m]

ous- {{1, ©, 0}, {0, 1, 0}, {0, 0, 1}

nes-  Edigenvalues [m]

outze) {%(—2+\/§+i1/16—(—2+\/§)2), %(—2+\/§—i 16—(—2+«/§)2), 1}

ne7- eqs = (m-Aone).{a, b, c} ==0 /. {A> 1} // Thread

[ \/g ] c a \/E c
out[27]= { -1+

a+—==0, —-b-
2 2 2 2

=0, b-c == }

nesi- sol = Solve[eqs, {a, b, c}[[1]]

- Solve : Equations may not give solutions for all "solve " variables .

Out[28}= {b - —(—2+ \/g)a, c- —(—2+ \/g)a}

nee- vecl ={a, b, c} /. sol /. {a > 1}

Out[29]= {l, 2 - ’\/g, 2 - '\/g}

vecl
@B =
2 - '\/ 3
1
Out[30]= {—, l, l}
2-4/3
vecl
- ——— /I Simplify

G

out[31]= {2+ '\/E, 1, l}
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naz- vecl I/l Normalize // Simplify

{ 1 2-4/3 2-4/3
\J1s-8 43 ’ \/l5—8\/§’ \J1s-8 43

npa- eq = Tr[m] == 1 + 2 Cos|[6]

Out[32]=

\3
oupss- —— == 1+ 2 Cos[0O]
2

naa- Solvel[eq, Cos[O1][[1]]

Out[34]= {COS[Q] - % (—2 + '\/E)}

nas-  tsol = Solveleq, 61[[1]]

out[3s}= {9—) —AI’CCOS[%(—2+ '\/E)]+2rrcl if cleZ}

nse-  tsoll = Solveleq, 61[[11]1 /. {CL] :> 0}

out[36]= {9 - —AI’CCOS[% (—2 + ’\/g)]}

na7- tsol2 = Solve[eq, 6][[1]] /. {C[_]:= 1}

. {9 S2m- ArcCos[% (~2+ «/5)]}

[}
e~ 00 = — [, tsoll // N
Degree

ouzsl- —-93.841

[}
npo- 00 = ———— [, tsol2 /I N
Degree

ouzel- 266.159

In[40]:= 1/(2 - '\/E) Il Simplify

outi40l= 2 + ’\/E

e mo{1 /(2 - «/?), 1, 1} i Simplify
Out41]= {2+ \/g, 1, l}

In[42]:= m.{(z + '\/E), 1, 1} Il Simplify

out42)= {2+ \/g, 1, l}



Problem #4)

nus-  Clear["Global™ ="]

n4a- Tmat = m DiagonalMatrix [{1, 1, 1}];
Tmat // MatrixForm

Out[45)//MatrixForm=
m 0 0
O mo
0O 0 m

neer- Vmat = k {{2, 1, -1}, {1, 2, 1}, {-1, 1, 2}};
Vmat // MatrixForm

Out[47]//MatrixForm=

2k k -k
k 2k k
-k k 2k

nssi- mat = Vmat - Tmat w2
mat // MatrixForm

Out[49]//MatrixForm=

2k-mw2 k -k
k 2k-mw?2 k
-k k 2k-mw2

nso- Det[mat] // Factor

ouso- —mw2 (3 k-mw2)?

nsi- sol = Solve[Det[mat] == 0, w2] // Simplify
3k 3k
Out[51]= {{wZ - 0}, {w2 - —}, {w2 - —}}

m m

ns2-  eql =mat .{a, b, c} == 0 // Thread;
eql // Column
bk-ck+a@k-mw2) ==

ousa- ak+ck+b(2k-mw?2) ==
—ak+bk+c(2k-mw?2) ==

nsa- soll = Solvel[eql /. sol[[1]], {a, b, c}[[1]] / Simplify

Solve : Equations may not give solutions for all "solve " variables .

ousa- {b > -a, ¢ > a}

nss- evl ={a, b, ¢} /. soll /.{a > 1}/ Simplify
ouss- {1, -1, 1}
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sol2 = Solve[eql /. sol[[2]], {a, b, c}I[[1]] / Simplify /I PowerExpand

In[56]

Solve : Equations may not give solutions for all "solve " variables .

outsel-  {C = —a+ b}

ns7- ev2 ={a, b, c} /. sol2 /.{a > 1} // Simplify
ousn- {1, by, =1+ b}

nse- ev2 = ev2 . {b > 1}

ousel- {1, 1, O}

nse- ev3 = Cross[evl, ev2]

ouse- {-1, 1, 2}

neoj- eVecs = Normalize /@ {evl, ev2, ev3} // Simplify

1 1 1 1 1 1 1 2
Out[60}= {{ s = ’ }’{ ’ >0}:{__y > _}}

NN N e NG NENEAE
ne- Vdiag = eVecs .Vmat.Transpose[eVecs] // FullSimplify ;

Vdiag // MatrixForm

Out[62]//MatrixForm=

0 0 0
0 3k 0O
0 0 3k

nesi- Tdiag = eVecs.Tmat.Transpose[eVecs] // FullSimplify ;
Tdiag // MatrixForm

Out[64]//MatrixForm=

m o0 0
O mo
O O m

Part B Look at motion

nesi- values ={m-» 1, k » 1};
nesl- sol /. values

oueel-  {{w2 - 0}, {w2 > 3}, {w2 > 3}

model = evl Exp[I wt] /. {w = Sqrt[w2]} /. sol[[1]] /. values

In[67]

ous7- {1, -1, 1}

nesi- model = evl (x0 + vO t) /. {w -» Sqrt[w2]} /. sol[[1]] /. values /. {x0 -» 0, vO > 1}

ouegl- {t, -t, t}



nes- mode2 = ev2 EXp[I w t] /. {w -» Sqrt[w2]} /. sol[[2]]/. values
out[69]= {ei Ve , & V3 s 0}

n7o- mode3 = ev3 EXp[I w t] /. {w -» Sqrt[w2]} /. sol[[3]]/. values
{_ei«/Et’ ei«/?t’ Zei\Et}

out[70}=

n7- model +{-1, 1} /. values

- Thread : Objects of unequal length in {t, -t, t} + {-1, 1} cannot be combined .

ouri- {-1, 1}+{t, -t, t}
n72- Plot[model +{-1, 0, 1} /. values // Re, {t, 0, 10}]

101

out[72]=

n7z- Plot[mode2 +{-2, 0, 2}/. values // Re, {t, 0, 10}]
2

1 \ /\
2 4 6 8 0
Out[73]=
-1
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n74- Plot[mode3 +{-2, 0, 2}/. values // Re, {t, 0, 10}]

out[74]=

Problem #5)

nzsi- Clear["Global™ ="]

1 1
mre- T= = (2m) x1 '[t]* + — (1 m) x2 '[t]*;
2 2

1 1 1
- Vo= = (2 K) x1[t]* + = (1 k) x2[t]* + — (2 k) (x1[t] - x2[t])*;
2 2 2

nre- Llag=T=V

1 1
oure- =k X1[t]? - k (X1[t] - x2[t])? - — k x2[t]* + m x1'[t]* + — m x2'[t]?
2 2

w7~ D[D[lag, x1 '[t]], t] - D[lag, x1[t]] // Simplify
oura- 4 K X1[t] - 2 k x2[t] + 2 m x1"[t]

weo- D[D[lag, x2 '[t]], t] - D[lag, x2[t]] // Simplify
ouo- =2 K x1[t] + 3 k x2[t] + m x2"[t]

nsi= Tmat = m DiagonalMatrix [{2, 1}];
Tmat // MatrixForm

QOut[82]//MatrixForm=
( 2m 0 )
O m
nea-  Vmat = k {{4, -2}, {-2, 3}};

Vmat // MatrixForm

QOut[84]//MatrixForm=

(4k —Zk)
-2k 3Kk



mes-  mat = Vmat - Tmat w2
mat // MatrixForm

QOut[86]//MatrixForm=
( 4k-2mw?2 -2k )
-2k 3k-mw2

ne7- sol = Solve[Det[mat] == 0, w2] // Simplify
k 4 k

o ({2 Zb {2 T

nesi-  eql = mat .{a, b} == 0 // Thread
eql // Column
-2bk+a(@dk-2mw?2) ==

Out[89]=

-2ak+b(Bk-mw2) =0

neoj- soll = Solvel[eql /. sol[[1]], {a, b}I[[1]] // Simplify

Solve : Equations may not give solutions for all "solve " variables .

ourgol- {b > a}

nei- evl ={a, b} /.soll /. {a - 1} // Simplify
ouper- {1, 1}

nezi- sol2 = Solvel[eql /. sol[[2]], {a, b}[[1]] // Simplify // PowerExpand

Solve : Equations may not give solutions for all "solve " variables .

oupezl- {b » -2 a}

nesi- ev2 ={a, b} /.sol2 /. {a - 1} /Il Simplify
oupezl- {1, -2}

nea- eVecs = Normalize /@ {evl, ev2} /I Simplify

1 1

1 2
e {{\/E’ \/E}’{\/E’_\/E}}

nesi- Vdiag = eVecs .Vmat.Transpose[eVecs] // FullSimplify ;

Vdiag // MatrixForm

QOut[96]//MatrixForm=
3k
2

0

0

24 k
5

ne7i- Tdiag = eVecs .Tmat.Transpose[eVecs] // FullSimplify

Tdiag // MatrixForm

QOut[98]//MatrixForm=
3m
— 0
2

0

&n
5
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Problem #6)

neo-  Clear["Global’ "]
1 1

mpoo- T = —ml x "[t]* + — (inertia)w'[t]*;
2 2

1
mon- V= = k x[t]* - ml g x[t];
2

1
nioz-  inertia = —m2 r?;
2
x '[t]
w'[t] = 5
r
nfoa= T
1 1
owtoa-  — ml X'[t]* + — m2 x[t]?
4
npos= V
1

ouios-  —g ml x[t] + — k x[t]?
2

nios- lag=T=V

1 1 1
ouios- g Ml x[t] - — k x[t]* + — ml x'[t]* + — m2 x'[t]
2 2 4

nio7-  eqP = p[t] == D[lag, x '[t]] // Factor

1
ourto7-  P[t] == — (2 m1 + m2) x'[t]
2

niogi- psol = DSolve[ eqP, p[t], tI[[1]]

1
——" {p[t] > ~(@mL+n2) x'[t]}

niog=  Xsol = Solve[ eqP, x "[tII[[1]]
2 p[t] }

Out[109]= {X'[‘t] -
2ml +m2

niio- ham =T+ V
1 1 1
ouro —gml x[t]+ — k x[t]? + — ml x'[t]* + — m2 x'[t]
2 2 4
niti= ham = ham /. xsol /I Simplify
plt1?

1
outii ——— + — X[t] (-2 g m1 + Kk x[t])
2ml+m2 2



In[112]:=

Out[112]=

In[113]:=

Out[113]=

In[114]:=

Out[114]=

In[115]:=

Out[115}=

In[116]:=

out[116]=

In[117):=

out[117]=

In[118]:=

out[118]=

eql = D[ham, p[t]] == x "[t] / Simplify
2 p[t]

X[t] == —
2ml +m2
eq2 = - D[ham, x[t]] == p '[t]

1 1
- — Kk x[t]+ — (2 gml - k x[t]) == p'[t]
2 2

p2sol = DSolve[eql, p, tI[[1]]
1

{p - Function [{t}, — (2 ml +m2) x’[t]]}
2

eqHam = eq2 /. p2sol // Simplify
2 gml == 2 k X[t] + (2 m1 + m2) x"[t]

Check that Lagrange equations are equivalent

D[D[lag, x '[t]], t] - D[lag, x[t]] // Simplify

m2
-gml+k x[t]+ (ml + —) x"[t]
2

(* Same thing, just multiply by 2 and move to other side:x)
eqLag = 2 D[D[lag, x "[t]], t] == 2 D[lag, x[t]] / Simplify

2gml == 2 k x[t]+ (2 ml+m2) x"[t]

eqlLag == eqHam

True

Problem #7)

Problem A

In[119]:=

In[120]:=

out[120}=

Inf121]:=

Out[121]=

Clear["Global" %"]

pt
ntar = — /. {p -» (11.34 - 10%), t > (0.3 ~107%), m - (208 *(1.66 « 1072"))}
m

9.85287 x 10%*

Nsc = Ninntar sig /.{Nin > 10*, sig » 50 - 107%°}

492.644
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Problem B

nizz;-  Clear["Global’ *"]

nizs- solidAngle = Integrate[Sin[6], {6, O, rt}, {¢p, O, 2 5T}]

oufizz- 4 71T

niz24- coverage = Integrate[Sin[6], {6, 61, 62}, {¢$, O, 2 5t}]
oufizal- 2 71 (Cos[61] - Cos[62])

In[125]

coverage /.{01 - 10 Degree, 62 - 20 Degree}
oufizsl- 2 71 (Cos[10 °] - Cos[20 °])

coverage
nize)- ratio = ————— /. {#1 - 10 Degree, 62 - 20 Degree}
solidAngle

1

ourizel-  — (Cos[10 °] - Cos[20 °])
2

niz7-  ratio /I N

ouiz7- 0.0225576

In[128]:= 10° ratio /I N
outizgl- 22557.6

Problem C

nizoi-  Clear["Global’ "]
niso-  @lab = 60 Degree

ou(130- 60 °

nz1- Ocms = 2 @lab
ouizi- 120 °



