ni= Laglgqi_,L_ ,Qi_,t_:t] :=
D[ DIL,(D[qi[t],t])], t]-DIL,qi[t]]l==Q1;

Lag[qi_List,L_,Qi_List,t_:t] :=
(D[ DIL,(D[qi[[#1I[t], tD)], t1-DIL, qi[[HII[t]]==Q i [[H]]

)& /@ Range[l,Length[qill;
Protect[Lag];

Problem 3: Sphere Rolling on a Fixed Sphere
With 2 Lagrange Parameters {A, A,}

Remarks and outline

Solution

ne- Clear["Global™ %"]

- Clear : Symbol Lag is Protected .

Part a

Start with some basics

1
o= Tem = = m (r'[t]? + r[t]® 6177t1%);
2

1
ne- Trot = — I1 (817t] + 82°[t])*;
2

nei- T=Tcm+Trot;
niol- V= m g r[t] Cos[O1[t]];
ni- iRule = {I1 » Kmaz}(* Moment of dinertia is some factor "k" times m a? %)

Out[11]= {Il > a’m K}
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nizi=  L=T=V /.iRule

1 1
oupze - g m Cos[OL[t]] rlt]+ — m (r'[t]® + r[t]® 61[t]°) + — a® mk (61'[t] + 62'[t])
2 2

nis- constraintsgEq= {b 01[t] - a 62[t]==0, r[t]-a-b==0 }
ouria- {b O1[t]-a 82[t] == 0, —a-b + r[t] == 0}

nia- constraintRule = DSolve[constraintsEq , {62, r}, t]

. ) b 61[t]
out[14]= {{r - Function[{t}, a+b], 62 » Funct'lon[{t}, - ]}}

nisi- - vars = {r[t], 61[t], 62[t]};

nie- Qeq = Sum[A[j] * D[constraintsEq [[j, 111, vars[[HN]l, {j, 1, 2}l & /@ {1, 2, 3}
outis- {A[2], b A[1], -a A[1]}

We’ll use the “Magic” function.
In general, I don’t like “black boxes”

ni7- (eqMotion = Lag[{r, 61, 62}, L, Qeq]) ;
eqMotion // TableForm
Out[18]//TableForm=
g m Cos[O1[t]] - m r[t] 61'[t]> + m r'[t] == A[2]
—gmr[t] STn[OL[t]]+ 2 m r[t] r'[t] 61'[t] + m r[t]® 61" [t] + a% m k (61"[t] + 62"[t]) == b A[1]
a?mk (B1"[t] + 62"[t]) == —a A[1]

Let’s get the equations by hand:

The R equation

nig-  part2 = D[L, r[t]]
ouie- - g m Cos[O1[t]] + m r[t] 61'[t]?

In[20]:= D[L 9 r ! [t]]

ouzol= M r[t]

nei-  partl = D[D[L, r '"[t]], t]

ouzil= M r[t]

nez-  constraintsEq

ouzz- {b O1[t] - a B2[t] == 0, —a - b + r[t] == 0}

nes-  constraints = First /@ constraintsEq

oues- {b O1[t] - a 62[t], -a - b + r[t]}



In[24]:=

Out[24]=

In[25]:=

Out[25]=

In[26]:=

Out[26]=

In[27]:=

Out[27]=

In[28]:=

Out[28]=

D[constraints , r[t]]

{0, 1}

part3 = D[constraints , r[t]] .{A[1], A[2]}
Al2]

eqR = partl - part2 == part3
g mCos[OL[t]] - m r[t] 61 [t]* + m r'[t] == A[2]

egMotion[[1]]
g m Cos[O1[t]] - m r[t] 61[t]* + m r'[t] == A[2]

eqR == eqMotion[[1]]

True

The 681 equation

In[29]:=

Out[29]=

In[30]:=

Out[30]=

In[31]:=

Out[31]=

In[32]:=

Out[32]=

In[33]:=

Out[33]=

In[34]:=

Out[34]=

In[35]:=

Out[35]=

In[36]:=

Out[36]=

In[37]:=

Out[37]=

In[38]:=

part2 = D[L, 61[t]]
gmr[t] Sin[61[t]]

D[L, 61 '[t]]
m r[t]? 61°[t] + a® m k (61'[t] + 62'[t])

partl = D[D[L, 61 '[t]], t]
2m r[t] r[t] 61°Tt] + m r[t]? 617 [t] + a2 m k (81"[t] + 62"[t])

constraintsEq

{bO1[t]-a62[t] == O, —a-b + r[t] == 0}

constraints = First /@ constraintsEq

{b 61[t] - a 62[t], —a - b + r[t]}

D[constraints , 61[t]]
{b, 6}

part3 = D[constraints , 81[t]] .{A[1], A[2]}
b A[1]

eqfl = partl - part2 == part3

hwé6_sphere_solution.nb | 3

—gm r[t] STN[OL[t]] + 2 m r[t] r'[t] 61°[t] + m r[t]? 61"[t]+ a® m k (B1"[t] + 62"[t]) == b A[1]

egMotion[[2]]

—gm r[t] STN[OL[t]] + 2 m r[t] r'[t] O1°[t] + m r[t]? 61"[t]+ a® m k (B1"[t] + 62"[t]) == b A[1]

eqll == eqMotion[[2]]



4 | hw6_sphere_solution.nb

out[38]=

True

The 82 equation

In[39]:=

out[39]=

In[40]:=

Out[40]=

In[41]:=

Out[41]=

In[42]:=

Out[42]=

In[43]:=

Out[43]=

In[44]:=

Out[44]=

In[45]:=

Out[45]=

In[46]:=

Out[46]=

In[47]:=

Out[47]=

In[48]:=

Out[48]=

In[61]:=

part2 = D[L, 62[t]]
0

D[L, 62 '[t]]
a’ mk (61Tt] + 62°[t])

partl = D[D[L, 62 '[t]], t]
am« (O17[t] + 62"[t])

constraintsEq

{bO1[t]-a62[t] == O, —a-b + r[t] == 0}

constraints = First /@ constraintsEq

{b 6B1[t] - a 62[t], —a-b + r[t]}

D[constraints , 62[t]]

{-a, 0}

part3 = D[constraints , 62[t]] .{A[1], A[2]}
-aAl]

eq02 = partl - part2 == part3
a’mk (617[t] + 627[t]) == —a A[1]

eqMotion[[3]]
a?mk (617[t] + 62"[t]) == —a A[1]

eqf2 == eqMotion[[3]]
True

Part b

abRule = {b » r - a};

NEED TO FIX ORDER HERE



In[66]:=
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({8Sol, A1Sol, A2Sol} =
Flatten[Solve[Flatten[egMotion //.constraintRule ], {61°[t], A[1], A[2]}]/.Rule - Equall);
{6Sol, A1Sol, A2Sol} // TableForm[&#, TableHeadings - {{"6Sol", "A1Sol", "A2Sol"}, {}}] &

Out[67]//TableForm=

In[

]

1=

Out[71]=

In[72]:=

Out[72]=

Out[73]=

out[74]=

In[75]:=

out[75]=

In[76]:=

Out[76]=

In[77]:=

Out[7

J

=

In[78]:=

Out[78]=

osol |e1[t] == &nledl
(a+b) (1+k)
A1Sol |ara] == - gnesinloudl]

1l+k

A2Sol |A[2] == g m Cos[A1[t]] - am 61[t]* - b m 61'[t]?

{6Sol, A1Sol, A2Sol} = {6Sol, AlSol, A2Sol} /. abRule // Simplify // Factor
g Sin[O1[t]] gmk Sin[61[t]]
{— == B1[t], A[l] == - ————— g mCos[OL[t]] == A[2] +m r 91’[t]2}
r(1+k) 1+k
eq8 = (8Sol[[1]] - 6SoL[[2]])
g Sin[o1[t]]

- 81"[t]
r(l+k)

DO INDEFINITE INTEGRAL HERE, AND AFTER SUBSTITUTE IN LIMITS

intd[t_] = Integrate[eqd 61 '[t], t]

g Cos[o1[t]] 1 ,
-—— - —81'[t]
r(1l+k) 2

defIntegral = inté[t]-into[0O]
g Cos[A1[0]] gCos[A1[t]] 1

1
+ — 61[0)° - — 61[t]?
r (1 +k) r(1+k) 2 2

defIntegral = defIntegral /. {61[0] » O, 61 '[0] » O} // Simplify
g-gCos[Ol[t]] 1

- — 01t
r+rk 2

sold = Solve[defIntegral == 0, {61 '[t]}I[[1]] /. '\/—1 +Cos[x_] » 1 '\/ 1-Cos[x]

N2 +g-gcoslo1t]]
{91’[t] > - }
\/ r+r kK
Part c

eql = A2Sol /. A[2] » O //. sol8 /I Simplify
gm (-2 + (3 +k) Cos[01[t]])

1+«

sol2=Solve[eql,Cos[A1[t]]] //Flatten

—}
3+kK

{Cos[@l[t]] N
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nrey-  sol3=Solve[eql,81[t]] /.{C[ ]-0}/Flatten

2 2
], e1[t] » ArcCos[3 N K]}

out[79]= {Bl[t] - —AFCCOS[
3+K

1 2
e O1[t] 1. sol3[[2]] /. {x - {o, 1, -, —}}
2 5
2 T 4 10
out[80]= {ArcCos[—], -, ArcCos[—], ArcCos[—]}
3 3 7 17

o1[t] 1 2
e ———— 1. sol3[[2]] /. {x > {0, 1, -, —}} N
Degree 2 5

ous- {48.1897, 60., 55.1501, 53.9681}

Problem 3: Sphere Rolling on a Fixed Sphere
With 1 Lagrange Parameters {A;}

Remarks and outline

Solution

nis7-  Clear["Global™ %"]

- Clear : Symbol Lag is Protected .

Part a

Start with some basics

1
wag- Tem = = m (r[t]* + r[t)? 611t]%);
2

1
mise- Trot = — I1 (81Tt] + 627t])%;
2

ni40p=  T=Tcm+Trot;
nia= V= m g r[t] Cos[01[t]];
sz~ iRule = {I1 » Kmaz}(* Moment of inertia 1is some factor "k" times m a? %)

out[142}= {Il ->a’m K}
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npas=  L=T=V /.iRule

1 1
outiea- - g m Cos[OL[L]] rlt]+ — m (r'[t]® + r[t]® 61[t]*) + — a’ m k (61'[t] + 62'[t])
2 2

ni4-  constraintsgEq2= (b 61[t] - a 62[t]==0, r[t]-a-b==0 }
ouias-  {b O1[t]- a 62[t] == O, —a—b + r[t] == 0}

ni4s-  constraintRuled2 = DSolve[constraintsEq2 [[1]], {62}, t][[1]]
b 61[t] ]}

a

. {92 > Function [{t},

6= L= L /. constraintRule#2

b 1't] )2 1

1
ouriasl- - g mCos[B1[t]] r[t]+ — a’ m«k (91’[t] + + —m(r't]? + rit]® 617t1?)
2 2

a

ni47:=  constraintsEq= constraintsgq2[[2]] (» We only have 1 constraint equation left now %)

oufi4a7= —a-b+r[t] == 0

ni4s-  constraintRule = DSolve[constraintsEq , {r}, tl[[1]]

ouias-  {r - Function[{t}, a + b]}

niaer- vars = {r[t], 61[t]};

niso- Qeq = A[1] * D[constraintsEq [[1]], vars[[H]]] & /@ {1, 2}
ourso-  {A[1], O}

We’ll use the “Magic” function.
In general, I don’t like “black boxes”

nisi-  (eqMotion = Lag[{r, 61}, L, Qeql) ;
eqMotion // TableForm
Out[152]//TableForm=
g m Cos[O1[t]] - m r[t] OL'[t]? + m r'[t] == A[1]

=0

- g m r[t] STN[OL[t]) + 2 m r[t] r'{t] 61'[t]+m r[t]* o1°[t]+a® (1 + E) mk (61°[t] + bolig =)

Let’s get the equations by hand:

The R equation

npis3-  part2 = D[L, r[t]]
oupisa- - g mCos[B1[t]] + m r[t] 61'[t]?

nisa= DIL, r '[t]]
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oufts4= M r[t]

nissi-  partl = D[D[L, r '[t]], t]

oufiss= M r[t]

nise-  constraintsEq

oufise- —a—-b+ r[t] == 0

nis7=  constraints = constraintsEq [[1]]

oufis7- —a - b+ r[t]

niss- D[constraints , r[t]]

oufisel= 1

nise-  part3 = D[constraints , r[t]] » A[1]
oufisel=  A[1]

nieo- egqR = partl - part2 == part3
ouieo- g M COS[OL[t]] - m r[t] 6L [t]* + m r [t] == A[1]

niei=  egqMotion [[1]]
ouiet- g mCOS[OL[t]] - m r[t] 61 [t]* + m r'[t] == A[1]

niez-  €gR == eqMotion[[1]] // Simplify

oufiez-  True

The 681 equation

nies-  part2 = D[L, 61[t]]
oures= g m r[t] Sin[61[t]]

niea-  D[L, 61 '[t]]

b
ouries- M r[t]? 617t] + a? (1 + —] m k [01'[t] +

b 91'[‘t])
a

a
niesi-  partl = D[D[L, 61 '[t]], t]

b b 61"[t]
ourtes- 2 m r[t] r'[t] OL[t] + m r[t]* 61"[t] + a* (1 + —) m Kk (61”[t] + —]
a

a

nies-  constraintsEq

outies- —a—b + r[t] == 0

nie7-  constraints = constraintsEq [[1]]

oufie7=  —a - b+ r[t]

nies- D[constraints , 61[t]]
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outf1esl= O

nies-  part3 = D[constraints , 61[t]] » A[1]

outf169}= O

ni7o- eqél = partl - part2 == part3

b b 61"[t]
oui7o-  —g M r[t] STN[OL[t]] + 2 m r[t] r'[t] 61°[t] + m r[t]* 61"[t] + a> [1 + —) m Kk (61”[t] + —)
a a
7= egqMotion [[2]]
b b 61"[t]
ou7i-  —g M r[t] STN[OL[t]] + 2 m r[t] r'[t] 61°[t] + m r[t]* 61"[t] + a> (1 + —) m Kk (61”[t] + ) == 0
a a

ni7z-  €qfl == eqMotion [[2]]

oui7z-  True

Part b
NEED TO FIX ORDER HERE

niza=  ({@Sol, A1lSol} =
Flatten[Solve[Flatten[egMotion //.constraintRule ], {61°[t], A[1]}]/.Rule - Equall);
{6Sol, A1Sol} // TableForm[#, TableHeadings - {{"68Sol", "A1lSol"}, {}}] &

Out[174)//TableForm=

. __ g Sinf[e1[t]]
6Sol |[617[t] == —(a+b)(l+:<)

A1Sol |A[1] == g m Cos[A1[t]] - am 61[t]? - b m 61'[t]?

nie7:- abRule ={b - r - a};

nieer- {@Sol, A1lSol} = {8Sol, A1lSol} /. abRule // Simplify // Factor

g Sin[o1[t]]
. {— == O17[t], gm CoS[OL[t]] == A[1] + m r[t] 91’[t]2}
(1 +K) rlt]

nioo)-  {@Sol, A1lSol} = {@Sol, AlSol} /.{r'[t]-» 0O, r''[t] » O, r[t] > r} // Simplify
{g Sin[61[t]]

r+rk

out[190]=

= 61"[t], gm Cos[O1[t]] == A[1]+mr 91’[t]2}

niozr-  {@Sol, A1lSol} = {8Sol, AlSol} /. {(a+b) - r[t]} // Simplify /I Factor
{g Sin[OL[t]]
r(1l+k)

out[192]= == 01"[t], gm Cos[O1[t]] == A[1]+mr 91'[t]2}
nies-  eql = (8SoL[[1]] - 6So1[[2]])
g Sin[O1[t]]

oufiez ——— - O17[t]
r(1+k)

DO INDEFINITE INTEGRAL HERE, AND AFTER SUBSTITUTE IN LIMITS
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niea=  int@[t_] = Integrate[eqd 61 '[t], t]
g Cos[o1[t]] 1 ,
— - — 01'[t]
r(1l+k) 2

ou[194}=  —

nios- defIntegral = int@[t]- inté[0]
g Cos[01[0]] gCos[ol[t]] 1 1
- +— 0101 - — O1[t]?
r(1+k) r(l+k) 2 2

Out[195]=

nioe)- defIntegral = defIntegral /. {61[0] » 0, 61 '[0] » O} // Simplify

g-gCos[Ol[t]] 1
ou{196} ——m—— - — 91’[‘t]2
r+rkK

nie7- sol@ = Solve[defIntegral == 0, {61 '[t]}]I[[1]] /. '\/—1 +Cos[x_] » 1 '\/ 1- Cos|[x]
N2 +/g-g Coslo1t] ]

oo {61’[t] > -

Part ¢

nios-  €ql = ALSol /. A[1] » @ //. sol@ /I Simplify
gm(-2+(3+«)Cos[O1[t]])

out[198]= =0
1+k

niiegl-  sol2=Solve[eql,Cos[01[t]]] //Flatten

2
out[199]= {COS[Ql[t]] - }
3+kK
neoo-  sol3=Solve[eql,01[t]] /.{C[ ]-»0}/Flatten

2 2
], e1[t] » ArcCos[3 N K]}

Out[200}= {Ql[t] - —AI’CCOS[
3+k

1 2

neot-  O1[€] /. sol3[[2]] /. {K—) {0, 1, —, —}}
2 5

o {arccos(2], T, arccoa] 2], arcos] 2]

61[t] 1 2
. ————— [, sOl3[[2]] /. {K—) {e, 1, =, —}} IN
Degree 2 5

ouos- {48.1897 , 60., 55.1501, 53.9681}



