2 - D Rotation

- - Clear["Global’ *'"]

sin ©

nf + J= 1 cos 6

0 sin B

 J

cos B

n- - m={{Cos[8], -Sin[6]}, {+Sin[6], Cos[O}};
m // MatrixForm

Out[ « J/MatrixForm=
( Cos[f] -S1in[O] )
Sin[@] Cos[d]

= R

n-1- ev = Normalize /@ Eigenvectors [m]

i 1 i 1
o j{{_\/;’ \/E},{\/E, \/E}}

n- - ev.m.Transpose[ev] // Simplify // TrigToExp // MatrixForm

Out[ « J/MatrixForm=
0 ei 2]
e’? 0

m- - ev.m.,Transpose [ev] /| Simplify // MatrixForm
Out[ « J/MatrixForm=
0] Cos[x] +i Sin[x]
(Cos[x]—iS‘in[x] 0 )
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mn - 1= Transpose [ev].m.ev /I Simplify // MatrixForm
out[ = J/MatrixForm=
-Cos[x] 17Sin[x]
(—iS'in[x] Cos|[x] )

m- - vec ={a, b};
vec // MatrixForm

Out[ « J/MatrixForm=
( . )
b
n - m.vec /I MatrixForm
Out[ = J/MatrixForm=

( a Cos[x]-b Sin[x] )
b Cos[x]+ a Sin[x]

- - xXVec = {1, 0};
yVec = {0, 1};
m.xVec // MatrixForm

m.yVec // MatrixForm

Outf » J//MatrixForm=
( Cos|x] )
Sin[x]

outf + J/MatrixForm=

(—S'in[x])
Cos[x]
- - makeVec[v_] := Arrow[{{0, 0}, v}]

mn - - doPlot[8_] :=
{Blue, makeVec[xVec], makeVec[yVec], Red, makeVec[m.xVec], makeVec[m.yVec]} /.

{x » @ Degree} Il Graphics



rotations_v05.nb | 3

- - doPlot[15]

A

ouf + J=

2 - D Eigenvalues and Eigenvectors

n- - evals = Eigenvalues [m];

evals /I TrigToExp

ouff « J- {e_ix, eix}

n - - evecs = Eigenvectors [m]

Outl « |= {{—17, 1}; {”-7 1}}

n - = m.evecs[[1]]

out - - {-F Cos[x] - Sin[x], Cos[x] -7 Sin[x]}

- - evals[[1]] » evecs[[1]] // Simplify

oui - - {~F Cos[x] - Sin[x], Cos[x] -7 Sin[x]}

3 - D Rotation

m- - Clear["Global™ %'"]
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sih B

1 cos O

0 sin B

cos B

m - = m= {{Cos[x], -Sin[x], O}, {+Sin[x], Cos[x], 0}, {0, O, 1}};
m // MatrixForm
out[ « J/MatrixForm=
Cos[x] -Sin[x] O
Sin[x] Cos[x] ©
0 0 1

n- - vec ={a, b, c};
vec I/ MatrixForm

Outf » J/MatrixForm=
a
C

n- - m.vec [l MatrixForm
outf « J/MatrixForm=
a Cos[x] - b Sin[x]
b Cos[x]+ a Sin[x]
c
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- - xXVec = {1, 0, 0};
yVec = {0, 1, 0};
zVec = {0, 0, 1}
m.xVec // MatrixForm
m.yVec // MatrixForm

m.zVec // MatrixForm

our - - {0, 0, 1}

Out] « J/MatrixForm=
Cos[x]
Sin[x]
0
Out] « J/MatrixForm=
-Sin[x]
Cos|[x]
0
Out] « J/MatrixForm=
0
0
1

- - makeVec[v_] := Arrow[{{0, 0, 0}, Vv}]

mn - - Clear[doPlot]
doPlot[6_] := {Blue, makeVec[xVec], makeVec[yVec], makeVec[zVec], Red,
makeVec [m.xVec], makeVec[m.yVec], makeVec[m.zVec]} /. {x » 6 Degree} /|l Graphics3D
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- - doPlot[15]

Ooutf « ]=

3-D Eigenvalues and Eigenvectors

n- - evals = Eigenvalues [m];

evals /I TrigToExp

ouff « J- {l, e'”, e”}

- - evecs = Eigenvectors [m]

our- - {{@, 0, 1}, {-i, 1, 0}, {i, 1, O}}

n - - meevecs[[1]]

our - - {0, 0, 1}

m - - evals[[1]] » evecs[[1]] // Simplify
our - - {0, 0, 1}

Stretch

n - - Clear["Global" %"]



m- - m=DiagonalMatrix [{1, 2}];
m // MatrixForm

Out[ « J/MatrixForm=

(6 2)

In[ « ]:= Det [m]

ouf+ = 2

n- - vec = {a, b};
vec // MatrixForm

Outf » J/MatrixForm=
( : )
b
m- - mevec [l MatrixForm

Outf » J/MatrixForm=
( y )
2b

n - - XVec = {1, 0};
yVec = {0, 1};
m.xVec // MatrixForm

m.yVec // MatrixForm

Outf » }/MatrixForm=
Outf » }/MatrixForm=

(2)

- - makeVec[v_] := Arrow[{{0, 0O}, Vv}]
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n - 1- Clear[doPlot]
doPlot[6_] := {Thickness[0.04], Blue, makeVec[xVec], makeVec[yVec], Thickness[0.01],

Red, makeVec[m.xVec], makeVec[m.yVec]} /. {x » 8 Degree} /l Graphics

doPlot[
15]

[ )

outf « ]=

Rotated Stretch

Stretch & Rotate

- - Clear["Global™ *"]
worm={{s14, -3 [ 4}, {- V3 [4, 714}};
m // MatrixForm
Out[ « J/MatrixForm=
_A3
4

» |0
>[4

i - - Det[m]

ouf« - 2
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n - - Eigenvalues [m]

our - - {2, 1}

n- - ev = Eigenvectors [m]
1

ol b g

mn - - makeVec[v_] := Arrow[{{0, 0O}, V}]

- - evl = ev[[1]] // Normalize

ev2

ev[[2]] // Normalize

evlp =m.ev[[1]] // Simplify
ev2p = m.ev[[2]]

1 43
our - {-—, —}
27 2

NER!
Out[ » ]= {_ ) _}
2 2

ouff « J- {— ?, 2}
outf « J- {'\/g, l}
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- - Graphics [{
Opacity[0.7], LightYellow , Rotate[Rectangle[{0, 0}, {1, 2}], /6, {0, O}],
Opacity[1.0], Green, Rotate[Rectangle[{0, O}, {1, 1}], /6, {0, O}],
GridLines - Automatic, Thickness[0.04],
Blue, makeVec[evl], makeVec[ev2], Thickness[0.01],
Red, makeVec[m.ev1l], makeVec[m.ev2]},
GridLines - Automatic]

outf « |=

Un-Rotate

mn- - ev = Normalize /@ Eigenvectors [m];
ev /I MatrixForm
Outf = J/MatrixForm=
ERNEVER
2 2
SER
2 2
mn- - ev.m.Transpose [ev] /| MatrixForm

Out[ = J/MatrixForm=

(6 1)



2 - D Rotation Angle:

- - Clear["Global" "]

sih B

nf « J:= 1 cos O

0 sin B

cos B

m - = mx_] = {{Cos[x], -Sin[x]}, {+Sin[x], Cos[x]}};
m[x] // MatrixForm

Out[ « J/MatrixForm=
(Cos[x] -Sin[x] )
Sin[x] Cos[x]

- 1= Tr[m[x]]

ouf - - 2 Cos[X]

- 1= mlrr /3] I/ MatrixForm

Out[ « J/MatrixForm=

1 ER
2 2
YR}

2 2

- - eq = 2Cos[O] == Tr[m[rr/3] ]
ouf - - 2 Cos[O] ==

m- - Solve[eq, 8] /. {C[_]~ 0} // Normal

corfle-Th o= T

3 - D Rotation Angle

n - - Clear["Global’ *"]

rotations_v05.nb | 11
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sin ©

1 cos 6

0 sin B

cos B

- = mx_] = {{Cos[x], -Sin[x], 0}, {+Sin[x], Cos[x], 0}, {0, O, 1}};
m[x] // MatrixForm

out[ « J/MatrixForm=
Cos[x] -Sin[x] O

Sin[x] Cos[x] ©

0 0 1

inf - = Tr[m[x]]

ouf - - 1+ 2 Cos[x]

i 1= m[re /3] Il MatrixForm

Outf « J/MatrixForm=

1Ak
2 2
T
2 2
6 o0 1

n--eq=Tr[m[rr/3]] == 2 Cos[0]+1

ou- - 2 == 1 + 2 Cos[6]

m- - Solve[eq, 6] /. {C[_] - 0} // Normal

corfle-Th e 7Y

Euler Angles

n - - Clear["Global’ #"]



sih O

1 cos O

5] sin B

\ |

cos B

n- - mx[8_] = {1, 0, 0}, {0, Cos[8], -Sin[6I}, {0, +Sin[6], Cos[O]}};
my[6_] = {{Cos[6], O, +Sin[@8]}, {0, 1, O}, {-~-Sin[6], ©, Cos[6]}};
mz[6_] = {{Cos[6], -Sin[6], O}, {+Sin[6], Cos[8], O}, {0, O, 1}};
mx[6] // MatrixForm
my[6] // MatrixForm

mz[6] // MatrixForm

Out[ « J/MatrixForm=

1 0 (0]
0 Cos[6] -Sin[O]
0 Sin[6] Cos[O]

out[ = J/MatrixForm=

Cos[A] 0O Sin[o]
0 1 0

-Sin[f] O Cosl[0]

out[ = J/MatrixForm=
Cos[f] -Sin[o] ©
Sin[8] Cos[A] ©

0 0 1

- - euler = mz[61].mx[62].mz[63];
euler // MatrixForm

Outf » J/MatrixForm=
Cos[A1] Cos[B3] - Cos[62] Sin[61] Sin[63] -Cos[HA2] Cos[A3]Sin[B1] - Cos[B1] Sin[63]
Cos[63] Sin[A1l]+ Cos[B1] Cos[62] Sin[63] Cos[B1] Cos[62] Cos[63]- Sin[O1] Sin[63]
Sin[82] Sin[63] Cos[63] Sin[62]

n - - Det[euler] /Il Simplify

ouf- - 1
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Sin[61] Sin[62]
-Cos[61] Sin[62]
Cos[02]
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=y

Out[

Inf

Outf

Inf

Out[

rotations_v05.nb

- Eigenvalues [euler] // Simplify

1
- {1, - (-2 +2 Cos[62] + 2 Cos[O1 + 3] + Cos[O1 - 62 + 63] + Cos[O1 + 62 + 63] -
4

\J(-16 + (-2 + 2 Cos[62] + 2 CoS[61 + 63] + COS[1 - 62 + 63] + CoS[OL + 62 + 93])2)),

1
- (—2 +2 Cos[02]+ 2 Cos[61 + 63] + Cos[P1 - 62 + B3]+ Cos[O1 + B2 + 63] +
4

\(-16 + (-2 + 2 Cos[62] + 2 COS[6L + 63] + COS[O1 - 62 + 63] + COS[OL + 62 + 93])2))}

;- tmp = Eigensystem[euler];

Dimensions [tmp]

-{2, 3}

- tmp[[1, 1]]
1

- eVec = tmp[[2, 1]]

- {-Cot[62] Csc[63] + Csc[62] Csc[H3] +
(Cot[93] Csc[02] (— Cos[63] Sin[A1] + Cos[B2] Cos[63] Sin[A1l] - Cos[A1] Cos[B2] Sin[B3] + Cos[A1]
Cos[62]* Sin[63] + Cos[1] Sin[62]° Sin[63]))/ (Cos[63]* Sin[61] + Sin[63] + Sin[61] Sin[63]°),
-((Csc[62] (- Cos[63] Sin[O1] + Cos[62] Cos[63] Sin[61] - Cos[61] Cos[62] Sin[63] + Cos[61] Cos[62]?
Sin[63] + Cos[A1] Sin[62]* Sin[63]))/ (Cos[63]* Sin[61]+ Sin[83]+ Sin[61] Sin[63]%)), 1}

;- euler .eVec - eVec // Simplify

{0, 0, 0}



