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= WHAT'S NEW A double pendulum consists of one pendulum attached to another. Double pendula are an example of a simple
< RANDOM ENTRY physical system which can exhibit chaotic & behavior. Consider a double bob pendulum with masses 7711 and
= BE A CONTRIBUTOR
2 SIGM THE GUESTEQOK 2 attached by rigid massless wires of lengths I3 and ls . Further, let the angles the two wires make with the
= EMAIL COMMENTS . . . . . "
vertical be denoted #; and 4, as illustrated above. Finally, let gravity be given by g. Then the positions of the
ERIC'S OTHER SITES & bobs are given by
Ty = [ysinth 1)
i = =hcosth )
re = ILisinf +lsinfs 3)
o = =hcosth —lacosfs. )

The potential energy of the system is then given by

V= gy + magys (5)

= —(my+ ma)gh cosb — magls cosbs, 6)

and the kinetic energy by

= 1 2,1 2
T = gmv] + 3mat; 7)

= %Tﬂ.li‘fé‘f -+ %Tﬂ.*_;:[ifé;f 4 i:fﬂ.:i -4 Eiliﬂzélég (IJH{EI — E'_;:}]. (8)

The Lagrangian is then

L=T-V
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= 2(m; + m, 1262 + %frn-_;i%é% + moly 16,6, cos(8;, — 6,)

+(my + m2)gl cos By + magls cos bBs. 9)

Therefore, for #1

fﬂ—.L = m, 126, + m,126, + myl, 1,6, cos(, — 6,) (10)
96,
% (;}?L) = {Tﬂ.l = Tﬂ.z}i%l‘.ﬁl = Tﬂ.zilizgﬂjii}ﬁ{ﬂl - Ez} - Tﬂ.zilizéz HiIl{El —_— E'.Z:H:él —_— éz} (11)
1
;}TL = —lg(m;y +my)sinf, — myly1,6,6, sin(6, — 6,), (12)
1

so the Euler-Lagrange differential equation 8 for &1 becomes

(my + m-_;)fff?‘l + gl 1o, cos(f; — 6,)

+ m-_;;ili-_aﬁg sin(#; — #5) + Lig(m, + my)sinf; =1 (13)
Dividing through by I , this simplifies to
(my + m-_;)ilgl + miglyfy cos(f; — 6,)

+ myly62 sin(f, — 8,) + glm, + mo)siné; = 0. (14)

Similarly, for 84 ,

f)—.L = mal20, + muly 1.6, cos(f; — 6,) (15)
2
E (d—_L) = 'Tn.-_a-i::;é‘z + 'T”.z-il-izéﬁl ‘:(JH{E]_ - Hz} - T”".E'il'izél Sill{ﬂl _— H'.E:H:él _— éz} (16)
dt \ 96,
E_]TL = 'Tﬂﬂ_ailizél éz H\ill{ﬁl — Ez} - L_;'Tﬂzgﬂill Eﬂ_;.l (17)
2

so the Euler-Lagrange differential equation 8 for &2 becomes
m-_;;i:iﬁ-_:; + mal a6, cos(fy — 62) — m-_;iligéf sin(#; — &) + lamggsin Bz = 0. (18)
Dividing through by [, this simplifies to

molabls + mal 6y cos(6h — ) — m-_:;ilé"f sin(f, — 62) + magsin b = (. (19)
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The coupled second-order ordinary differential equations (14) and (19) can be solved numerically for El{t} and

E'-_;ll:t:ll , as illustrated above for one particular choice of parameters and initial conditions. Plotting the resulting

solutions quickly reveals the complicated motion.

The equations of motion can also be written in the Hamiltonian formalism. Computing the generalized momenta

gives
dL 22 .
pe, = —— = (my +mg)li#y + molilabscos(f; —6,) (20)
06,
9L . )
Pa, = :;? = myl30s + mslil:6, cos(8, — 65). 1)
2

The Hamiltonian is then given by
H = E‘ip'i — L = %{Tﬂ-l =+ 'Tﬂz}i%gf =+ %Tﬂ.zﬂféﬁ == T”".E‘J'l‘{'.lélé‘.l (IJH(E]_ —Ez}
—(my + ma)gl cosfy — magls cosfy. (22

Solving (20) and (21) for #, and # and plugging back in to (22) and simplifying gives

H = Igmzp§1+1f{m1+mz}p§2—2mzi1123291;:92 cos(f—a )
= IR mamy+sn7 (8, —fz)ma]

— magls cos By — (my + ma)gl) cosé. (23

This leads to the Hamilton's equations

6, = OH _  lape, — lipas, cos(f1 — 62) )
Ops,  Bla[my +masin® (6 — 62)] (24)

(25)
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.|Ei_a = OH _ Li(my 4 ma)pe, — lomapg, cos(f) — 62)

dpe, L12ma[my + ma sin®(8; — 6)]
P, = —g—: = —(my +mgy)gl, sinf, — C; +C, (26)
Pga = —S—i = —maglysin by + € — Cy, (27)
where
G = iliz[::: Tf:lii:-*{_af 2-) %)l #9
and

Gy = Bmayp? + B {my + mo)p3 — lLilamap,ps cos(f, — 65) sin[2(61 — 6)]. (29)

21313[m, + my sin®(6, —8,)]2

Coupled Pendula, Hamiltonian, Lagrangian, Pendulum
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