Problem #1 :

mnJ-= Clea r["G'Loba'L‘*" ]

Problem 1:

a) the given matrix, M find the eigenvalue and eigenvectors. 7 3
b) Normalize the eigenvectors.

Hint: Before you normalize the math should NOT be too complicated. 3 _ 1

After you normalize, there is a radical denominator,
but you can factor that out when you check the diagonalization properties.

= m= {7, 3}, {3, -1}};
m // MatrixForm

Outl[-]//MatrixForm=
(5 3)
3 -1
n[-]= Eigenvaluesm]

outl[-]= {8, -2}

n]= ev = Normalize /@ Eigenvectors[m]
3 1 1 3

= =}t ==

n[-J= ev.m.Transpose[ev] // Simplify

Out[-]=

outl-]= {{8, O}, {0, -2}

Problem #2:

Problem 2:

Consider 3 masses that can slide freely on a circular wire of radius R.

You may wish to label their positions x; = R 6;, and thus vi=x/=R 6/,

a) Write down the kinetic energy T and potential energy V for the system
in terms of 6; and 6;". Assume all springs have equal k.

b) Using the Lagrange Equations, compute the 3 equations of motion.

¢) Derive the T and V matrices.
[You should be alble to get the factors of 2 correctly.]

n-J= Clea r["G'Loba'L‘*" ]
. 1 2 2 2 2 2 2
= kin=-— (m1R 81'[t]” +m2 R* 92'[t]* + m3 R% 63 '[t] )
2

1
oul ] — (m1 R? 61t)? + m2 R? 62t)® + m3 R? 93’[t]2)
2
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1
n - pot= — kR2 (ot - 8211 + (82[t] - 63[t])? + (63[t] - o]{t])z)
2

1
outl ] — k R? (o1rty - a2t])? + (620t] - 63[t])° + (-6 11t + 93[t])2)
2

n)- pot i Expand i Collect[s, k R?] &

outl]- Kk R? (e Ut - o1rt] - 921t] + 62[t]% - 9 1[t] - 83[t] - 62[t] - B3] + 93[t]2)

n[-J= lag=kin-pot

1 1
outl - -— k R? (o1t - 821t)? + (62[t] - 83t + (-6 1[t] + 93[t])2) +— (m1 R2 617t)? + m2 R? 62t)® + m3 R? 93’[t]2)
2 2

n[-]= D[lag, 61ty # Simplify
oul |- -k R (2 611t] - 021t] - 03(t))

n[-J= D[D[lag, 81'[t]], t]
ouf-]- mlR? 81"t

m]= eql = D[lag, e1t] - D(D[lag, #1'[t]], t] // Simplify
oul |- R* (-2 k e1rt] + k 02t] + k 63t] - m1 01"[t])

n[-= eq2 = D[lag, 62[t]] - D[D[lag, 62'[t]], t] / Simplify
ouil.]- R? (k oty -2 k o2t + k 63[t] - m2 62[t])

n[-]= eq3 =D[lag, 63[t]]- D[D[lag, 63'[t]l, t] // Simplify
outl-]- R? (k o1rty + k 021t] - 2 k 63[t] - m3 63"[t])

nlJ= eqs = {eql, eq2, eq3} /. {ml > m, m2 - m, m3 - m};
eqs /l MatrixForm
Out[-]//MatrixForm=
R? (-2 kolt] + k 02(t] + k 83(t] - m el”[t])
R? (ke1rtr- 2 k 62t + k 63(t] - m 62°[t))
R2 (k o1ty + k o2rt] - 2 k 63(t] - m 63"[t))

= -eqs l.{m->0, R>1, k- 1} // MatrixForm

Out[-]//MatrixForm=
201t)-02[t] - 63[t]

-01t] + 2 620t] - 63[t]
-010t] - 620t] + 2 63[t]

n[]= vmat={{2, -1, -1}, {-1, 2, -1}, {-1, -1, 2}};
k vmat // MatrixForm

Out[-]//MatrixForm=

2k -k -k
-k 2k -k
-k -k 2k



n]= -eqs /. {m=>1, R>1, k- 0} // MatrixForm

Outl[-]//MatrixForm=
61"[t]
62'[t]
63"[t]

n[-]= tmat = DiagonalMatrix[l, 1, 1}1;
mtmat / MatrixForm

Outl[-]//MatrixForm=

m o 0

O mo

0 O m

in[-J= mat = vmat - w2 tmat;

mat / MatrixForm

Outl[-]//MatrixForm=

2-w2 -1 -1
-1 2-w2 -1
-1 -1 2-w2

n[-]= Det[mat]

ouf ] -9 w2 +6 w22 —w23

in[-]= Solve[Det[mat] == 0, w2]
out[ = {{w2 » O}, (w2 > 3}, (w2 > 3}}

Problem #3

n[-J= Clear["Global "

X '[y]z +1
In[-]= term = —
y

1+ Xy

outl-]=
y

in[-]= Drterm, X[yl
out[-]= O
in(-}= D[Drterm, X '[yll, Y1

X’ -
X'yl X1yl v (

LexX[y]? RELIVIESV!

out[-]= - + -

2 [ LexiyP LexTyP® 2y(l+x—w
ATy YN Ty y
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In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

Out[-]=

In[-]:=

out[-]=

In[-]:=

out[-]=

out[-]=

tmp2 = D[term, x '[y]] // PowerExpand

X'1y]
Vy A1exy?
1
eq=tmp212 == —
2a
x'1y1? 1

y(l+xy?) 2a

sol = Solveleq, x '[yI]

{{xm- —i}, [xm» ——=

2a-y 2a-y

tmp4 = x '[y] /. sol[2]
Vy

2a-y

jacobian = qa(l-Coswn,a]

a Sin[e

tmp5 = tmp4 jacobian /. {y » a (1 - Cosie)}

a A/a(l-Cos[6) Sing

\/2 a-a(l-Cos[e)

tmp6 = '\/ tmp5422 /1 FUllSimplify / PowerExpand
6.2
2asin[-]
2
tmp7 = tmp6 / TrigExpand / FullSimplify
a-aCosig

tmp8 = Integrate[ tmp7, 6

a6-asSing

y[6_1=-tmp7
X[6_] = tmp8

-a+aCosia

a6-asing



In[-J:= Parametr'icP'Lot[{x[O], y[en /. {a - 13}, {e, 0, 6 rr}]

£ ! ! !

5 10 15

.5
out[-]= -1.0
-15
-2.0

Problem #4 :

Problem 4:

Consider a mass m; at position x hanging from a pulley of mass m;

at angle 0 and moment of inertia I = . m, R2.

a) Using Lagrange multipliers, compute the equation of motion for x and 6
with constraint equation x - R 6 =0.

b) Solve for the acceleration x.

= Clea r["G'Loba'L‘*" ]

. 1 2 1 2 2
= kin= — mlx'[t]"+— am2R” 8 '[t]
2 2

1 1
ouf - — mlxt)? + — m2 R? a o't)?
2 2

n[-]J= pot =-mlg Xx[t]
outl-]= -g ml X[t]

nJ= lag=kin-pot

1 2 1 2 2
ouf-]= gml X[t]+ — ml xX'[t]" + — m2 R” a6'[t]
2 2

nl-}= constraint = Xx[t] - Ro[t]
outl-]- X[t] - R [t]

n[-]= {D[constraint, x[t]l, Dlconstraint, o[t}

out[-]= {l, -R}

m[]= eqx = D[lag, x[t]]-D[D[lag, x '[t]], t] + AD[constraint, x[t]]==0 // Simplify

outl-]= gml+A==mlX"[t]

n[-]= eqe = D[lag, 6[t]]-D[D[lag, 6 '[t]], t] + AD[constraint, 6[t]]==0 / Simplify

outf-]= R (A +m2Ra 9”[t]) =0

nJ= eqF =D[constraint, {t, 2)] ==
out[-]= X"[t]-R "[t] == O
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nl= sol = Solve[ {eqx, eqd, eqF}, {x''[t], 8 ''[t], /\)] I Simplify

gml . gml gmlm2a
, 0[] ———, A -

ml+m2a mlR+m2Ra ml+m2a

out-]= {{x”[t] -

inf-]= sol /. {a » 0}

outf-]= {{X"[t] >g, 6t » E s Ao 0}}

Problem #5 :

Prablem 5 (Delta Functions) a) [y 6(z —2)

b [ e
) J; (5x —2) 6(x —2)
d) [o° o(x) 6(a? — a?)
¢) [717, cos(z) §(sin(x))
£) [T 5(cos(x))

g) [y () o' (z)

= Clea r["Global‘ #" ]

In[.}:= Integrate[ DiracDelta[x - 2], {x, 0, Infini ty}]

out[-]= 1

In[-J:= Integrate[ D1 racDelta[Z X - 2], {x, 0, Inf'in'ity}]

1
out[-]= —
2

n - Integrate|(5 x - 2) DiracDeltalx - 2], {x, ®, Infinity}]

out[-]= 8

In[-]:= Integrate[¢[x] Di racDe'Lta[(x2 - az)], {x, 0, Infinity}, Assumptions - {a> 0)]

¢la]
out[-]= ——

2a
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-JT JT
In[-]:= Integrate[ Cos[x] DiracDelta[Sin[x]], {x, —_ —}]
2 2

out[-]= 1

nl}- Integrate[ DiracDeltaiCosixl, {x, ©, 2 r}|

out[-]= 2

n}- Integrate[ DiracDeltaiCosixl, {x, ©, 4 r}|

out[-]= 4

n}- Integrate| ¢x]DiracDelta'[x], {x, -Infinity, Infinity}]

outl-]= -¢'[0]

Problem #6 :

mnJ= Clea r["G'Loba'L nl ]

In[-]:= Integrate[g[x] hly]DiracDelta[x +Vy - 2],
{x, 0, 13, {y, 0, 1}, Assumptions > {1>z>0, z> x}] Il Expand

outl = Integrate[gix] ~ h[-Xx + z], {x, 0, 1}, Assumptions > {1>z>0, z> x}]

1= gIX_1= EXp[-X] - Exp[-z x];
hiy 1= Exp[-y];

In[-]:= Integrate[g[x] hryiDiracDelta[x +y - z], {x, 0, 1}, {y, 0, 1}, Assumptions » {1>2z > 0}] Il Expand

Inf-]:= Integrate[g[x] hiz-xj , {x, 0, z}, Assumptions-{l>z> 0)] Il Expand

out[-]= e2%_e%+e?z

In[-J:= Integrate[g[z -yl-hyl , {y, 0, z}, Assumptions - {l1>z> 0)] il Expand

Problem #7

ml}= termn_, X_, y_]:= Si n[n er] Exp[— n ny]
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nl}= Plot3D[ termil, x, yI, {X, ©, 1}, {y, ©, 1}, PlotRange - All]
10

out[-]=

1= c[n_]= Integrate[ Si n[n er] , {X, 0, 1}]
1- Cos[n n]

out[-]=
nr

in[-J= Limit[c[n], n > 0]

out[-]= O

In[-]= €[@] =0
out[-]= O

nf}= Summ_, X_, Y. i= Sum[ c[n] « termn, x, yl, {n, 0, m)]

ni}= Plot3D[ sum30, X, y1, {X, 0, 1}, {y, 0, 1}, PlotRange - All]
00

out[-]=




