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Abstract

We construct a new perturbative formulation of pure space-like axial gauge QED
in which the inherent infrared divergences are regularized by residual gauge fields. For
that purpose we perform our calculations in coordinates z# = (x, 27, z!, 2%), where
2t = 2%sinf 4+ 2%cosf and = = 2%cos@ — 23sinf. A_ = Acosh + A’sinf =
n-A = 0 is taken as the gauge fixing condition. That framework allows us to show that
the residual gauge fields are not canonical variables in a pure space-like axial gauge

formulation, although they are necessary ingredients of the system. To overcome that

s

4
which z~ is taken as the evolution parameter and A, , A;(i = 1,2) and their canonical

difficulty we first construct, in the region 0=0 < T, a temporal gauge formulation in
conjugate momenta are independent canonical variables so that we can quantize them
by canonical methods. As a result we can obtain the commutation relations of the
x~-independent Nakanishi-Lautrup field B, which we extrapolate into the axial region
7 <6 < %, where 7 is taken as the evolution parameter. We obtain a formal solution
of the gauge field equations with the relevant integration constants specified on the
basis of the free gauge fields in the temporal formulation. Then we make use of the
solution to specify the integration constants appearing when we solve the axial gauge
constraint equations. It turns out that, because the residual gauge fields are multiplied

by the inverse Laplace operator which becomes singular in the axial region,

they give rise to vanishing contributions to the equal z"-time canonical commutation
relations. For this reason, we can uniquely quantize the physical degrees of freedom and
we do not obtain any extra terms in the equation for the Fermi field in spite of having
introduced the residual gauge fields. We have also obtained the conserved Hamiltonian
by integrating the canonical energy-momentum tensor 7,, around a suitable contour.
The Hamiltonian consists of the usual terms, with the residual gauge fields in A, as
regulators, plus the Hamiltonian for the residual gauge fields which is determined by
integrating a density over the hyperplane £~ = constant. We show in detail that, in
perturbation theory, infrared divergences resulting from the residual gauge fields cancel
infrared divergences resulting from the physical parts of the gauge field. As a result we
obtain the gauge field propagator prescribed by Mandelstam and Leibbrandt. By taking
the limit 6—7 we can construct the light-cone formulation which is free from infrared
difficulty. With that analysis complete, we perform a successful calculation of the one
loop electron self energy, something not previously done in light-cone quantization and

light-cone gauge.



81. Introduction

Axial gauges, n*A,, = 0, specified by a constant vector n*, have been used recently in
spite of their lack of manifest Lorentz covariance. One reason is that the Faddeev-Popov
ghosts decouple in the axial gauge (AG) formulations.?) For that reason we will not need
to discuss the Faddeev-Popov ghosts in this paper and the term ghost will always refer
to residual gauge (RG) fields which are introduced as integration constants in solutions to
constraint equations. The case n? = 0, the light-cone gauge, has been extensively used in
the light-cone field theory in attempts to find nonperturbative solutions to QCD.? The same
formulation is often used in phenomenological calculations where the low energy properties
of the theory are parameterized in light-cone wave functions. Traditionally, constraints in
AG formulations are solved to eliminate dependent fields in terms of physical fields. That
elimination requires one to utilize inverse derivatives which introduce so-called spurious
singularities. It was first pointed out by Nakanishi® that there exists an intrinsic difficulty
in the AG formulations, the solution to which requires an indefinite metric; even in QED.
It was also noticed that in order to bring perturbative calculations done in the light-cone
gauge into agreement with calculations done in covariant gauges, spurious singularities of
the free gauge field propagator have to be regularized, not as principal values, but according
to the Mandelstam-Leibbrandt (ML) prescription® in such a way that causality is preserved.
Shortly afterwards, Bassetto et al.®) found that the ML form of the propagator is obtained in
the light-cone gauge canonical formalism in ordinary coordinates if one introduces a Lagrange

multiplier field and its conjugate as RG degrees of freedom.

It is now established” that AG formulations are not ghost free, contrary to what was
originally expected, and is still sometimes claimed. Nevertheless, the problem of finding the
correct method by which to introduce RG fields into pure space-like AG formulations has
not been completely solved. A first step toward solving this problem was made by McCartor
and Robertson in the light-cone formulation of QED.® In previous papers,? we considered
the solvable Schwinger model and learned ways to introduce and to quantize RG fields. In
this paper we apply these methods to the more realistic problem of QED and construct an
extended Hamiltonian formalism of QED in the #+-coordinates z* = (z©,z~, !, 2?), where
xt = 2%sinf + 23cosf, 2= = 2'cosf — x3sinf and the space-like constant vector n is
specified to be n* = (n*,n~,n',n?) = (0,1,0,0) so that the gauge fixing condition is pure
space-like. The same framework was used by others to analyze two-dimensional models.'?
We show that if we properly choose constituent fields, then we can construct the extended

Hamiltonian formalism of QED in quite the same manner as the Schwinger model.

In spite of the common use of light-cone gauge (with A, treated as a constrained field)



and light-cone quantization, the one loop electron self energy has never been successfully
calculated in that formulation. To our knowledge, that most fundamental of loop calculations
has been successfully calculated in three formulations of light-cone quantization: Morara
and Soldati”) calculated it in the gauge A, = 0; Langnau and Burkardt!?) calculated it in
Feynman gauge but did not start the calculation on the light-cone; in'? it was calculated
in Feynman gauge starting from the light-cone and also calculated in light-cone gauge, but
with a higher derivative regulator so that A, was a degree of freedom, not a constraint.
But it has not been calculated in light-cone gauge with A, treated as a constraint. The

1) and are discussed in detail

problems that prevent such a calculation can be glimpsed in
in.'? Basically, the infrared singularities are too strong to allow a successful calculation. In
the present paper we shall show that with the RG fields in place, the infrared singularities
are softened in such a way as to allow a successful calculation.

The paper is organized as follows. In §2, we construct the temporal gauge (TG) formu-
lation and obtain the commutation relations of the Nakanishi-Lautrup field B, which are
then extrapolated into the axial region. In §3 we consider the dipole ghost field and the
constituent fields corresponding to those in the n-A = 0 gauge Schwinger model. We then
express A, in terms of these constituent fields. In § 4 we obtain the translational generators
by applying McCartor’s method.'® In § 5 perturbation theory is developed and we show
that if we define the singularities resulting from inversion of a hyperbolic Laplace operator
as principal values, the worst infrared divergences resulting from physical parts of the gauge
fields are cancelled by infrared divergences from the RG parts. We then find that the re-
maining infrared divergences are regularized as the ML form of gauge field propagator. In
that section we also perform a calculation of the one loop electron self energy. § 6 is devoted
to concluding remarks.

We use the following conventions:

Greek indices u, v, - - - will take the values +, —, 1,2 and label the component of a given four-
vector (or tensor) in the £+ coordinates;
Latin indices i, j, - - - will take the values 1,2 and label the 1,2 component of a given four-
vector (or tensor) in the + coordinates;

the Einstein convension of sum over repeated indices will be always used;
xt = (2%, 2, 2?), z, = (o', 2?), PPz, = do'ds?, dPx* = do'da’da™
ki = (ki k1, ko), ks = dkydkodk
g-_=cos20, g, =g, =sin20, g, = —cos20
9-i=Gi- = gyi = gir = 0,  gij = —04.
7T =%inf + 3 cosf, 7 =~"cosf —+sind.



§2. Temporal gauge formulation of n-A = 0 gauge QED

In this section we keep 6 in the temporal region 056 < 7 and choose 2~ as the evolution
parameter. This enables us to show that RG fields are necessary ingredients in the canonical
quantization of n-A = 0 gauge QED.

The n-A = 0 gauge QED is defined by the Lagrangian

1 —
L= =3 FuF™ = B(n-A) + 0(iy" D, — m)¥ (21)

where D, = 0, +1ieA, and B is the Lagrange multiplier field, that is, the Nakanishi-Lautrup

field in noncovariant formulations.'® From (2-1) we derive the field equations
O =n"B+J", J' = el (2-2)
(iv*D,, — m)¥ =0, (2-3)
and the gauge fixing condition n-A = 0. The field equation of B,
(n-0)B=0_-B =0, (2-4)

is obtained by operating on (2-2) with 0,,.

Canonical conjugate momenta are defined to be

5L 5L 5L
T T 0 A, R I i 7 1 M
JL 5L
=58 ™ sw " (25)

and the Gauf3 law constraint is described in terms of them as
oyt + o' =B+ J. (2-6)

We see from (2-5) and (2:6) that in the TG formulation we have three pairs of bosonic
canonical variables, A, , 7", A;, 7" (i = 1,2), which indicates indispensability of degrees of
freedom other than the physical ones in constructing the canonical formulation. By using
the canonical equal x~-time quantization conditions imposed on the independent canonical
variables and the expression of B obtained from (2-6) we easily obtain the commutation

relations of B:

[B(z), Au(y)] = 0,6 (" —yT), [B(x), 7t (y)] = [B(z),7'(y)] =0,
[B(z), B(y)] =0, [B(x),?(y)] = es®(x™ —y")T(y). (2-7)



It is important to note here that, due to (2-4), these commutation relations hold even when
xTHFY.
The Hamiltonian, that is, the translational generator for the x~-direction, is given by
P = /dSCCJrT = /d3$+{21((ﬂ'+>2 + n:l(ﬂ'i — n+F+i)2 -+ n,(Fﬂ')2 + (F12)2)
+ ¥ (m—iyTo, — 0¥ + JA} (2-8)

so that it is straightforward to develop an x~-time ordered perturbation theory. It was shown

previously that the free gauge field is described as'®

A, =T, - g—;QB + 0,/ (2:9)

where T}, is a free field satisfying

07, =0, O"T,=0, nT =0, (2:10)
(1), To(0)] = (g + 2200200y (211)
and
ViZ=02407 +n_02, (212)
A= —VLTZ (O —n_2 B - ";TL; 8+B) . (213)

Note in (2:11) that D(x —y) is the commutation function of the free massless field and that

the inverse derivative 0! is defined by

_ L/~ _ _  _ _
0w =5 [ el —y )6ty e (214)
which imposes, in effect, the principal value regularization. Note furthermore that C' in

(2-13) is the conjugate of B and satisfies
0_C =0, [C(z),C(y)]=0, [B(z),C(y)]=—-iV3(xt —y"). (2-15)

It is useful to point out here that the physical degrees of freedom are carried by 7),, as is
seen from (2-10), and the remaining degrees of freedom are carried by the pair of functions

B and C'. Tt should be noted in particular that solving the on-mass-shell condition

0=p>=n_p+2nn_pp_—n_pl—pl, ®I=p+Dp5) (2:16)
yields
VPitn pl—nipy ) s+ ny\pitnopl—py
p- = - . p=\/pi4n_p? p"= - (2-17)



from which follows

1 nupe+Vpitnop? (218)

p- pE+n_p?

Therefore we obtain the factors (p? + n_pf)_l from the physical operators. It turns out

that they are canceled by those resulting from <z, which is appled to B and C' so that we

2
vT

obtain the following ML form of the z~-ordered gauge field propagator

1 A
(0T (Au(2)Au())]0) = / d'kD,, (k)e™* =) (2-19)
)
where
— _ n,ukl/ + nl/ku . 2 kﬂkV ]
Dy (k) = kQH.g{ Gar + 7 it " T Tiesan (iR | (2-20)

We see from (2-20) that RG fields are indispensable to regularize singularities associated with
the gauge fixing in such a way that causality is preserved in complex k_ coordinates. Because
the factors (p? +n_p?)~!, which becomes singular in the axial region due to n_ < 0, drop
out completely from the gauge field propagator, we can formally extrapolate the gauge field
propagator into the axial region. It is expected from this that we can develop a perturbation
theory free from infrared divergences in the AG formulation. In next section we consider

introducing RG fields so as to regularize the infrared divergences in the AG formulation.
83. Constituent operators in the axial gauge formulation

3.1.  general solution of the gauge field equation (2-2)
We begin by obtaining the general solution of (2-2) in a way which is independent of the

evolution parameter. Let a,(z) be a field satisfying

Ua,, = J,. (3-1)
Then it holds that
0 n 0
A, — ZL9A + =B =a, — =84, (V2=02+02 (3-2)
v V2 R = L2

which is verified as follows: If we apply D’Alembert’s operator, which is described in our

formulation as
O=n_0%42n.0,0- —n_0} -V 72

to both sides of (3-2), then we obtain the same result, J, — %&-Ji. Therefore the differ-
1

ence between the left hand side and the right hand side is a solution of the free massless



D’Alembert’s equation. The solutions which tend to zero at spatial infinity (|x | |—o0) vanish
identically .

In addition we can show that a, satisfies
0"a, = 0. (3-3)

In fact operating on (3-2) with 0" yields

1
aﬂAM—a a“aA O"ay, ﬁaﬂi
1

The left hand side of the second line vanishes due to the spatial component of the gauge
field equation and so does the right hand side.
JFrom (3-2) A, is described as
0 Oy
A, =a, — =F0a; + x-ep (3-4)

Vsz —VJ_Q V2

where we have denoted —ﬁ@zfl@» as X. Throughout this paper the operator /—V 2 is

€L
understood as |k | in the Fourier transforms of the relevant operators. The minus component
of (3-4) has to vanish identically due to the gauge fixing condition. Imposing A_ = 0 gives

rise to the following constraint

0-
e

the first term of which is rewritten, due to d;a; = 0t a, + 0 a_, as

0_ 1
a- — v, =—50ia; = V—E{DOLJr — 07 (0 a_ —0_ay)}

=—{a_ — 8 8 ;a; } + B (3-5)

— _%{J, — 0 (0,a_ —0_ay)}. (3-6)

Thus integrating (3-5) with respect to z~ yields X expressed as

1 a !
X =
/ — vf
where we have introduced integration constants involving C' in the same manner as in (2-13).
Substituting (3-7) into X in (3:4), we have A, expressed as

AM:CLH—S—#G_—$B+8A (38)

{8+(8+a_ —0_ay)—J_}+ A (3:7)



It is straightforward to show that, because 0B = 0_C = 0, X and A, satisfy the

following equations:

oo 0

—“G_X =-n_B — all]l - J_, 3-9

= sty (3-9)

04y =C—n_a Bt o 0.8~ (0-)7 . (3-10)
T

We see from (3-9) that X is nothing but the dipole ghost field.

3.2.  Commutation relations of the constituent operators

In the axial region, where 7 < 6 < 7 and 7 is chosen as the evolution parameter, we

obtain from (2-1) the canonical conjugate momenta

oL oL . oL
7T+: :0’ T = :F_,’__’ 7TZ: :F’J';7
001 Ay 00, A_ 00, A;
oL oL -
= = 0 = pum— .W +‘ 3'11
Tp 5@+B ) Ty 5a+gp ? ’y ( )
If we impose the gauge fixing condition, A_ = 0, on the equation for 7~, then we obtain a
constraint

T =—0_Ay (3-12)

in addition to the Gauf} law constraint
o_n~ +0om = JT. (3-13)

As a consequence, A, becomes a dependent variable so that there remain only A;, 7° (i =
1,2) as independent bosonic canonical variables. Therefore, as quantization conditions we
have only equal x*-time commutation and/or anticommutation relations on the independent

canonical variables; the nonvanishing ones are
[Ai(@), 77 (y)] = 16,56 (@~ —y7), {¥(2),¥(y)r*} =V (" —y). (3-14)

The degrees of freedom of the system should not change when we move from the TG
formulation to the AG one, because the field equations and the gauge fixing condition are
the same. How can we resolve this paradox? The only answer is that B and C' take the
place of the canonical variables A, 7% in the TG formulation but happen not to be canon-
ical variables in the AG formulation. This reflects the fact that B and C are introduced
as x~ independent static fields so that z* can not be the evolution parameter for them.

Therefore, we cannot obtain their quantization conditions from the Dirac procedure.'®) To



supplement the insufficient quantization conditions, we assume that the commutation re-
lations of B given in (2:7) can be extrapolated into the axial region. This is a reasonable
assumption, because we have introduced degrees of freedom for c-number residual gauge
transformations and because B generates them. However it is not straightforward to make
the extrapolation because the Laplace operator V,? becomes hyperbolic so that its inverse
gives rise to singularities. Note that n_ = cos26 < 0 in the axial region. We regularize these
singularities by the principal value method. Consequently we obtain vanishing contributions

at equal x"-time due to (V;?)~!. For example, we obtain

[VLTzB(x% \/%TEX (W)]at =g+ = V_—;W’)(aﬁ — Yy ) |y

= @ | O e =0 (315)
[VLI?B(:L‘%W(:U)]xJFer = VLT25(3)(:B+ — YV (Y) o=yt

= Gy | P ) =0 (3:16)

where we have made use of the fact that

/ dh— (3-17)

o kL k?

as a result of regularizing the singular integral by the principal value method. In this way
B makes vanishing contributions to equal z-time commutation relations.
To express A, in terms of the independent canonical variables, we integrate (3-12) and

(3-13) with respect to x~. By integrating (3-13) we obtain

1 )
TT=—-0_A, = 8_(J+ — ;") + constant. (3-18)
The integration constant is determined by comparing (3-18) with that given by A, in (3-8)
and we get
Loy i
dra_ —0_ay = 8_(J — o), (3-19)
constant = —n—_26+B. (3-20)
Vr
Integrating (3-18) with respect to = and then comparing the result with A, in (3-8), we
obtain .
Ay = —=(Jt—0m) — =B+ 0, A, (3-21)
07 Vi,

10



We see from (3-21) that A, consists of the conventional physical operator plus RG oper-
ators. Furthermore, we see from (3-7) and (3-19) that 0,a_ — d_a, plays fundamental roles

in the axial gauge formulation. If we define X by

1 . -
3+a, — 87614, = aT(J+ — 8177'2) = —VLQE, (322)
then 91X is expressed as
~ Vv 2
FE—— Lt _goa-"VVip, ! ; (3-23)
_vf VT _vf

so that at 7 = y* we obtain

[X(2), 0" 2(y)] =idP (@™ —y7), [E(x),2(y)] = [0"E(x),0"2(y)] = 0. (3-24)

Here we have assumed the equal z*-time current commutation relations:
[TF (), T ()] = [J7, J-(y)] = [J-(x), J-(y)] = 0. (3-25)

In addition, both & and 9+ are gauge invariant so that due to (2-7) their four dimensional

commutator with B vanishes:

[2(2), B(y)] =0, [9*E(x), B(y)] =0. (3-26)
Note in particular that, when we calculate the commutation relations of t% with X and
¥, we do not obtain any 6 (z* —y*) contributions due to (3-15) and (3:16). Consequently

we obtain the following equal z*-time commutation relations:

S@), X)) = — 509 (@ —y7), 107 5(), X(w)] =0, (321)
S@), W] =0, [0"£(@), 7 ()] = - ﬁa_w%— —y) (32)
5, 0] = —e- L@ —y ), [S@), I @] =0,  (329)

0 5. v = Fm¥e” —y ), 0@ W) =0, (330

[Z(@), T ()] = [0F E(2), T* (y)] = 0. (3-31)

Now we can calculate the commutation relations of C', which is introduced as the in-

tegration constant in (3-7). We rewrite (3-7) to express C' in terms of operators whose
commutation relations are known; we get

/T 2 + . -1 _V 2
Vi C= 8—2 — 0 J_—X+ Vi (n:cB + n_n+8+B) . (3-32)

o 0 -V 2 Vi \Z3

11



Then using (3-15),(3-16) and (3-24) ~ (3-30) we obtain at ™+ =y
1

5201 £0)] = [gC(@).0" £w)] = [gC(@). #(w)] =0, (3:33)
52 C(). X )] = [g3C(@). ()] = [gC(e). ()] =0. (3:34)
If we use (2-7) and (3-26), then we obtain the following four dimensional commutation
relation
0 Bl = [ X (0. Bl = 0w ). (339
It follows from (3-33) ~ (3-35) that
520) gz CWllemye =0 (336)

It is clear that A} =A;— %—iﬁAj and 7', =71’ — %—?_‘%ﬂ'j are gauge invariant and thus commute
with B and C at equal x'-time. Therefore B and C' do not give rise to any unwanted
contributions to the equal z™-time canonical commutation relations. Now that we have
e Y.9"%, B and C as fundamental operators, we can reconstruct our formulation in

terms of them. To do this, we divide A, into physical and RG parts as follows

n
A, =T, — V—’LQB + 0,1 (3-37)
T
where
-V 2 1 p
T, =— 7 Ly = a—g(aﬂr —JY), (3-38)
1 0; ~ 1
T =0, Ti=A;+ — oty - J_ |, 3-39
—7 — ) (3:39)
. 0; ~ 1
T =0T A + oY — JT. (3-40)
_VT2 _VT2
It is easily seen that 7}, satisfies
M fu =Jv, (fuw =0T, —0,T1,), (3-41)
1
or, = —a—J,, (3-42)

and that 7} and 7 satisfy the equal 2*-time canonical quantization conditions

[T3(x), Tj(y)) = [x'(2), 77 ()] = 0, [Ti(2), 7 (y)] = 16,6 (@~ —y7),
[Ti(2), ¥(y)] =[x (), ¥(y)] = 0. (3-43)

12



84. Translational generators in the axial gauge formulation

In this section we start with the canonical energy-momentum tensor

T = —F" 0" A, + gTWF”"FpJ + W O (4-1)
and obtain the conserved translation generators. Note that in our formulation we have to
resort to a nonstandard way of deriving the conserved generators. This is because A, in
(3-37) has the term depending explicitly on z~ as well as ™ -independent terms. As a result,
the traditional formula for the Hamiltonian contains divergences. This reflects the fact that
the integral ffooo 0_T,~dx~ does not vanish, although 2~ is one of space coordinates. From

the divergence equation, 9,7,” = 0, we obtain

j{TM”dJV =0, (4-2)

where the integral is taken over a closed surface. From

this we shall derive the conserved generators. For the X
transverse directions we are justified in assuming that - +
the integral [* 0;T,'dx’ vanishes. (Here, repeated in-
dices do not imply sum over ¢.) Therefore, as the closed

surface we use the one shown in Fig. 1, whose bounds T’ X

and L are taken to oo after the calculations are finished. » /L
A similar procedure was first used by one of the authors

3)

of the present paper.!®) It is straightforward to obtain

0= / &z, ( / " T, ()] =+ / "t [Tu‘(w)]i—z_L)

o o (43)

where

[T, @] = T @) e — T @) -1,

[T, )] =T, (@)]eep — T, (@) o=z (4-4)

Let us illustrate the case of ;1 = + in detail. Because A, has the RG term, we divide
T, and T, into terms containing only physical operators, terms containing products of
physical operators and RG operators and terms consisting solely of RG operators. Then, we
rewrite these terms, which are to be integrated by parts, in the form of derivatives minus

terms resulting from the integration by parts. As a result we obtain

1 _
T = FL0.A; = S{(F)? 4 FiPy b FLOF — (F)’} + 097 0,0

13



= %{(f—-‘r)Q + frif = foif 5+ (fi2)®} a0y T DLW — 9, f 104 A

_ 1
TN (= B+ 0, M) — 0. <f—+T+ + T+%8+B + TiﬁaiB)

1 n_ 1
FOUFIT +0u1) — 5 (G20 B30 + 308 508 ), (15)

T+_ - F_+8+A+ —|— F Za+A + ZW'}/ a+

) 19 1
=f2f+z~+zm—p+w+—_rv+23 J—gngBv 20,.C

_ 1 n_ n+ 1 1
0; (T4 + 04 A) + 0, Ty B 8B 8828 —=50;B==0.C

n_ni .4 1 _n_ny
— 0. B 0;B - —B——-0.B
: <vT> Vi Ve )

n_
— 0, (v 50.Bg 2@0) L o, (v —0, B v ~-—0.B V—Tga BVT28 B) (4-6)

When we substitute (4-5) and (4-6) into (4-3) with u = +, the derivative terms with respect

1
+ a—i— (f—+(T+ +8+A) _a’bj—‘zv 2.B+ V P

to x' give vanishing contributions, whereas the last = independent term of (4-5) is cancelled
out by the last linear term of 2~ in (4-6). We also see that B and C contained in the derivative
terms with respect to 1 in the fourth and fifth lines of (4-6) give vanishing contributions in
the limit T—o00 because x is one of spatial coordinates for B and C. As to B VLTQ&FC’ in
the second line, the contribution from the upper bound L cancels out that from the lower
bound —L. However we keep it, because it is the Hamiltonian density for the RG fields.
We see furthermore, that the derivative term with respect to = in the third line of (4-5)
gives rise to a vanishing contribution, partly because its first term is cancelled out by the
corresponding one in the derivative term with respect to 2™ in the fourth line of (4-6) and
partly because the physical 7'y and 7; vanish in the limit L—ooc.

With the redundant terms eliminated, we turn to consideration of the regularization
term. The first term in the third line of (4-5) is the relevant one. We see that for this to
work as the regularization term we have to get rid of —0;f70; 4, the remainder of the term
F%0, A;, in the second line of (4-5). This is because if we combine this with J™d, A, then
we get

(JJF —0if7)04 A =—=0_f_ 10, A =0_(T40-0, A — [0, /) (4:7)

so that all the derivative terms with respect to 2~ in (4-5) are cancelled out by corresponding
derivative terms with respect to ™ in (4-6). This results in losing the necessary regularizing
term. We remark that Robertson and McCartor® overlooked this fact so that they did not
obtain the regularization term in the light front formulation of QED. We have to discard the

unnecessary term in such a way that the divergence equation is preserved. It turns out that

14



if we supplement 7'~ with
| - -
o 8__2J 0,0_A— 8_,J oA (4-8)

and if we denote T',* with —9, f19, A subtracted as 6,", and T',” with (4-8) added as 6,

then we obtain the following divergence equation:
040" + 00,7 = 0;(frifsi) — Oi(f-1 f7) = 10:(F~' 0, W) — 8 (Ji(Ty + ;. A)) (4-9)
where

0, = AU+ faal o sl (o))
Y U(m— iy O — iy D)W+ Jﬂ—%B +0,A),

T
0, = [ifri—n"y v (m — iy 0 — iy D)W
+ al J_ ngQB J*v LB+ 0, (82J+8+8 A— a—ﬁmA) (4-10)

Eq.(4-9) indicates that it is enough to consider only 6, and 6~
Now taking the limits L—oo and T—oo in (4-3) gives us a conservation law which
contains RG fields:

xr~ =00

O:/d3 ~ [0 +}§;°°OO /d3 - {9 +BW8+C] o (4-11)

The derivative term in (4-8) gives a vanishing contribution to (4-11) and any other terms of
6, are assumed to vanish in the limits 27 —2o00 in accordance with the traditions of the
AG theories. Then we obtain that the first term is conserved by itself. We can add to it the
constant Hamiltonian for the RG fields and thus

we have
P, = /dga:_0++(a7) —I—/d3a:+B( )v 50,C(x). (4-12)
We can similarly derive conservation laws for the — and transverse directions as follows:

a0 v [t o Lpiop| 41
0= T [ - }:13'*‘:700 o 5 V 2 xi:ioo’ ( ’ 3)
0= /d3m_ [eﬁ}iij"w /d3 + [e +Bgs 2(90] ) (4-14)
where

=Ty, (4-15)
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= U = et Fifot () + iy 0w

— J’v -5 — 8+(67J ﬁB> (4-16)
= [L0iT; + Wy o, (4-17)
0,” = [0 + [ 0T; + ¥~ 0¥
0; 1
— B — A t0,0_N — —Jto,A 4-1
aJV2 J~0; —|—(9+(82J88 a_J@) (4-18)
From (4-13) and (4-14) we obtain the generators of translations for the — and transverse
directions:
P - / Pz *(z) — & / Pzt B(r) L Bx), (419)
2 \Z
jo / B0+ (z) + / d%*B(:U)%@iC(x). (4:20)
T

We end this section by showing that the Heisenberg equations for the constituent fields

hold. For that purpose we use the expressions
= (O —J* t =7 Z:—” LY P iy £ 4-21
f + 8_( i ) fz ™, f+ ( ’I’L_) ’ fz (—TL_) ’ ( )

to express the Hamiltonian in terms of 7; and 7 as follows
P, = /d3m_0++(x) +/d3az+B( )V 50.C(x)
— 5 [P {070 — TP+ () M = () (e}

+/d3a;—{y7(m — iy O- — iy’ D)W +J (0,4 — %B)} +/d3az+B%C. (4-22)
T T
Note here that we can use the equal z*-time commutation relations to calculate the com-
mutation relations with the operators contained in 6, (z), while B and C' are regarded as
independent of other constituent operators so that they commute with the others at all
times. As a consequence we obtain
(o), Po] = ig5(0y = J°) 4 T

+
B0, AW — Z—(m — iy 0. — iy D)U(z)  (424)

=0T + f+i) = 1041, (4-23)
[W(ZL‘), P+] = €(T+ V - 2

where we have used the equality (77)? = —n_ as well as the fact that ¥ commutes with

B and C contained in 6, at equal x-time because they are multiplied by %. Equating
T
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(4-24) with 0, ¥ and then multiplying both sides by v provides us with the field equation
of ¥.

In quite the same manner we obtain
[T:(z), P,| =0, T;, [¥(x),P.]=1i0W. (r=—,1,2) (4-25)

Equations for B and C' are calculated by the same rules and we get

[V_TQB(‘T)a Pr] = ZV_TQB’ [VTQC('I)7 PT‘] = Zv_Tzcu (T =+, 1, 2) (426)
1 1 -
It follows that

85. A perturbation formulation free from infrared divergences

5.1.  calculation of the propagator

Now it is straightforward to develop an 2 -time ordered perturbation theory by employing

the following free and interaction Hamiltonians:
1 . .
Hy = [t {0710 ~n " (n' = e fo = no(f) + ()')
+/d3w@(m — iy O — iy O;)W —i—/d3 +BVa =G, (5:1)

Hy = /dBm{J“A T T (52)

02
where we have denoted the free fields in the interaction representation with the same notation
as those in the Heisenberg representation. Thus

A, =T,+1,, I,=- V2B’+6/1 (5:3)

— 8—“a,, is described in terms of free fields

is the free gauge field. The physical part, T}, = 5

S aa
Ora_ —0_ay =+/—V 2Y and aif = a; — T 205 as
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If we consider the fact that the conjugate momentum of 7; is given by

= ft=0Ta; + % o_%, (5-6)

o

then we see that X, 07X and a, 07aj are two pairs of canonical variables. As a conse-

quence we can express 1), in terms of creation and annihilation operators as

T = [Tk Z (k) )e* + he) (57)

V2@ ) VET £

where

ko — gkt ko — kt
kT = /K2 —n_k2, k-zn—i‘*, k+:mT, ki =K+ (58)

and the operators ay(k_) and al(k_) (A = 1,2) are normalized so as to satisfy the usual

commutation relations,

lax(k-), ax(g)] =0, [ax(k-), al(g_)) = oadP (k- —q_). (5-9)
Note that
k KTk kTk

Wy = (_FL g _F M N R .

e, (k) ( 0 L k_kJ, (5-10)
ke k

@) (L) — _k R .

€, (k)= (0, 0, o k«l> (5-11)

are the polarization vectors satisfying

keM(k) =0, n"eM(k)=0, (A=1,2) (5-12)
2
n ky —i—n,,/{ k kV
D eV R (k) = =g + T P (513)

We expand B and C' in terms of zero-norm creation and annihilation operators as follows:

1 d3k+ —ik-x ik-x
B = e [ Bk B (510
“o= —\/é — [ A RO {C )~ CE ) Y e (619
where
[B(k:), CY(q,)] = [C(ky), B'(g,)] = 0P (ky —q,), (5:16)
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and all other commutators are zero. We note here that limiting the k.- integration region
to be (0,00) is indispensable to obtain the ML form of gauge field propagator. We define

the vacuum state and physical space Vp, respectively by
B(k1)[Q) = C(k1)[2) =0, (5-17)

Vp = { [phys) [ B(k)|phys) =0 }. (5-18)
Now we can calculate the zt-ordered gauge field propagator

Dyw(x = y) = Q0" — y ") Au(x) Ay (y) + 0(y" — 27) A (y) Au(2)}Q)

1 —ig(a—
= (27T)4/d4qDW(q)e ¢(@=y), (5-19)

It is straightforward to show that its physical part is given by

4 NGy + nuq 0 4y i
D? = — | —9.u = £ = — 0,404+ —, 5-20
/.LV(Q) q2 + ic ( gu + 7 n q% ut +q% ( )

where ¢* = n_¢> + 2n,q.q- — n_q¢% — ¢5. We investigate in detail how the RG fields play

roles as regulators. In the case that ;4 = ¢ and v = j we obtain the RG contribution

QT (I(2)5(y) [€2) =

1 419 —ig-(z—y)

where

DY (q) =g | dk [5’, o= ! - !
Z](Q) qu/() + (q )n_k_z'__i_qi <l€+—Q+—i€ l{?++Q+—i€

() 2n_niky ( i i N (5:22)

—+ ,
(k% +q1)* \ky —qy —ie ki +qy —ie

Note that the explicit x~ dependence gives rise to the factor §’(¢q_). Note also that there is
no on-mass-shell condition among the RG field’s momenta k., k1, ks so that there remains
a k. -integration. As a consequence there arise singularities resulting from the inverse of
the hyperbolic Laplace operator. Nevertheless, when we regularize the singularities as the
principal values, the integral on the first line of (5-22) turns out to be well-defined. In fact

we can rewrite its integrand as a sum of simple poles and make use of the integral formulas

/ Oodk+ ( i i ) = —msgn(q+), (5-23)

0 ki —qe—ie kg +qq —ie
* 1 1
P dk — =0 5-24
/o +(k;+—a k++a> ’ (524
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o n_ i i n-_msgn(q+)
dk — — — | =——". 5-25
/0 +n_ki+qi (/f+—Q+—Z€ k++€l+_26) n-qf + ¢t (529

On the other hand, the integral on the second line of (5-22) yields a linear divergence, as

where a = \/qf—LT. As a result we obtain

is seen by rewriting its integrand as a sum of simple and double poles:

2nyn_ky 1 ?
2 2 2 . + .
(n-ki+q1)* \ky —qr —ie  ky +qy —ic
2n4n_qy < i i ) ny n-qi —qt < i

T+ 22 \ky —qp —ie  ky +qy —ie a (n-? +¢3)? \ky —a

i ng i i
- — + . 5-26
) R s (e B ) (526)

The integration of the first and second terms on the right hand side can be carried out with
the help of (5-23) and (5-24). However we cannot regularize a linear divergence resulting
from a double pole by the principal value prescription.!” We show below that this linear
divergence is necessary to cancel a corresponding one that occurs in the physical part. For

later convenience we rewrite the linearly diverging integration in the form

o0 1 1 o0 2n_(n_k* —q¢?)
Pl dk =P/ dk + L 5-27
/, *((m—a)”(mm?) ], (k2 + )2 (5:27)

Substituting these results and (5-27) into (5-22) yields

n_q;q,; N4 445 > 2”—(”—k2 - Qi)
DY (q) = —2L5 (¢ — i _/ dk + 5-28
1]((]) q2+7;€ (q )ﬂ-sgn<Q+) Zq2+’i€ (q ) 0 + (n_k’i-l-qi)Z ) ( )

where we have made use of the identity

1 1 2n4q4
() = ————50" () + —— T 5(q_). 5-29
Fric T T g O g (529

Thus, for the sum of (5-20) and (5-28) we obtain
i 4iq; .
Dij(Q) = 7+ ic < — Gij — n’ qu - m_qiqjﬁsgn(qu)é'(q_)

* - 2n_(n_k® —q%)
1, qiq:6(q dk + L 5-30
magda) [ a2 (5:30)

Now we can demonstrate that the linear divergence resulting from q% is canceled by the
final term of (5-30) when we restore D;;(x) by substituting (5-30) into (5-19). It should

be noted here that ¢_ is conjugate to the spatial variable x~, while k., is conjugate to the
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temporal variable 7. To make the infrared divergence cancellation mechanism work, both

integration variables have to be either spatial or temporal. We show in Appendix A that if

nyq-—+/q% —n—qp

n_ Y

we change the integration variable from the spatial ¢_ to the temporal k&, =

then the following integral formula holds:

© 1 on(nk2 - )
dg_— + dk = 0. 5.31
/ -z / T ) (5:31)

— 00

From (5-31) we see that the linearly diverging terms of the inverse Fourier transform of (5-30)

are given by (we omit —in?g;q; for the moment)
o 1 1 o 1 .
dq_ — —0(q- dg_— | e ="
/_ooq q2+@'6(q3 e )/_ooq q3>e
o e - 1 o0 1
= dq_ — + / dq_—.
/ e P tie) PG +dl)

o ela-rm 1 1 2n,q, +nq_
= / dgq- 2 SE 2.2 & 2V (a2 +i6) | (5-32)
. q* P +ie  q-(n?¢i +q1)(q? + ie)

We see from this that the last integrals diverge at most logarithmically, but logarithmic

divergences can be regularized by the principal value prescription so that there arise no

divergences from (5-32). This verifies that the following identity holds:

1 . ! N .
Z +imsgn(qy)d'(q-) — 5(q)/ Y-
) 1
= Pf— + imsgn(qs )0 (q_) = ' o
z gn(qy)0'(q-) (q— + tesgn(qy))? ( |

where Pf denotes Hadamard’s finite part. Now substituting (5-33) into (5-30) yields the ML
form of gauge field propagator:

Dii(q) = —— (=g, — 94 . 5-34
(@) q2+ze( 9 <q+zesgn<q+>>2> (5:34)

For other cases we omit detailed demonstrations because the calculations are similar. In

the case that = + and v = i, we obtain the following RG contribution

DIq)=q | dky|6(q + -
+i(a) q/o +[(q )nki+qi<k+—q+—ie k++q+—’i€)
, n_k ? ?
) )

—+ .
n_k? +¢* \ky —q —ie ki +qp —ie

s() 2n_ni ki ( i i )] (5.35)

(n-k? +¢3)2 \ky —qs —ie  ky +qq —ie
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Because the integral on the first line gives rise to the imaginary part of W@(%)’ we obtain
: 2
¢ N4 g n 4+4;
Dyi(q) = , : — : . 5-36
w0 = i (e~ o ) 230

For the case that ;1 = v = + the RG contribution turns out to be

Di+(q):/:odk+[5/(q_) n-ky - (N )

n_k? +¢* \ky —qy —ie ki +qp —ie

5(e) 2 kyq? ( i i )] (5.37)

(n_k® +q¢%)* \ky —qy —ie ki +qp —ie

so that we obtain

D-ght(Q)_ 2 1 <2n+Q+5( ~)msgn(qy)
o8 ) - e | ary). (533)

Here it is noteworthy that the last term in (5-38) also cancels the linear divergence resulting

from the contact term in (5-20). In fact it also yields a contact term, as is seen from

—6(q-) = 21 = 0(q-) (1 + 2 q+> . Therefore, combining it with the corresponding one in

(5-20) and carrying out the inverse Fourier transform, we obtain

1 1\ , .- 1 /[ 1—cosqgxz™ |z7|
— dq_ ( / dg_— — —) et = —/ dq_ = : 5-39
/ e TJ o q* 2 (5:39)

Consequently, taking into account the fact that the Fourier transform of @ is —%(m +

m% we obtain

4 2n4qy n’q} )
D —giy + : - :
0= m ( g +iesgn(qy) (g +iesgn(gy))?
; 1 1
I . 5-4
TR ((q_ Tie? (g —i6)2> (540)

This finishes the demonstration that, due to the RG fields, the linear divergences are elimi-
nated even in the most singular component of z+-ordered gauge field propagator.

We end this subsection by investigating the light-front limit 6—7 +0. On the mass-shell,

k? =0, ky is given by k, = i n]j‘fn_h so we get
H (k>0
lim g, =4 2% F=>0) (5-41)
0= +0 o (k- <0)

and contributions to 7}, in (5-7) from the integration region in which k- < 0 vanish due

to the Riemann-Lebesgue lemma. As a result, the integration region k_ in 7}, is limited to
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(0,00). It is worthwhile noting that in the limit, n_ = n?—0, so we do not have the linear

divergences except for the contact term in the most singular component of the gauge field

propagator:
2q. i i 2q, ‘ 4q /°°
D = ——— — — —1—0(q_)(—imsgn + —6(q_ dk . 542
++(q) 0 Ptic & 2 (g-)( gn(g+)) =l (q-) ; + (5-42)

However, the linear divergence resulting from the contact term is also cancelled out due to

o 1 ° 4

2
which is verified by changing the integration variable from ¢_ to k, = qu_L_‘l5)

In the light-front formulation ¢ = \/Lﬁfyofy_w is a dependent field and has to be expressed

an equality

in terms of the independent field ¢, = \%'yofﬁw. We follow Morara and Soldati” to solve

this problem and obtain the following free and interaction Hamiltonians

1 1 - 0
Hy= [Pa (G + 5 +ior 00} + [P B0, 4
1
3 o 27 W ’YJF v 1 + 1 4
H; = /d x {J'A, + ey Auﬂ A — §J 8__2J }. (5-45)

The zt-ordered electron propagator is given by Chang and Yan'®) to be

= ! 4y TP M_li 4
SF (27)4/dp ‘ {pQ—m2+i€ 2pt |’ (5-46)

We see here that there appears a noncovariant instant term, but its contributions to S

matrices are cancelled by those resulting from the noncovariant fourpoint interaction term.

5.2.  calculation of the electron self energy

In order to make comparison with previous calculations we shall regulate our calculation
with the inclusion of Pauli-Villars fields. If we perform the calculation in the usual order for
equal-time quantization, we should expect to need only one Pauli-Villars photon. However,
it is common experience that more Pauli-Villars fields are needed when one performs the ™
integral first. In Feynman gauge three Pauli-Villars photons™) or one Pauli-Villars electron
and one Pauli-Villars photon are needed.'? In light-front gauge with higher derivatives so
that A, is a degree of freedom, a much more complicated regulation is required including
(in addition to the higher derivatives): three Pauli-Villars electrons, a Pauli-Villars photon
and two carefully treated cutoffs.'? In all these cases the Pauli-Villars electrons are included
with flavor changing currents that break gauge invariance. The breaking of gauge invariance

is removed by taking the masses of the Pauli-Villars electrons to infinity after the calculation
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is complete. It is not obvious that taking such a limit really restores gauge invariance but it
can be shown to be true.'?

In the present calculation we keep one Pauli-Villars photon and investigate how many
Pauli-Villars electrons are required to successfully regularize the one loop electron self energy.
We find that we need two Pauli-Villars electrons and so we use the Lagrangian

! 1 1 _
Z(—WHZFWWW ~BA_+>_ ;iz/;i(wa” —m); — ey A,, (5-47)

=0

where , ) 1
v= " > ovi=0, A,=) Al (548)
i=0 i=0 i=0

We shall have my equal to the physical electron mass and vy = 1. For the other PV
condition we shall require that {v;} and {m;} be chosen such that the requirement from
chiral symmetry — that the renormalized mass be zero if the bare mass is zero — be

satisfied. That is, we shall require that
5m|m0:0 =0. (549)

Chiral transformations are dynamic in light-cone quantization and it is common that that
requirement from chiral symmetry has to be imposed with an extra Pauli-Villars field.'® As
is usual, we shall regulate the infrared singularities with photon masses and shall add these
to regulate the propagator rather than add a mass term to regulate the Lagrangian.

Using eqn’s (5-34), (5-36), (5-40) and (5-46) we find that the one loop electron self energy

is given by

" (p Q)p7 + m; _1 o v ]
qz Y viDu (g, 117) (P17 ot ot ie 2 _gt VP (350

We shall take p; = 0. Due to the fact that they do not depend on masses, the contributions
from the noncovariant term in the fermion propagator (the second term in (5-46)), the
contributions from the contact term in the gauge propagator (the last term in (5-40)) and
the contributions from the second and third terms in (5-45) all go to zero in the sum over ¢

and 7. We can write the gauge propagator as

_gu + nuqu+nlzqu)
. v _ +iesgn
Dyw(q, ) =i Q2 — (;2 + ie - (5-51)
We then get
Nuqu+nug
S(p) = d4qzv p g emin” T T fad (559
‘ (p—q)? —m? +ic qQ—uJQ-—f—is
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We divide this expression into two pieces, XV (p) and X (p), according to

Wiy — —€ [ N, 1y Yy - (p = @) + mit _
) @m4/dq§:z(1>Kp—@?—m%+MMLw@+w1 (5:53)

nuqu +TLUQ,LL

. o _ . v -
2(2)( ) ie? /d4q Z Vz j g {ry ( q) —Z mz}’y q-+lasg2n(q+.) . (554)
(p—q)? —mi+ic q¢*—pj+iec

We now perform the 7 algebra and take the inner product (p|y°£®(p)|p) to get

— + 2p _ — 4ml
s ie? /d4qZVz i mo p+ q+) m()(p q-) — i (5-55)
—q)? —m} +iel[q® — 1} + ie]

Here it is important to note that when we perform the ¢, integration, we obtain an extra
contribution from the semicircle at infinity to the term propotional to (p; — ¢4 ) as in the

following

> (p—2q)
/_oo das [(p — @) — m7 + ic]lg* — pj + ie]

—q)% +m?
—im {sgn(q-) +sgn((p — q)f)}% ) )
- niqg—
4Q— (p - Q)— Py — (p—q)% +m?2—ic . qi-l—u]z-—ia sgilg

2(p—q)— 2q-

and that it gives rise to a logarithmic divergence

/Oodq sgn(e-)  _ 1 /1da: !
oo Aq(p—q- 2p )y 1-x

so that a similar divergence resulting from % is cancelled. As a consequence, changing

the integration variable from ¢_ to x = Zf yields

mo(1 — x) — 2m;

1
d*q, deyi(—l)j

mie(l— ) —mle — 21— 2) —

e? / ! , mo(2x — 1) + m? — u?
+ dgql/ dr Y vi(—1) 7 :
2(27)3my 0 ; mgr(l —x) —mir — pi(l —x) — q1

By performing the x integration of the term in the second line we obtain

1 2 _ 2
: mo(2x — 1) +m7 — ps
/dQQL/ dey vi(=1) — 2 . 2
0 — mgz(l —x) —mix — pz(1 —z) — gt

2 2 2 2
qi +m; 2 q1 + My

d*q, vi(— Jlo (—)z—/qu V,»log< )
/ Z g+ 1 ; ¢ + i
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We see here that, due to the Pauli-Villars photon, this term is independent of Pauli-Villars
electron masses so that if we impose the Pauli-Villars condition ) , v; = 0, it is trivially zero.

Consequently we obtain

1
: mo(l —x) — 2m;

d? d i(—1)? ) 5-56

1 xZu( )m%x(l—x)—m?x—,u?(l—x)—qi (5:56)

For terms involving only the physical electron mass we have

mo(1l + )

om'}) & da; . 5-57

physical — qL m%xg i /L?(l . x) + qi ( )

The remaining contributions from X' are given by

dmZZm mo(l — x) = 2m ~. (5:58)

mox (1-2z)— m?%—u?ﬂ —z)—qf

(1)

omp d*q.

It is not difficult to show that this quantity goes to zero as the masses of the Pauli-Villars
electrons go to infinity. In this way we obtain the previous result that one Pauli-Villars
electron and one Pauli-Villars photon are enough to regularize ém"

We now consider the contributions from X?). Taking the matrix element, we find that

5@ = — 1€ E/d‘*qzyi(—w I
(2m)* my - % — ,u? + ie][q— + iesgn(qy4 )]

, 2 L 2(mg — my)
dq;;w ) <[(p—Q)2—m?+z'g][q2—u§+i€]

2 mg—m7 p+

mo

(p — q)? —m3 + il — pij + il + iasgn(fJ+)]) '

(5-59)

The first term is trivially zero and the second term goes to zero as the masses of the Pauli-
Villars electrons go to infinity. Thus we can discard them and concentrate on the third term,

which is given by

sm® = om'? + smS? (5-60)
where
m2_m?2
i = ey / 0 / 2= et
_(p—q)f +mP—ic ¢} +pP—ic
-t a)- [p T 7 ]
q- * 1 1
X2 2/ dq. (r—q)2 +m?—ie 2 % —ie (5-61)
A Ut s Rl o T8
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2,(—1)! Mer

(2) d?q, mo
4 _(p—a)i+m?—ie  qf+pP—ie
-p=a)- [P e T
i€ o 1 1
X —— dq — — — | . (5-62)
2 2/ + +m2—z 2+ 2.—1
C S gy g -

By performing the ¢, integration 5m§2) and 5m§2) can be described, respectively, as

R} 2
vi(—1)7 B
d mo X +e€ 5-63
:v qL+m:v+,u](1—x) miz(1 — x) (5:63)

(2)
/ ql/ - 2+522

vi(— 1)amom—’"? (L + 2iT)

) =

&? qL

X y 5-64
2p1q-(p- — q-) — q-(q} +mi — i) — (p- — q-)(q? + pj — ie) (564
where
2(.2 2_9 )2
(- —q-)*(q7 + 1;2)

— tan~! e(mi — M? —2py(p- —q)) |
tet ((Qi+N?)(Qi+m?—2p+(p_ _q_))>' (5-66)

Here we see that the term proportional to T is well-defined so that the factor qgﬁ behaves
as m6(q_). As a result, it vanishes as ¢ tends to zero. Therefore we can discard it. The
remaining integral violates the chiral symmetry condition. That is why we need the second
Pauli-Villars electron. We impose the last Pauli-Villars condition — 6m|,,,—0 = 0. Actually,

we see that 6m® diverges as my — 0; so we set

&2 j ' X %
L ; vi(=1) [/0 dxe +e2qt +miz + p3(1 — )
1 € o (q—i)?;;fi)uz)
Tz /dq_ q> +e2q- (g7 +mi— @6) + (p —q)-(¢% T W —ie) | . (5:67)
We can use this relation to write ém? as
sm® = om® + sm? (5-68)

where

2

1 2 2

- r  mé—m?

d? v;(—1)? dz 0 !
qu‘Zj = /0 2 +er my
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1 1
X R
(qi+m?w+u?(1—:v)—m%w(1—:v) qi+m?x+u§<1—x))

2 ) 1 2 _ 2 2 1 —
__“ yl-(—l)]/ dp—— T 0 0 <1 . ;nox( z) ) (5:69)
0

24+ my mix + 5 (1 — )

(2)
o [Pt /q_ng

mo_omi er log (1 . 2P+§P——§f)>

q1+m;

2p4q-(p- —q-) —q-(a3 +mi —ie) — (p- — q-)(q} + pj — ie)

X

q-(qf +m3)
(p- —q )] + 1)
{a—(at +m?)+ (p- — g ) (a7 +p3)}! 1
2p4q-(p- —q-) —q-(¢3 +mj) — (p- —q-)(a% +113)

+ 2mg(mg — m?)q_(p_ — q_)log

(5-70)

Now the integrand of 5m02 can be regarded as a continuous function of g_. Consequently

the factor 1 + 7= behaves as §(g-) so that we obtain

l log <1 — m)

lim 6m? = d2q vi(— 571
e—0 c2 - ; ( QL + M] ( )

It follows from (5-69) and (5-71)) that
Jim (g% 5m<2>> = 0. (5:72)

So the final answer for the electron self energy is regulated by one Pauli-Villars photon

and is given by

e? ! , ma(1+ x)
om = —/d2 / dey (—1) 0 . 5-73
e ) Ty LY g g o7

That is the same answer as the one obtained by Feynman methods.?)2%)

We end this section by making some remarks. If we regulate the spurious singularity

instead by
1

EE— 574
PR (5-74)

which has been often used as the ML prescription, and if we take € to zero at the end of the
calculation, then it improves properties of the ¢, integration so that we need not introduce

extra Pauli-Villars electrons. It is also possible to include a regulator in the spurious pole
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of the form ; in that case € can be taken to zero immediately after the ¢, integration

1
q—+e’
is performed and, if we keep € finite until after the Pauli-Villars electron masses are taken
to infinity, we again obtain the Feynman answer. The main point is that the cancellation
of the strongest singularity in the gauge propagator, shown in (5-39), allows a successful

calculation of the electron self energy using standard techniques.
8§6. Concluding remarks

In this paper we have constructed the quantization of QED in gauges fixed by specifying a
constant, space-like vector, n, and the gauge condition, n*A4, = 0. We have then constructed
the axial gauge formulation of QED in the £-coordinates. Our framework has allowed us

to consider axial gauges generally. The temporal and axial gauges in ordinary coordinates

us
2

to @ = 7. The most important aspect of this framework is that it has enabled us to use the

correspond, respectively, to # = 0 and # = Z, while the light-cone formulation corresponds
temporal gauge formulation to obtain the algebra of the RG fields, which are not canonical

variables in the pure space-like case; they are nevertheless, necessary ingredients in that case.

We have obtained the commutation relations of B in the temporal region and extrap-
olated them into the axial region. We have also obtained the formal solution (3-8) of the
gauge field equations and specified the relevant integration constants by comparing with the
free gauge fields in the temporal formulation. We have made use of that solution to specify
the integration constants that appear when we solve the constraint equations (3-12) and
(3-13) in favor of the independent canonical variables. We have specified the equal x*-time
commutation relations of the constituent fields as being canonical and found eventually that

the RG fields make vanishing contributions to the equal z*-time commutation relations be-
1
V2

Hamiltonian to which Hamiltonian for the RG fields is added. In this way we have succeeded

cause they are multiplied by the operator We have furthermore obtained the conserved
in constructing a perturbative formulation of pure space-like axial gauge QED in which the
RG fields regularize infrared divergences inherent in the traditional quantizations of those

gauges. The resulting gauge field propagator has the ML form.
We have illustrated the effect of the RG fields by performing a calculation of the one loop

self energy of the electron. In the usual light-cone gauge without higher derivatives so that
A, is a constrained field, that calculation has not previously been performed successfully.
The severe infrared divergences which result from solving the constraint equation for A,
(without inclusion of the integration constants which we label B and C') have prevented a
successful calculation. What we have found here is that including the integration constants

(the RG fields) softens these severe infrared singularities and allows a successful calculation
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of the self energy using standard regulation techniques. The necessary regulation is slightly
more complicated than in Feynman gauge but is considerably simpler than in the higher
derivative regulated version of light-cone gauge where A, is a degree of freedom. Indeed
we expect that the very complicated regulation procedures necessary in light-cone gauge
without the RG fields'? are somehow mimicking the effects of the RG fields, which should
be included, to a sufficient degree that an effective renormalization can be performed. We
should also remark that if another order of performing the integral is used (such as performing
the ¢_ integral first) then a smaller number of regulator fields is needed. We have studied
the case of performing the ¢, integral first since that is the order that makes closest contact
with nonperturbative light-cone calculations.

While we have only considered the case of one loop (with the ¢ integral performed first),
we expect that it may be possible to use the techniques of Paston and Franke'®) to show that
the calculations with the relatively simple regulation are equivalent to Feynman methods to
all orders. Since the quantization of QCD in Feynman gauge encounters difficulties which
have not, so far, been solved, it may be that if the RG fields can be included in QCD, as they

were here, the resulting formulation would have practical advantages over other formulations.

Appendix A
—— Verification of Eq. (5-31) ——

niq-—v/q% —n_q3
n_—

a two-valued function of ¢_, and it takes its minimum value, /—n_q, =my, at ¢ = —=my.

—Nn_—

Nk —4 /If_f—mo2

—Nn—

We change the integration variable from ¢_ to ky = . The quantity k, is

Therefore, when we change the integration variable from ¢_ to k., we use ¢_ =

so that the region mo<k; < oo corresponds to —oo < ¢_=-*my, whereas we use q_ =

TL+k‘++\ / kfmeQ

so that the region mo<k, < oo corresponds to “*my<q_ < oco. Hence we

have

2
/OO dq_—/oodk ki —niy/k2 —md —n_
— 0 q_2 mo - (—n,)\/kf —m02 n+k+ - \/k_z _m02

(A-1)

2
+/°°dk ki +ng\/kE —mi —n_
mo +(—n_) kZ—md \niky +EkZ-—m@ )’

where the first term diverges, but the second term is finite. Then, combining the first integral

with the second one of (5-31) and making use of an equality

(ky —mnyr/k2 —md)(niky + 1/ k2 —md@)? —2nyn_y/k2 —m@(n_k? —q7)
= (ky +niy/k2 —md)(niky — k2 —mgf)? (A-2)
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yields

0 ("in + ‘ﬁ)2

2
/C’Okor ki —niv/k2 —md < —n_ ) —i—/oii/@r 2ny(n_k? — %)

2
[ ke =R —mg (ngky + BE —mg * . 2ny(nok —ql)
= [ dk; + | dky
0

(n-kZ+q1)?

2
. e k+ + ny ki - m(2) n—f—k—f— - k+2 - Tn()2 "o 2n+ (n—k—%— - Qi)
— | dk, v v dk, .
0

(n-kZ+q})?
(A-3)

We see that the first integral in the last line is identical with the second one in (A-1) and

thus is finite. Carrying out the integrations, we obtain

2
2/Ood]{; k++n+\/ki—m(2) —N_ _\/—_n_i (A4)
mo ! (—n-) \V kf - m02 nyky + kf — m02 ne  q’
mo 2 _/{:2 2 “n_ 2
/ dk+ n+(n2 + Qq;_> - _ V n = <A5)
0 (n-kf+q1) Ny gL
It follows that
1Y (k- )
d _—+/ dk + = (A4) + (A5) =0. A6
/_ooqq% o gy T AR (4:6)
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